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Solving trigonometric equations

1. Solving equations reducible to a quadratic in one ratio

Q1 1 mark

What is the solution of the trigonometric equation 3 sin® x — 4 cosx + 1 = 0 in the domain 0 < x < 7?

(C) x ~ 0.841
(D) x ~ 1.969

Criteria Marks
Correct option (C) 1
Solution.

2

Replace sin’x = 1 — cos>x: 3(1 — cos’x) —4cosx +1 = 0, i.e. 3cos’>x +4cosx —4 = 0. Factorising,

(3cosx —2)(cosx +2) =0,s0cosx = % (rejecting cosx = =2). On0 <x <m,x = arccos% ~ 0.841. The

answer is (C).

Q2 2 marks

Solve cos 26 = cos26 +cosf + 1 for0 < 9 < 2n.

Criteria Marks

Uses cos 26 = 2 cos” 6§ — 1 to form the quadratic cos” 6 — cos —2 = 0 1

Solves and gives 6 = m, rejecting cos § = 2 1
Solution.

Using cos 26 = 2 cos? §—1: 2 cos? 6—1 = cos® G+cos 0+1, 50 cos? f—cos -2 = 0,i.e. (cos H—2)(cos O+1) =
0. Rejecting cos 6 = 2, we need cosd = —1. On 0 < 6 < 2m,

0=m.
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Q3 3 marks

Solve the equation sin® § = cos 6 + 1 where 0 < 6 < 2.

Criteria Marks

Uses sin? 6 = 1 — cos? 6 to form cos? 6 + cos 6 = 0 1

Factorises to cos (cos 6 + 1) = 0, giving cos6 = 0 orcos8 = —1 1

Lists all solutions 8 = %, T, 37” in the domain 1
Solution.

Replace sin?6 = 1 —cos20: 1 —cos26 = cosf + 1, s0 cos? @ + cosf = 0, i.e. cosf(cos8 + 1) = 0. Then
cos =0orcosfd =-1.0n0 <60 < 2nm,

T
-, T, —.
2 2

Q4 3 marks

Solve 2 cos? x — 3sinx = 0, for 0 < x < 27. Give your answers in exact form.

Criteria Marks

Uses cos?x = 1 — sin®x to form 2 sin® x + 3sinx —2 = 0 1

Solves for sinx = % rejecting sinx = -2 1

Gives both solutions x = %, 5?” in exact form 1
Solution.

Replace cos? x = 1—sin®x: 2(1—sin® x)—3 sinx = 0,502 sin’ x+3sinx—2 = 0,1.e. (2sinx—1)(sinx+2) = 0.
Rejecting sinx = -2, sinx = % On0 <x < 2n,

5

X = ,?.

o N
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Qs 3 marks

Solve, correct to the nearest degree: sin 6 + 6.cos”> @ = 5 where 0° < 6 < 360°.

Criteria Marks

Uses cos2 6 = 1 — sin? 6 to form 6sin” 6 —sind — 1 = 0 1

Solves for sing = § orsing = -1 1

Gives all four solutions 6 = 30°, 150°, 199°, 341° 1
Solution.

Replace cos? 6 = 1—sin? 6: sin +6(1—sin® ) = 5, s06sin’> §—sin—1 = 0,i.e. (2sin6—1)(3sin6+1) = 0.
Thus sin® = 1 or sinf = —L. For sing = %: 6 = 30°,150°. For sin@ = —% (6 in the third and fourth

1
2 3
quadrants): 6 =

199°,341°. Hence
6 =30°, 150°, 199°, 341°.

Q6 3 marks

Solve cos2x +sinx — 1 =0 for 0 < x < 2.

Criteria Marks

Uses cos2x = 1 — 2 sin® x to form 2 sin® x — sinx = 0 1

Factorises to sinx(2sinx — 1) = 0, giving sinx = 0 or sinx = § 1

Lists all solutions x = 0, %, %”, m, 2 in the domain 1
Solution.

Using cos 2x = 1 —2sin®x: (1 —2sin®x) +sinx — 1 = 0, so —2sin’x +sinx = 0, i.e. sinx(2sinx — 1) = 0.
Then sinx = 0 giving x = 0, 7, 27, or sinx = % givingx = ¢, 5?". On0 <x < 2m,

Sn
6 b

T, 27,

T
= 0’ )
SRR



Q7 3 marks

Solve the following for 0 < 6 < 27: tan® 6 = 2sec’ 6 — 3.

Criteria Marks
Uses sec” § = 1 + tan? 6 to reduce the equation to tan? § = 1 1
Solves tan § = +1 1
Lists all solutions 8 = %, %’, STH’ %” in the domain 1

Solution.

Using sec’# = 1 +tan® 6: tan” 0 = 2(1 + tan? #) — 3, sotan® @ = 2tan’> @ — 1, i.e. tan’@ = 1 and tan @ = 1.

On0<6<2nm,
9_7r 37 Sm 7
T4 47 40 47

Q8 3 marks

By factorising, or otherwise, solve 2 sin® x + 2sin?x — sinx — 1 = 0 for 0 < x < 27.

4> 4°>4°72° 4

Criteria Marks

Factorises by grouping to (sinx + 1)(2sin>x — 1) =0 1

Solves sinx = —1 and sinx = +-L 1
V2

Lists all solutions x = Z, 3% 37 37 17 iy the domain 1

Solution.

Grouping: 2sin’ x(sinx + 1) — (sinx + 1) = (sinx + 1)(2sin>x — 1) = 0. So sinx = —1, giving x =
N S . _x3 1 _5x 1 1
2sin“x = 1,1i.e. sinx = £, giving x = 7, 7 (for +E) and x = =, 4 (for —%). On0 < x < 2m,

1 e
ﬁ’
37 5n 3nm In

_7T
TP a4

' HSC TUTORING




6.9 0
7 ot

1 HSC TUTORING

Q9 3 marks

Solve 3 cos?6 —sin® 6 — 6¢cos § = 3, for 0° < 9 < 360°.

Criteria Marks

Uses sin” 6 = 1 — cos?2 6 to form 4 cos2 0 — 6¢cos @ —4 = 0 1

Solves for cos 6 = —%, rejecting cos 6 = 2 1

Gives both solutions 8 = 120°, 240° 1
Solution.

Replace sin?6 = 1 —cos26: 3cos?0 — (1 — cos?0) — 6¢cos@ = 3, so 4cos26 — 6cosh —4 = 0, ie.
2c0s’6 — 3cosf —2 = 0 and (2cos@ + 1)(cosd —2) = 0. Rejecting cos@ = 2, cosf = —i. On
0° <6 <360°,

D=

0 = 120°, 240°.
2. Solving by factorisation and identity substitution

Q10 1 mark

] X .2 X .
A design uses the shaded area enclosed between the curves y = cos’= and y = sin’ 3 Find the x-coordinates

of the points P and Q where the two curves first meet for x > 0.

Criteria Marks
Reduces to cos 2% = 0 and states both x-coordinates 1
Solution.
The curves meet where 0052§ = sin’ 3, le. c052§ - sin2§ = 0. Using the double-angle result this is
2 _ 2 _ 3 o . . .
cos TX =0, so Tx = %, T”, ... The first two positive solutions give
3n O
x=— (P), xX=— .
=) = (©
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Q11 1 mark

The z-results are to be used to solve the equation 5 sinx — 2 cos x = 2, for values of x such that 0° < x < 360°.
Which value of x needs to be considered separately because it will not be “captured” using this method?

(A) x =90°
(B) x =180°
) x=0°
(D) x =270°
Criteria Marks
Correct option (B) 1
Solution.

The substitution 7 = tan = is undefined at x = 180°, so that value can never be produced by the #-method.
Checking it directly, 5sin 180° — 2 cos 180° = 0 — 2(—1) = 2, so x = 180° is in fact a solution and must be
considered separately. The answer is (B).

Q12 3 marks

Use the 7-formula to solve the equation cosx — sinx = 1, where 0 < x < 2.

Criteria Marks
Substitutes the z-results and reduces to an equation in ¢ 1
Solves for ¢ (obtaining ¢ = 0, plus the boundary case) 1
States all solutions x = 0, 37”, 2r over the given domain 1
Solution.
x 1-1¢? , t
Lett =tan -, socosx = 3 and sinx = 5 Then
2 1+1¢ 1+¢

1—1¢2 2t

— - =1l = 1--2t=141* = 27 +2r=0 = 2t(t+1) =0.
L+2 1412

3 3
Sot=0o0rt = -1, givingg =0, 7 (fromt = 0) or T ZR (from ¢t = —1),1.e. x = 0, 2, —ﬂ. The

t-formula misses x = &, but x = 7 is not a solution here (it gives cos 7 —sin = —1), so the complete solution
set is 3
/4
x=0, —, 2.
2
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Q13 3 marks

Find all values of 6, such that —7 < 6 < x, that satisfy the equation

3sin6 = V3 sin26.

Criteria Marks

Uses sin 260 = 2 sin @ cos 6 and factorises 1

Solves sinf =0: 0 =0, =7 1

Solves cos 0 = ? 0=+% 1
Solution.

Since sin 26 = 2sin 6 cos 9,

3sinf = 2V3 sinfcosf = sind (3 —2V3cos ) = 0.

3 Vg
Either sin6 = 0, giving 0 = —x, 0, m;orcos = — = —, giving § = +—. Over —n < 6 < 7,
243 2 6

T T

- 0, =, 7.
6’7697-[

0=-m, -
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Q14 3 marks

Use sums to products of trigonometric ratios to solve the equation

cosx + cos2x +cos3x =0 where 0 < x < 2.
Criteria Marks
Applies sum-to-product to cos x + cos 3x = 2 cos 2x cos x 1
Factorises to cos 2x (2cosx + 1) =0 1
States all solutions over 0 < x < 27 1

Solution.

3x—x

2

.. X+ 3x
Pairing the outer terms, cos x + cos 3x = 2 cos( ) cos( ) = 2cos 2x cos x. Hence

2 cos2xcosx + cos2x = cos2x (2cosx + 1) = 0.

m 3n Sn In . 1 2r 4m
From cos2x =0: x = R From2cosx+1=0,1ie. cosx = -5 X = 33 So
T 2 3n Sn 4n In
TY 3 4 a3 g
Q15 3 marks

Solve the equation sin 2x = tan x for the domain [0, ).

Criteria Marks
Writes tan x = Z(‘)’;’; and factorises out sin x 1
Reduces the second factor to cos 2x = 0 (equivalently 2 cos® x = 1) 1
States all solutions x = 0, %, % over [0, ) 1
Solution.
e . sinx
Writing sin 2x = 2sinx cosx and tanx = ,
cosx

sinx

0.

2sinx cosx =

COS X COS X

):0 R sinx (2cos®x — 1) _
cos x

= sinx (2 COSX —

3
Sosinx = 0 giving x = 0, or 2cos>x — 1 = cos 2x = 0 giving x = %, Zn in [0, 7). (Here x = g is excluded

as tan x is undefined.) Thus
3

=0’ s T -
o 4

N
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Q16 4 marks

. sin 3x
(i) Show that tan2x + tanx = ——.
COS 2x COSX

. . m
(ii) Hence solve the equation tan2x + tanx = 0 for 0 < x < >

Criteria Marks

(i) Combines tan 2x + tanx over a common denominator 1

(i) Recognises the numerator as sin(2x + x) = sin 3x 1

(ii) Sets sin 3x = 0 and lists candidate solutions 1

(i) Rejects values excluded by the domain/denominator and states x = 0, 5 1
Solution.

) sin2x sinx  sin2xcosx +cos2xsinx  sin(2x + x) sin 3x
(i) tan2x + tanx = + = = = .

Ccos2x  CoSXx COS 2X COS X COS2X COSX  COS2XCOSX
(ii) From part (i), tan2x + tanx = O requires sin 3x = 0 (with cos2xcosx # 0). So 3x = 0, x,27,..., i.e.
T 2n T, T . .. .

x =0, 3R On0<x< 5 this leaves x = 0 and x = 3 (The value x = 1 is not admissible since

cos 2x = 0 there, and x = g makes cosx = 0.) Thus

x=0,

g.

10



Q17 4 marks
1+ V3
Solve sin(x + z) cos(x - E) = —\/_ for0 < x < 2nm.
3 3 4
Criteria Marks
Applies the product-to-sum identity to the LHS 1
Simplifies to % sin 2x + ? = HT‘E 1
Reduces to sin 2x = % 1
States all four solutions over 0 < x < 27 1
Solution.
. . 1y . ) . b T
Using sin A cos B = E[sm(A + B) +sin(A - B)] with A = x + 3 B=x- 3
Iy . . 1. V3
LHS:E[sm2x+smT’r =§sm2x+T.
1+ 1 1 1 n 5t 1370 17n
Setting this equal to ives —sin2x = —,sosin2x = —. Then2x = —, —, —, —, so
ghuseq BIves 5 4 2 66 6 6

o S 137 17n
T 12 12

11
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Q18 4 marks

(i) Show that cos 36 = 4 cos> 6 — 3 cos 6.

(ii) Let x = cos 6. Find three distinct roots of 8x> — 6x — 1 = 0.

Criteria Marks

(i) Expands cos(26 + 0) and substitutes double-angle results 1

(i) Simplifies to 4 cos® @ — 3 cos 0 1

(i1) Uses x = cos 6 to reduce the cubic to cos 36 = % 1

(ii) States three distinct roots 1
Solution.

(i) cos 30 = cos(26 + 0) = cos 26 cos O — sin 26 sin §. Using cos 20 = 2cos? # — 1 and sin 20 = 2 sin 6 cos 6,
cos36 = (2cos’> 0 — 1) cos @ — 2sin B cos @ = (2cos” 6 — 1) cos @ — 2(1 — cos? ) cos § = 4cos’ 6 — 3 cos 6.

(i) With x = cos @, 8x3 —6x — 1 = 2(4cos’ @ —3cosf) — 1 = 2cos 36 — 1. So 8x3 — 6x — 1 = 0 becomes

1 Sn 7 Sm 7
cos 30 = > giving 360 = g, ?n, ?ﬂ, ie. 0= g, ?ﬂ, ?ﬂ The three distinct roots are
cos cos o cos T
X = ’ A N
9 9 9

12
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Q19 5 marks

. . X
(i) Use the substitution ¢ = tan 3 to show that

32 +4t-3

2sinx —3cosx = 5
1+1¢

(if) Hence solve the equation 2 sinx — 3 cosx = 2 for 0° < x < 360°. Give your answer correct to the nearest
degree.

Criteria Marks
. . . 2
(i) Substitutes sinx = %, cosx = L;Z 1
(i) Simplifies to the required form 1
(ii) Forms and solves 1> + 4t — 5 = 0 givingt = 1, t = -5 1
(i) Converts t = 1 to x = 90° 1
(ii) Converts t = =5 to x ~ 203° 1
Solution.
X 2t 1-172
i) With ¢t = tan —, sinx = and cosx = , SO
@ 2 1+12 1 +12

At 3(1-1%)  4r-3+3r2 32 +4r-3
1+122 1+2  1+2 1+£2

2sinx —3cosx =

(ii) Setting the expression equal to 2: 3t*+4¢—3 = 2(1+12),s0t*>+4t-5 = 0,i.e. (t+5)(t—1) = 0. Thent = 1
ort=-5 Fromf=tan = l: = = 45° sox = 90°. From = tan = = —5: ’EC = 180° — 78.69° = 101.31°,
so x = 203°. (Note x = 180°, missed by the t-method, gives 2sin—3cos = 3 # 2, so it is not a solution.)
Hence

x ~90°, 203°.

13
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Q20 7 marks

(i) Using compound angle results, show that sin 3x = 3 sinx — 4 sin’ x.

(ii) Consider the equation sin 2x = sin 3x. You are given that x = 3 is a solution to this equation. Show that

3r . . . .
X = 5 is another solution to this equation.

3
(iii) Hence, find the exact value of cos —ﬂ.

Criteria Marks
(i) Expands sin(2x + x) using compound angle results 1
(i) Substitutes double-angle results and simplifies 1
(i) Reaches 3 sinx — 4 sin® x 1
(ii) Verifies sin 6?” = sin 9?” (or equivalent) so x = 3?” works 1
(iii) Uses (i),(ii) to obtain 2 cos® %” — cos %” = % - ... reducing to a quadratic in ¢ = cos 3?” 1
(iii) Solves the quadratic 4c> —2¢ — 1 =0 1
(iii) Rejects the positive root and states cos 3?” = %5 1
Solution.

(i) sin3x = sin(2x + x) = sin2x cosx + cos 2x sin x. Using sin2x = 2sinxcosx and cos2x = 1 — 2 sin® x,

sin3x = 2sinx cos®x + (1 — 2sin x) sinx = 2sinx(1 — sin? x) + sinx — 2sin® x = 3 sinx — 4 sin’ x.

3 6 9 9 6
(ii) Atx = —: sin2x = sin—ﬂ and sin 3x = sin —ﬂ. Now sin—ﬂ = sin(Zn - z) = —sinz and sin—ﬂ =
5 5 5 5 5 5
sin(zr + z) = —sin X SO sin 6—” = sin 9—” and x = il is indeed a solution
5/ 5’ 5 75 5 '

I 3r . . : . o .
(iii) Substituting x = 5 into sin 2x = sin 3x and using parts (i) with sin 2x = 2 sin x cos x:

2sin3T’rcos3T’r = 3sjn3?7f — 4sin3 3?”
i in % ivi 3 ;237 231 . 3n .
Since sin < * 0, divide through: 2cos 2 = 3 — 4sin” 2% = 3 — 4(1 — cos* °&). Letting ¢ = cos = this

5 5
3 3 .
CAs = < 5 <, cos? < 0, so we reject the

S

1+
4
3n 1-45

COS — =

5 4

gives 2¢ = 4¢2 —1,ie. 4¢2=2¢c-1=0,s0c¢ =

[\

positive root:
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3. Expressing and solving a cosx + b sin x

Q21 1 mark
Which of the following is equivalent to sinx — V3 cos x?
(A) 2sin(x - 5)

(B) 2sin(x +

N Y WY W
N— S— S —

(
(€) 2sin(x -
(

(D) 2sin|x +

Criteria

Marks

Correct option (A)

Solution.

R = /124 (¥/3)2 = 2. Writing sinx — V3cosx = Rsin(x — @) = Rsinxcosa — Rcosxsina gives
Rcosa =1, Rsine = V3, sotane = V3 and @ = % Thus sinx — V3 cosx = 2sin(x - g) The answer is

(A).

15



Q22

1 mark

Which of the following is an expression for y = sinx +

(A) 2sin(x + 5)

(B) 2sin(x +

wlhl -blhl w3 &
N— S— —

(r+3
(€) 2sin(x -
(

(D) 2sin{x —

597 0
A

1, HSC TUTORING

3 cosx in the form R sin(x + @)?

Criteria

Marks

Correct option (B)

Solution.

R = /12 + (¥/3)? = 2. From sinx + V3cosx = Rsinxcosa + Rcosxsina, Rcosa = 1 and Rsine = V3,
sotana = V3, a = g Thus sinx + V3 cosx = ZSin(x + g) The answer is (B).

Q23

1 mark

Which of the following expressions is equivalent to cos x + sinx?

(A) \/zcos(x + %)
B) \/icos(x - z)
©) x/isin(

(

X —

(D) V2 sin

X+

Criteria

Marks

Correct option (B)

Solution.

Write cos x+sinx = R cos(x—a) = Rcosx cosa+Rsinxsina. Then Rcosa = 1 and Rsina = 1,50 R = V2
anda = %, giving cosx+sinx = \/icos(x - Z) The answer is (B). (Note \/_cos(x - ;_r) = \/Esin(x + %),
so option (D) is algebraically identical to (B).)

16
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Q24 1 mark

What is the smallest positive value of x for which sinx + cos x is at its maximum?
(A)

(B)
©)
(D)

WIN N AN N

Criteria Marks

Correct option (B) 1

Solution.

. . T Lo . T, m .
sinx + cosx = V2 sm(x + Z)’ which is a maximum when x + — = —, i.e. x = —. The answer is (B).

27

Q25 2 marks

Express 9 sinx + 40 cos x in the form R sin(x + @) where 0 < @ < —. Leave « correct to 3 significant figures.

Criteria Marks
Finds R = 41 1
. _, 40
Finds a = tan ? ~ 1.35 and states the R-form 1
Solution.

Write 9sinx +40cosx = Rsin(x + @) = Rsinxcosa + Rcosxsina, so Rcosa =9 and R sina = 40. Then

0 40
R = V92 +402 = V1681 = 41 and tana = 9 giving a = tan~! 9 ~ 1.35 (radians, 3 s.f.), which lies in
[O, %] Hence 9sinx + 40 cosx = 41 sin(x + 1.35).

17
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Q26 2 marks

A particle is moving in a straight line and is oscillating backwards and forwards. At time ¢ seconds, it has
: . . s s
displacement x metres from a fixed point O on the line, where x = A cos(—t + a), A>0,and0 < a < —.

After 1 second the particle is 2 metres to the right of O, and after 3 seconds it is 4 metres to the left of O.

Given that A cosa — Asina = 2V2 and A cos @ + Asina = 4?2, solve the equations simultaneously to find
the values of A and « in exact form.

Criteria Marks
Adds/subtracts to obtain A cos @ = 3V2 and Asina = V2 1
1
Finds A = 2V5 and @ = tan™! 3 in exact form 1
Solution.

Adding the two equations: 2A cosa = 6V2, so Acosa = 3V2. Subtracting: 2A sine = 2V2, so Asina =
V2. Then A2 = (Acosa)? + (Asina)? = (3V2)2 + (V2)2 = 18 +2 = 20, so A = 2V/5 (taking A > 0).
Asina V2 1

1
Dividing, tana = Acosa ﬁ =3 so @ = tan~! 3 (which lies in (0, g))

Q27 2 marks

An object is fired from a point O at an angle of elevation 6 to the horizontal. In an earlier part it was shown
that 0 satisfies
sin26 — 3 cos 20 = 3.

Given that 6 is an angle of elevation, find the value of 6.

Criteria Marks

Writes the LHS as V105sin(26 — «) and solves for 260 1

Selects the valid angle of elevation = tan™! 3 ~ 71°34’ 1
Solution.

3
Writing sin 26 -3 cos 26 = V10 sin(20—a) with tan @ = 3, the equation becomes sin(20 —) = — = sina.

V10
Hence 20 —a =aor20—a =n—a, givingd = =tan"' 3orf = g As 0 is an angle of elevation, 6 = 90°
is rejected, so
0 =tan"' 3 ~ 71°34" (71.6°).

18
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Q28 3 marks

(i) Express 2 cosx — sinx in the form R cos(x + @), where R > 0 and 0° < @ < 360°.

(ii) Hence find the range of the function g(x) = (2cosx — sinx)?.

Criteria Marks

(i) Finds R = V5 and @ ~ 26°34’, giving V5 cos(x + 26°34") 2

(ii) States the range 0 < g(x) <5 1
Solution.

(i) Write 2 cosx —sinx = Rcos(x + @) = Rcosxcosa — Rsinxsina, so Rcosa =2 and Rsina = 1. Then
1 1
R=V22+12=+5andtana = 5 so @ = tan~! 3~ 26°34’. Thus 2 cos x — sinx = V5 cos(x + 26°34”).

(i) Since 2cosx — sinx = V5 cos(x + 26°34”) ranges over [—\/5, \/5], its square g(x) = (2cosx — sinx)?

2
ranges from 0 (when 2 cosx — sinx = 0) up to (\/3) = 5. Hence the range is 0 < g(x) < 5.

19
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T
e

The graphs of y = f(x) and y = g(x) are shown below, where f(x) is a cosine function and g(x) is a sine
function. It is given that f(x) + g(x) = Rcos(x — ), where 0 < 6 < % Find R and 6, where 6 is in radians.

y
4
3 y=9(x)
2
G = (2ny3)  DRAWN
1 SCALE
2n
-1
Y= )
-2
-3
—4
Criteria Marks
Reads f(x) = V3 cosx and g(x) = sinx from the graphs 1
Finds R =2 1
T
Finds 6 = — 1
6
Solution.

From the graphs, the cosine curve has amplitude V3 (passing through (27, V3)) so f(x) = V3cosx, and
the sine curve has amplitude 1 so g(x) = sinx. Then f(x) + g(x) = V3cosx + sinx. Writing this as

R cos(x —6) = Rcosxcos 6 + Rsinxsin6 gives Rcos# = V3 and Rsin6 = 1. Hence R = /(V3)2 + 12 =2

1
andtanf = —,s0 0 = % (which lies in [O, g]) Thus f(x) + g(x) = 2cos(x - %)

V3

20
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Q30 3 marks

It is given that 3 cosx + b sinx = 5cos(x + 6), where b > 0 and —90° < 6 < 90°. Find the values of b and 6,
giving your answer for 6 correct to the nearest minute.

Criteria Marks

Equates R=5tofind b =4 1

Sets up cos 8 = %, sinf = —% (or equivalent) 1

Solves for § = —53°8’ to the nearest minute 1
Solution.

Expanding, 5cos(x + 8) = Scosfcosx — Ssinfsinx. Matching coefficients with 3 cosx + b sinx gives
5cosf = 3 and —5sinf = b. Since R = V32 + b2 = 5, we get b> = 16, s0 b = 4 (as b > 0). Then

3 4
cosf = 3 > (0 and sinf = -3 < 0, so 8 is in the fourth quadrant:

4
0= —tam-lg = —-53°7.8" ~ —53°8’.

Q31 4 marks

(i) Express cos § — V3 sin @ in the form R sin(é + &) where R > 0.
(ii) Hence, solve cos @ — V3sin@ = 1 for 0 < 6 < 2.

Criteria Marks
(i) Finds R =2 and a = %T, giving 2 sin(@ + %r) 2
5 1
(i1) Reduces to sin(@ + Zﬂ) =5 and finds all solutions in [0, 27] 2
Solution.

(i) Write cos 6—V3sin6 = R sin(f+a) = Rsin 6 cos @+ R cos 0 sin @. Matching coefficients: R cosa = -3
(from sin §) and R sina = 1 (from cos §). Then R = 4/(~=V3)2 + 12 = 2; since cosa < 0 and sina > 0, « is

5 5
in the second quadrant, @ = Fﬂ Thus cos @ — V3 sin6 = 2 sin(@ + ?ﬂ)

5 5 1 5
(i) The equation becomes 2sin(9 + ?ﬂ) =1, i.e. sin(Q + —ﬂ) = —. Letu =0+ %T; as 6 € [0,2n],

6 2
Sm 17 1 13 17 4
€ —ﬂ, 2T In this range sinu = — atu = N andu = —ﬂ, giving 6 = ™ and 6 = 27, Checking the
6 6 2 6 6 3
. St . . 4r
endpoint § = 0 (where u = T sinu = 5) also satisfies the equation. Hence 6 = 0, 3 2.
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Q32 4 marks
By expressing 2 cos x + 9 sinx in the form A cos(x — 6), solve
2cosx +9sinx =1, 0<x<2n.

Give your answer correct to two decimal places.

Criteria Marks
9
Expresses 2 cosx + 9sinx = V85 cos(x — 6) with § = tan™! 7 ~ 1.3521 2
I
Reduces to cos(x — 0) = — 1
V85
Finds both solutions x ~ 2.81, 6.17 1

Solution.

Write 2cosx + 9sinx = Acos(x — ) = Acosxcosf + Asinxsinf, so Acosf = 2 and Asinf = 9. Then
9 9
A=V22+92=+85andtanf = > s0 6 = tan~! 3= 1.3521. The equation becomes V85 cos(x—0) = 1, i.e.

1 1
cos(x—0) = \/—_5 Sox—60 = +cos™! ——+2kx = +1.4619+2kx. Takingx = 0+ 1.4619+2kn and keeping
8

85
solutions in [0, 27r]: x = 1.3521 + 1.4619 = 2.8140 ~ 2.81 and x = 1.3521 — 1.4619 + 27 = 6.1733 ~ 6.17.
Hence x ~ 2.81, 6.17.

Q33 4 marks

(i) Express 6.cos 8 + 8sinf in the form Rcos(6 — a), where R > 0 and 0 < a < 2x. Give « correct to 1
decimal place.

4
12+ 6c¢cos @+ 8sinf’

(ii) Hence calculate the maximum value of

Criteria Marks
8
(i) Finds R = 10 and @ = tan™! g~ 0.9, giving 10 cos(# — 0.9) 2
(i1) Identifies the minimum denominator as 12 — 10 = 2 1
(ii) States the maximum value 2 1
Solution.

(i) Write 6¢cos @ + 8sin = Rcos(6 — @) = Rcosf@cosa + Rsinfsina, so Rcosa = 6 and Rsina = 8.

8 4 4
Then R = V62 + 82 = 10 and tana = g =y soa= tan~! 3= 0.9. Thus 6cos + 8sin@ = 10 cos(6 —0.9).

(i) Since 6cosf + 8sinf = 10cos(f — a) ranges over [—10, 10], the denominator 12 + 6 cos 6 + 8sinf
ranges over [12 — 10, 12 + 10] = [2,22]. The fraction

- is largest when its denominator
12+ 6cosf + 8sin b g

is smallest, i.e. equal to 2. Hence the maximum value is 5= 2.
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Q34 4 marks

(i) Express sinx + V3 cos x in the form R sin(x + ) where R > 0 and 0 < @ < 2.

(i) Hence solve the inequality sinx + V3 cosx > 1 in the domain [0, 27].

Criteria Marks
(i) Finds R = 2 and @ = g giving 2sin(x + g) 2
I
(i1) Reduces to sin(x + %) > 5 and identifies the correct interval on u = x + g 1
11
(i) States the solution [o, g] U T”, 2 1

Solution.

(i) Write sinx + V3 cosx = Rsinxcosa + Rcosxsina, so Rcosa = 1 and Rsine = V3. Then R = 2 and
T . ) Vs
tana = \/§, soa = 3 Thus sinx + V3 cosx = 2sm(x + g)

1
(ii) The inequality becomes 2sin(x + g) > 1, ie. sm(x + n) > R Letu = x + z; as x € [0,2r],
7 1 5
ue [g?ﬂ . Now sinu > > on 3 +2k 6 +2kzr intersecting with [ gives u € [gg] U
137 7 11
67T’ 3” Converting back with x = u — % X € [0 2] ﬂ, 2
Q35 4 marks
(i) Rewrite cos x — V3 sinx in the form R cos(x + @), where R > 0 and 0 < & < g
(i) Hence, or otherwise, solve cosx — V3 sinx = 1 for 0 < x < 27.
Criteria Marks
- T . T
(i) Finds R =2 and @ = 3 giving 2cos(x + g) 2
I
(i1) Reduces to cos (x + g) =5 and finds all solutions in [0, 27] 2

Solution.

(i) Write cosx — V3 sinx = Rcos(x + @) = Rcosxcosa — Rsinxsine, so Rcosa = 1 and Rsine = V3.
by Fis
Then R =2 and tane = V3, s0 @ = 3 Thus cos x — V3 sinx = ZCos(x + §)

1
(i) The equation becomes ZCos(x + g) =1, ie. cos(x + g) = 3 Letu = x + %; as x € [0,2n],

x Ir . Here cos 1a'[ moom im ivin 0 4 2
u=—atuy=—-—, —, — x=0, —, 2.
3’3 2 30 30 3o EVImEA =D
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Q36 5 marks

A machine produces a sound which can be modelled using the equation y = cost — V3sinr, where y gives
a measure of the sound at time ¢ seconds after the machine is switched on. The sound is audible to humans
when y > 1.

(i) Express cos ¢t — V3 sin¢ in the form R cos(7 + @), where R > 0 and 0 < & < g

(ii) Hence find the time intervals during which the noise is audible to humans for 0 < ¢ < 4.

Criteria Marks
(i) Finds R =2 and a = g giving ZCos(t + g) 2
I
(i1) Reduces the condition y > 1 to cos (t + g > 5 1
4 10
(i1) States the intervals ?ﬂ, 2r| U Tﬂ, 4r 2

Solution.

(i) Write cos 7 — V3 sint = Rcos(+a) = Rcostcosa — Rsintsina, so Rcosa = 1 and Rsine = V3. Then
R=2andtana = \/§, soa = g Thus cost — V3sint = 200s(t+ g)

1
(ii) Audible means y > 1, i.e. 2cos(t+ %) > 1, so cos(t+ g) > R Letu =1+ g; as t € (0,4n],

n 137 1 Vs ] . . . n 137 | . St Ir
- —. > = - = 1 - -
33 Now cosu > > on [2k7r 3 2km + 3], intersecting with (3, 3 gives u € [ 33 } U
117 13 4 10
[Tﬂ, Tﬂ} Converting back with r = u — g: te ;,24 U [%,44.
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Q37 6 marks

(i) Show that 2 sin2x — 3 cos 2x — 3sinx + 3 = sinx (6 sinx + 4 cosx — 3).

(ii) Express 6 sinx + 4 cos x in the form R sin(x + @) where R > 0 and 0 < a < g

(iii) Hence, solve 2 sin2x — 3 cos2x — 3sinx + 3 = 0 for 0 < x < m. Answer in radians, correct to 2 decimal

places.
Criteria Marks
(i) Uses sin2x = 2sinxcosx and cos2x = 1 — 2sin”x and factors out sinx to reach the 2
required form
(i) Finds R = 2V13 and @ = tan~! % ~ 0.59 2
(iii) Solves sinx = 0 and 6 sinx + 4 cosx = 3, givingx = 0 and x = 2.12 2

Solution.

(i) Using sin 2x = 2sinx cosx and cos 2x = 1 — 2sin® x:
2sin2x —3cos2x —3sinx +3 = 4sinx cosx — 3(1 —2sin®x) —3sinx +3 = 4sinx cosx + 6 sin® x — 3 sin x.

Factoring out sinx: = sinx (4cosx + 6sinx — 3) = sinx (6sinx + 4 cosx — 3), as required.

(ii) Write 6 sinx+4 cosx = Rsinx cosa+Rcosx sina,soRcosa = 6and Rsina = 4. Then R = V62 + 42 =

4 2 2
V52 =2V13 and tana = At soa =tan~! 3 ~ 0.59. Thus 6 sinx + 4 cosx = 2V13 sin(x + 0.59).

(iii) From (i) the equation factorises as sinx (6 sinx + 4cosx —3) = 0, so sinx = 0 or 6sinx + 4cosx = 3.
On0 <x <, sinx =0 gives x = 0. Using (ii), 6 sinx + 4 cosx = 3 becomes 2V13 sin(x + 0.59) = 3, i.e.

3
sin(x + 0.59) = VT3 ~ 0.4160. Then x + 0.59 = 0.4291 or x + 0.59 = 7 — 0.4291 = 2.7125; the first gives

a negative x (rejected), the second gives x ~ 2.12. Hence x = 0 and x ~ 2.12.
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Counting and interpreting solutions

4. Counting and interpreting solutions

Q38 1 mark

How many solutions does —3 = 3 sinx have when 0° < x < 360°?

A) O
(B) 1
© 2
(D) 3

Criteria Marks

Correct option (B) 1

Solution.

Dividing by 3 gives sinx = —1. On the open interval 0° < x < 360° the only angle with sinx = —1 is
x = 270°, so there is exactly 1 solution. The answer is (B).
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Q39 -

How many solutions does the equation sin 6x — sin2x = 0 have for 0 < x < 2x?

(A) 5
(B) 12
(©) 14
(D) 13

Criteria Marks

Correct option (D)

Solution.

Using the sum-to-product identity, sin 6x—sin 2x = 2 cos 4x sin 2x, so the equation factors as 2 cos 4x sin 2x =
0.

cosdx=0:dx=F+kr=>x=g5+ %’ giving 8 values in [0, 27].
sin2x=0: 2x=kn=x = an giving 5 values (0, %,ﬂ, 37”, 27).
The cos 4x = 0 roots are odd multiples of £ and the sin2x = 0 roots are multiples of 7, so none coincide.
Total = 8 + 5 = 13 solutions. The answer is (D).

Q40 1 mark

How many distinct solutions are there to the equation cos 5x + sinx = 0 for 0 < x < 2x?

(A) 5
B) 6
©) 9
(D) 10

Criteria Marks

Correct option (D)

Solution.
Write sinx = cos(% —x), s0 cos 5x = —cos(§ — x) = cos(5 +x). Hence 5x = +(§ +x) + 2kn.
S5x = % +x+2kn=>x= % + kT” giving 4 values in [0, 27].

Sx=-F-x+2kn=>x=-75+ an’ giving 6 values in [0, 27].
The two families share no common value, so there are 4 + 6 = 10 distinct solutions. The answer is (D).
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Q41 1 mark

How many solutions are there to the equation tan 2x = 3 when —n < x < 71?

(A) 2
(B) 4
©) 6
(D) 8

Criteria Marks

Correct option (B)

Solution.

As x ranges over —m < x < m, the angle 2x ranges over —2r < 2x < 2m. Since tan2x = 3 > 0, the

angle 2x lies in the first or third quadrant. Across a span of two full revolutions there are 4 such angles, so
2x = arctan 3 + kx gives 4 values of x in the domain. The answer is (B).

Q42 1 mark
The number of solutions to the equation (sin®x — 1)(tan®x — 1) = 0 in the domain [0, 27] is
(A) 2
(B) 4

©) 6
(D) 8

Criteria Marks

Correct option (B)

Solution.

A product is zero when a factor is zero, but every factor must first be defined. From tan’x = 1 we get

tanx = x1, giving x = %, %, 57”, %’: four valid solutions. From sin®>x = 1 we would getx = %, 37”, but at
these angles tan x is undefined (a vertical asymptote), so the expression itself is undefined there and they are
not solutions. Hence there are 4 solutions. The answer is (B).
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Q43

1 mark

In the range 0 < x < 27, the equation 2 sin® x + 2 cos’ x = 2

(A) has no solutions
(B) has 1 solution
(C) has 2 solutions

(D) holds for all values of x

Criteria Marks
Correct option (D) 1
Solution.

Factor out 2: 2sin” x + 2 cos? x = 2(sin® x + cos? x). By the Pythagorean identity sin® x + cos? x = 1, so the

left-hand side equals 2(1) = 2 for every value of x. The statement is an identity, so it holds for all values of
x. The answer is (D).
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