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Expanding with the compound and double angle formulae

1. Compound-angle (sum and difference) identities

Q1 1 mark

3
Both A and B are acute angles such that tan A = 3 and tan B = 4. What is the size of angle (A — B)?
(A) —135°
(B) 45°
(C) 135°
(D) —-45°

Criteria

Marks

Correct option (D)

Solution.

tan A —tan B

t A—B: =
an( ) l+tanAtanB |

2 =—=-1L Since tan(A — B) = =1, A — B = —45°. The answer
5 5
is (D).



Q2 1 mark

8 4
Given that @ and S are both acute angles, evaluate sin(a + B) if sina = 7 and sin 8 = 5

108
85
84
85
36
85
28
85

(A)

(B)

©)

(D)

Criteria Marks

Correct option (B) 1

Solution.

15 3
Since a, 8 are acute, cos @ = 7 and cos 8 = 3 Then

sin(a + B) = sina cos B + cosa sin 8 = % . % + }—5 g = 245:560 = 2‘5‘
The answer is (B).
Q3 1 mark

sin(A +3B) =
(A) sinAcos3B —cos Asin3B

(B) sin3Bcos A + cos Asin3B
(C) sin Acos3B + cos Asin3B
(D) sinAcos3B + cos3Bsin A

Criteria Marks

Correct option (C) 1

Solution.
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Using the compound-angle expansion, sin(A + 3B) = sin A cos 3B + cos A sin 3B. The answer is (C).



Q4 1 mark

1
Giventan = 3 what is the exact value of tan(é - z)?

(A) 8+5V3
(B) 8-5V3
8 +5V3

11

8 —5V3
11

©

(D)

Criteria

Marks

Correct option (D)

Solution.

n
With tan — =
6

1
%7

6

—tanZ 1_1
tan(g — %) = tan 6 - tan g LI £ V3
l+tanftan g 1+ %

The answer is (D).

Qs 1 mark

: . . g
Given tan § = A, what is the correct expression for tan(— - 0) ?

(A) A

1
(B)Z
€) 1-A4A

1-A

D) T4

Criteria

Marks

Correct option (D)

Solution.
T
With tan — =1,
ith tan 1
tan(§ — 0)

The answer is (D).

tan%—tan@ 1-A

B 1 +tan § tan 6 T+ A
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Q6 1 mark
. . 1 . . A
In triangle ABC, if cos A = 3 then which of the following equals cot E?

(A) V2
(B) V2

1
© 3

1
D —
()\/Z

5.9 7 o

T
L
Iy,

Criteria

Marks

Correct option (A)

Solution.

A 1 A A 2 A
Using cos A = 2cos? — — 1: = = 2cos> = — 1, s0 cos? 73 Also cos A = 1 —2sin? 0} gives sin

3

Since A is an angle of a triangle, 0} is acute, SO

The answer is (A).

B\

« HSC TUTORING

A _1

3



Q7 1 mark
. ) T m
Given that sin (x - 5) =3cos (x — Z)’ find the exact value of tan x.
V6 +6

6—V2
V6 +6

(A)

(B)

AN DN

S S

©)

B

+
6—V2

D
()\/5+6

Criteria

Marks

Correct option (B)

Solution.

Expanding both sides,

%sinx - @cosx =3 (% cosx + gsinx) .

Collecting terms, sin x (% - %ﬁ) = COSX (3%5 + \/75) SO

_3V2+v3  V6+6
C1-3V2 V2-6

(multiplying numerator and denominator by V3). The answer is (B).

tan x
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Q8 2 marks

By equating coefficients, find the values of P and Q in the identity

P(2sinx +cosx) + Q(2cosx —sinx) = 7sinx + 11 cosx.

Criteria Marks

Equates coefficients of sinx and cosx to form 2P — Q =7 and P+ 2Q =11 1

Solves the simultaneous equations for P =5, Q =3 1
Solution.

Grouping the left-hand side, the coefficient of sin x is 2P — Q and the coeflicient of cos x is P + 20Q. Equating
with the right-hand side,
2P-Q =1, P+20 =11.

From the first equation Q = 2P — 7; substituting, P + 2(2P —7) = 11 = 5P =25 = P = 5, hence Q = 3.
SoP =5and Q = 3.

Q9 2 marks

If secx + tanx = k, find an expression for sec x in terms of k.

Criteria Marks
I
Uses sec? x — tan? x = 1 to obtain secx — tanx = — 1
1 1
Adds the two equations and solves for secx = 3 (k + E) 1
Solution.
2

Since sec? x — tan® x = 1, we have (secx + tanx)(secx — tanx) = 1, so with secx + tanx = k,

1
secx —tanx = —.
k

1
Adding this to secx + tanx = k gives 2secx = k + —, hence

1

1 k?+1
secx:—(k+—): .

2k

2 k
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Q10 3 marks

1 3
You are given that cos 8 = 7 and cos 8 = 5 and that 6 and g are both acute angles.
(i) Find the exact value of cos(8 + B).

(i) If neither 6 nor S is an acute angle, then the answer in part (i) is unchanged. Briefly explain why this is
SO.

Criteria Marks
o . 3 . 4 . .
(i) Finds sin 0 = > and sin 8 = 3 from the given cosines 1
. . . 3-4V3
(i) Applies the compound-angle formula to obtain cos(6 + B) = 0 1
(ii) Explains that both angles lie in the fourth quadrant, so the negative sines give the same 1
product
Solution.

3 4
(i) Since 0, B are acute, sinf = /1 — le = g and sin 8 = /1 - 29—5 =3 Then

cos(6 + ) =cos9cos,8—sin9sinﬂ:%-%—‘/75-%: SETE

(ii) If cos 6 = % >0 and cos B = % > ( but neither angle is acute, then each angle lies in the fourth quadrant,

3 4
sosinf = —£ and sin § = ——. The cosines are unchanged and the product sin 8 sin 8 = (—ﬁ) (—%) is the

2
same as before, so cos(6 + 8) = cos 6 cos 8 — sin  sin 3 is unchanged.
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In the isosceles triangle below, AB = BC, Z/ABC = 90° and points X and Y are placed on BC such that
BX=XY=YC=1.

X Y

Let /BAX = a, £XAY = Band L/YAC = . Find the exact values of tan «, tan 8 and tany.

Criteria Marks
I
Recognises AB = BC =3 and AB L BC, giving tan@ = 3 1
2 3
Uses tan(a + 8) = 3 to find tan 8 = m 2
I
Uses tan(a + B8+vy) = 1tofindtany = 3 1
Solution.

Since BX = XY =YC =1, BC = 3, and as AB = BC we have AB = 3. Because Z/ABC =90°, AB 1 BC,
so from A the perpendicular distance to BC is AB = 3 and B is the foot. Then, measuring from AB,

t tABAXBXIt(+,8)BY2t(+,B+)BC1
an« = tan = —=—, tan =—=—, tan = — =
@ AB 3 « AB 3 @ Y= 4uB
For tan 3, using 8 = (a + B) — «,
2.1 1 4
373 3
tanf= —— = — = —,
2 1 11
l+5-3 5 1
For tany, usingy = (¢ + B+ 7y) — (@ + ),
1_2 l 1
3 3
tany = ———= =< = .
1+1-2 3 5

1 3 1
Sotana = §,tan,8 =11 and tany = 5
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2. Double-angle formulae

Q12 1 mark
Which expression is equivalent to 1 — cos 2x?

(A) sin? x — cos? x

(B) 2(sin’x + 1)
(C) 2sin’x
(D) 2(1 + cos? x)

Criteria Marks
Correct option (C) 1
Solution.

Using cos2x = 1 — 2sin’x, 1 —cos2x =1 — (1 —2sin?x) = 2sin®x. The answer is (C).

Q13 1 mark

2v3
What is the value of sin 2x given that sinx = T\/— and x is obtuse?

V3
(A) 7=

V3
B) =

V3
© -

V3
D) ——=

Criteria Marks

Correct option (D) 1

Solution.

2V3 3
sinx = T\/— = % Since x is obtuse, cosx < 0, S0 cosx = —4/1 — 3 = ——

sin2x = 2sinxcosx =2+ — -

T

The answer is (D).
10



Q14 1 mark

. . 1 n )
It is known that sinx = 3 where 5 < x < . What is the value of cos 2x?

2
&) -3
(B)

©)

Wi Ol

42
DR

Criteria

Marks

Correct option (B)

Solution.

Using cos 2x = 1 — 2 sin® x (which holds in any quadrant),

Cos2x:1—2(

The answer is (B).

12
)

11
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Q15 1 mark
o 3 3r . : .
It is given that cos 6 = 3 for > < 0 < 2n. What is the value of sin 26 equivalent to?

24
25
24
25

4

© -3

(A)

(B)

4
(D) 5

Criteria

Marks

Correct option (A)

Solution.

6 lies in the fourth quadrant, so sin < 0: sinf = —{/1 — 5 = ——

sin20 = 2sinfcosf =2 (—g) (i) = _%

The answer is (A).

Q16 1 mark

Which of the following is equivalent to 12_'_?—;139?
(A) cos26
(B) sin26
(C) tan26

(D) cot26

Criteria

Marks

Correct option (B)

Solution.
Since 1 + tan? @ = sec? 6,

2tan@ _2tan9_ sin @
1 +tan26 sec2d  cosf

0820 = 2sinf cos 6 = sin 26.

The answer is (B).
12
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Q17 1 mark

3
What is the value of sin 26 given that sin 6 = a and 6 is obtuse?

39
w -

V3
B) —=-

V3
© =

39
© 7

Criteria

Marks

Correct option (A)

Solution.

Since 6 is obtuse, cos @ < 0: cos§ = —/1 — e

sin20 = 2sinfcosf@ =2 - — -

V3 (_m) V3
4

The answer is (A).

Q18 2 marks

) 1 . )
Given cosx = -3 and sinx > 0, find the exact value of sin 2x.

Criteria

Marks

2V2
Finds sinx = = using sinx > 0

Applies sin 2x = 2 sinx cos x and simplifies

Solution.
2V2
Since sinx > 0, sinx = V1 —cos?x = /1 — % = T\/_
2V2 1 42
sin2x = 2sinxcosx = 2 - T\/_ . (_§) = —T\/—

13
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Q19 3 marks

4
You are given that sin§ = 3 where 90° < 6 < 180°.

(i) Find the exact value of tan 6.

(ii) Find the exact value of tan 26.

Criteria Marks
(i) Uses the obtuse constraint to get cos 6 = —% and hence tan 6 1
2tan @
(ii) Substitutes tan 6§ into tan 20 = _cang 1
1 —tan% 6
(ii) Simplifies to the exact value 1
Solution.
. 3
(i) Since 90° < 8 < 180°, cos 8 < 0: cos@ = —,/1 — % = ~3 Hence
tan 0 sin 0 4/5 4
anf= ——=——=——.
cosf —3/5 3
(ii) Using the double-angle formula,
2 (-4 8
2tan 6 3 -3 8 9 24
tan 260 = = == =—.2==
l1-tan20 1- _71 3 7 7
9 9
Q20 3 marks
. . 3 bd )
Given that sin8 = 7 and 5 < 6 < «, determine the exact value of tan 26.
Criteria Marks
. V7
Uses the second-quadrant constraint to get cos = ——— 1
2
Forms tan 8 = —i and substitutes into tan 26 = Ln@ 1
\7 1 —tan?@
Simplifies to the exact value 3V7 1
Solution.
. Vg 7 3/4 3
Since — <0 <m,cosf <0: cosd =—,/1 - 19—6 = —£,sotan9 = / =—-—.
2 4 —Vij4 VT
2tan 6 2(‘1) -5 6 7 2
an
tan 26 = 55 = f = f:—-§:—=3\ﬁ.
1 —tan= 6 1 - 7 -3 \/7 \/7

14
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3. Exact values of special angles

Q21 1 mark

What is the exact value of cos 15°?

6
w ¥

3
(B) g

6—-V2
© -2

2
) Y

Criteria Marks

Correct option (D) 1

Solution.

cos 15° = cos(45° — 30°) = cos45° cos 30° + sin45° sin 30°. Then

V2 V3 V2 1 V6+V2
2 22 2T T

cos 15° =
This is option (D). (Options (A) and (B) exceed 1, so cannot be a cosine.)

Q22 2 marks

Use a compound-angle formula to find the exact value of cos 75°.

Criteria Marks

Writes cos 75° = cos(45° + 30°) and applies the compound-angle formula 1

Substitutes exact values and simplifies 1
Solution.

cos 75° = cos(45° + 30°) = cos45° cos 30° — sin45° sin 30°. Hence

VI V3 V31 V-1

e T T T R

15
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Q23 2 marks

. . 23n ) . . . .
Find the exact value of sin T Express your answer as a single fraction with a rational denominator.

Criteria Marks
Reduces 213—2” and applies a compound- or difference-angle formula 1
Evaluates to a single fraction with a rational denominator 1
Solution.
Since 23—7T =2r — l, sin23—7r = —sinl. Now r_I_ z,so
12 12 12 12 12 3 4

. T . T T /S
SN — =SIM—-COS——COS—-SIn— = —+ - — — <=+ — =

12 3 4 374 2 2 2 2 4
Therefore
Br_ V6-V2 _V2-+6
"o Ty T T
Q24 3 marks

. T L
Find the exact value of cos 3 giving your answer in simplest form.

Criteria Marks

Uses cos % = 2cos? % — 1 (double-angle / half-angle relation) 1

Makes cos? % the subject and takes the square root 1

Chooses the positive root (with reason) and simplifies 1
Solution.

Using cos 20 = 2cos? 6 — 1 with = % gives cos % =2 cos? % — 1. Hence

IS

Coszz_1+cos%_1+2_2+\/§
8 2 2 4

. T, . 4
Since — is in the first quadrant, cos 3 > 0, so

COS — =

16



Q25 3 marks

(i) Write tan 2A in terms of tan A.

(ii) Hence find the exact value of tan 67%0.

Criteria Marks
2tan A
(i) States tan 2A = g 1
1—tanZ A
(i) Sets A = 67.5° so that 2A = 135° and forms a quadratic in tan 67.5° 1
(i1) Solves and selects the positive root with reason 1

Solution.
2tan A
I —tan2 A’
(ii) Let A = 67.5°, 50 2A = 135° and tan 135° = —1. With ¢ = tan 67.5°,

(i) tan2A =

2t

. t2=—1 = 2%=1*-1=2-2-1=0 = t=1+V2.

Since 67.5° is in the first quadrant, tan 67.5° > 0, so

tan67%o =1+V2.

17
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Q26 4 marks
1 —cos2x sin 2x
i) Show that + =2t .
(i) Show tha sin 2x 1 + cos 2x anx

(ii) Hence, show that tan % =2-13.

Criteria Marks

I —cos2
(i) Simplifies % to tan x using the double-angle formulae
X

(i) Simplifies _mar to tan x and adds to obtain 2 tan x
1+ cos2x

(ii) Substitutes x = % and evaluates the right-hand side using exact values

(ii) Simplifies to tan 1”—2 =2-13

Solution.

(i) Using 1 — cos2x =2 sinx, 1+ cos2x = 2cos?x and sin2x = 2 sinx cos x:

1 —cos2x 2 sin” x sin 2x 2 sinx cos x

= = tanux, = =tanx.

sin 2x 2 sinx cosx 1 + cos2x 2cos? x

Adding gives tan x + tanx = 2 tan x, as required.

.. i i i l—COS% sin% .
(ii) Put x = T’ SO 2x = I Then 2tanﬁ = 5n % T+ cos % . Using the first term,
I -cosZ -9
2tan = =2 ——— 0 =2. 2 = 2(2-3),
12 sin & %

T
tan — = 2 — V3.
SO an12 V3

18
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Q27 4 marks

It is known that cos 46 = 8 cos* # — 8 cos? 6 + 1 (DO NOT PROVE THIS).

(i) Find the exact values of the solutions to the equation 8x* — 8x%> +1 =0, for0 < 6 < 7.

.. . n 3r
(ii) Hence, or otherwise, find the exact value of cos — cos —.

Criteria Marks
(i) Sets x = cos 8 so the equation becomes cos 46 = 0 1
(i) Solves cos 40 = 0 over 0 < 6 < & and states the four exact roots 1
3
(i1) Identifies the required product as cos % cos % among the roots 1
2
(ii) Evaluates the product to % 1
Solution.

(i) Let x = cos§. Then 8x* — 8x% + 1 = 8cos*# — 8cos? 0 + 1 = cos 40, so the equation is cos 46 = 0. For

r 3 om Tx ie. 0= x 3 o Tx Hence the solutions
27272727777 88787 8"
3 S In

o +\/2+\/§ +\/2—\/§
)C—COSg,COSS,COSS,COS8 =+ > , > .

(ii) Using the product-to-sum formula,

n 3r 1 T ﬂ] 1[\/5 ] V2
= _+0:T'

0 <0 < mwehave 0 < 40 < 4r, giving 460 =
are

— - = _ — 4+ | ==
COSSCOS 3 3 COS4 0082 3 )

19
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4. Products to sums and sums to products

Q28 1 mark

By expanding the left-hand side, show that

sin(8x + 5x) + sin(8x — 5x) = 2 sin 8x cos 5x.

Criteria

Marks

Expands both terms with the compound-angle formula and simplifies to the required form

Solution.

Expanding each term with sin(A + B) = sin A cos B + cos A sin B,

sin(8x + 5x) + sin(8x — 5x) = (sin 8x cos 5x + cos 8x sin 5x) + (sin 8x cos 5x — cos 8x sin 5x).

The cos 8x sin 5x terms cancel, leaving 2 sin 8x cos 5x, as required.

Q29 1 mark

Which of the following expressions is equivalent to 2 sin 58 cos 367

(A) sin 86 + sin 26
(B) cos 86 + cos 26
(C) sin 80 — sin 26
(D) cos 86 — cos 26

Criteria

Marks

Correct option (A)

Solution.

Using 2 sin A cos B = sin(A + B) + sin(A — B) with A = 56, B = 30,

2 sin 50 cos 36 = sin 89 + sin 26.

The answer is (A).

20



Q30 1 mark

Which of the following is equivalent to 2 cos 5x sin x?

(A) cos6x + sindx
(B) cos6x — sin4x
(C) sin6x + sin4dx

(D) sin6x — sin4x

5.9 7 o
A

P
e W
e

Criteria Marks

Correct option (D) 1
Solution.
Using 2 cos A sin B = sin(A + B) —sin(A — B) with A = 5x, B = x,

2 cos Sx sinx = sin 6x — sin4x.
The answer is (D).
Q31 1 mark

Which of the following is equal to cos @ — cos 3?

(A) 2sin(a ;ﬁ) cos(a ;ﬁ)

B) 2 sin(a ; ﬂ) sin(a/ ;'B)

© ZCos(a ;’8) cos(a/ ;’8)

D) -2 sin(a ;ﬁ) sin(a ;'8)

Criteria Marks
1

Correct option (D)

Solution.

The sum-to-product identity for a difference of cosines is

2 2

cosa —cos 8 = —2sin(a +ﬁ) sin(a _'B) .

The answer is (D).
21
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Q32 1 mark

Which of the following is equal to cos 3a sin 2a?
1 . .

(A) 3 (sin S5« + sin )
1 . .

B) 3 (sin Sa — sin )

1
<O = (sin S—Q + sin g)

2 2 2
1 5
(D) 3 (sin 7& — sin %)
Criteria Marks
Correct option (B) 1

Solution.

Using cos Asin B =

N =

cos3a sin2a =

The answer is (B).

[sin(A + B) —sin(A - B)] with A = 3a, B = 2«,

22

[ sinSa —sina].

N =

5.9 7 o
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Q33 2 marks

1
Use the identity sin A sin B = 3 [ cos(A — B) —cos(A + B)] to show that

sinz(g) = % (l —cos 2) .

Criteria Marks
Applies the product-to-sum identity with A = B = % 1
Evaluates cos 0 = 1 and simplifies to the required form 1

Solution.

PutA=B= )gc in the given identity:

Since cos0 =1 and )gc + ==

as required.

23
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Q34 2 marks

The diagram represents the graph of the function y = sin5x — sin 6x.

Determine the exact coordinates of the point C.

Criteria Marks

Factorises sin 5x — sin 6x using the sum-to-product identity 1

Finds the first positive x-intercept C = (%, O) 1
Solution.

A+ B A-B
UsingsinA—sinBchos( 3 )sin( 5 )withAsz,B:6x,

. . Ix) . ( x Ilx) . x
y = sin5x — sinbx = 2005(7) s1n(—§) = —2003(7) sin 5

C is the first positive x-intercept, so y = 0 with x > 0. The factor sin 3= 0 gives x = 0, so the intercept

11x
comes from cos - =0:

H :(—, )
ence C T 0

24
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Q35 4 marks

+ —
(i) Show that 2cos(x 5 y) cos(x 5 y) = COS X + COS y.

(ii) Hence find all solutions to

cos40 + cos36 + cos20 +cosf =0 for0 < 0 < 2.

Criteria Marks

(i) Expands the product with the compound-angle formula to obtain cosx + cosy 1

(ii) Pairs the terms and applies the identity to factorise as 4 cos 579 cos 6 cos g (or equivalent) 1

(ii) Sets each factor to zero over 0 < 6 < 2x 1

(ii) Lists all seven solutions 1
Solution.

+ -
(i) Expanding with cos(P = Q) = cos PcosQ FsinPsinQ, let P = )%, 0= al 2y’ soP+Q =xand
P-Q=y:

2cos PcosQ =cos(P + Q) + cos(P— Q) =cosx +cosy,

as required.

(ii) Pair the terms and apply part (i):

56 30 56 6
(cos 460 + cos 8) + (cos 30 + cos 20) = 2 cos 5 cos 5 +2cos 5 cos >

56
Take out 2 cos > and apply the identity once more to the bracket:

0 30 0 50 0 50 0
=2cos — = 2] =2cos — -2 2 = 4cos — Z.
COS 5 (COS > + COS 2) COS > cos 0 cos COS 5 cos 8 cos 3

Setting each factor to zero over 0 < 6 < 27

co 50—0:>0—7T 3w Tm 9z co 0—0:>0—7T 3”' c =0 = 6=
2 7 "5 5550 V= B 37 -
Hence the solutions are
9_77 n 3rn Tr 3n 9m
“5 25 "5 s

25



5. Simplifying trigonometric expressions

Q36 1 mark

1 —cos2
Which of the following is equivalent to ﬂ?

sin 2x
(A) 1 —cot2x
B) 1
(C) cotx
(D) tanx

Criteria

Marks

Correct option (D)

Solution.
Use cos2x = 1 — 2 sin” x and sin 2x = 2 sin x cos x:

1 —cos2x 1-(1-2sin%x) 3 2sin®x sin x

sin 2x 2 sinx coS x 2s8INXCOSX  COSX

The answer is (D).

26

=tanx.
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Q37 1 mark

Which of the following is equivalent to tan(% + x) ?

SCC2 X

(A)

1 —tan2x
COSX — sinx

(B)

CcOSX + sinx
sinx + cosx

©

sinx — cosx

COS X + sinx
D) ————
COsXx — sinx

Criteria

Marks

Correct option (D)

Solution.

Apply the tangent compound-angle formula with tan 7 = 1:

tan% +tanx 1+ tanx

tan( % +x)
n\—+x| =
4

1 —tan § tanx " 1—tanx’

Multiplying numerator and denominator by cos x gives

27

cosx + sinx
CcosSx — sinx

. The answer is (D).
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Q38 -

[4+4cos2
Which of the following is equivalent to the expression %?
—cos2x

(A) 2cot’x
(B) 2cotx
(C) 2tanx
(D) 2tan®x

Criteria Marks

Correct option (B)

Solution.

Use cos2x = 2cos? x — 1 in the numerator and cos 2x = 1 — 2 sin” x in the denominator:

4+4cos2x 4 +4(2cos’x—1) 3 8 cos? x

I-cos2x  1-(1-2sin’x) 2sin’x

= 4 cot® x.

Hence V4 cot? x = 2 cot x (for the domain where cotx > 0). The answer is (B).

28



Q39

1 mark

Which expression is equivalent to cos 5x cos 2x — sin 6x sin 3x?

(A) cos7x —sin9x
(B) cos3x —sin3x
(C) sin8xsinx

(D) cos8xcosx

Criteria

Marks

Correct option (D)

Solution.

6.9 0
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Convert each product to a sum. Using cosAcosB = %[COS(A + B) + cos(A — B)] and sinAsinB =
%[cos(A — B) —cos(A + B)]:

cOs 5x cos 2x = %(cos 7x + cos 3x),

Subtracting,

cos 5x cos 2x — sin 6x sin 3x = %(cos 7x + cos 9x) = cos 8x cos x,

using the sum-to-product identity. The answer is (D).

29
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Q40 2 marks

(a) Which of the following is equivalent to cos(2x — y) cos x + sin(2x — y) sinx?

(A) cos(x —y)
(B) cos(3x —y)
(O) sin(x —y)
(D) sin(3x — y)

tan(x — y) + tany 0

(b) Which of the following is an equivalent expression for T~ tan(r —y)tany

(A) tanx
(B) tan(x —y)

(C) tan(x —2y)
2tanx —tany

D
®) 1 —tanxtany + tan2 y
Criteria Marks
Part (a): correct option (A) 1
Part (b): correct option (A) 1
Solution.

(a) This is the expansion of cos(A — B) = cos Acos B + sin Asin B with A = 2x — y and B = x:

cos(2x — y) cosx + sin(2x — y) sinx = cos ((2x — y) — x) = cos(x — ).

The answer is (A).

tan A + tan B

(b) This is the tangent addition formula tan(A + B) = ———
1 —-tanAtan B

tan(x —y) +tany
= tan ((x — + = tanx.
1—tan(x — y)tany (=3 +y)

The answer is (A).
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Q41 3 marks

(i) Expand and simplify (sin 6 + cos 6)?.
cosf —tan@sin @ N tan 6
1+2sinfcosf  sin@ +cosf’

(ii) Hence simplify

Criteria Marks

Part (i): expands and simplifies to 1 + sin 26 1

Part (ii): rewrites the first fraction using part (i) and the numerator cos § — tan 6 sin 6 1

Part (ii): combines the two fractions and simplifies to the final form 1
Solution.

(i) Expanding and using sin® 6 + cos? § = 1 and 2 sin 6 cos § = sin 26:
(sin @ + cos 9)2 =sin”0 +2sinfcosf +cos’0 = 1 +2sinfcosf = 1 + sin 26.

(i) The denominator of the first fraction is (sin 6 + cos 8)? by part (i). Its numerator is

) 20 winl o .
08§ — tan 8 sin g = cos § — sin“f  cos” 6 —sin” 6 _ (cos @ sme)(cos€+sm9).

cosf cos 6 cos 6
Hence the first fraction is
(cos 6 —sin)(cosf +sinf) cosf —sin @
cos 0 (sin 6 + cos #)2 ~ cosd(sinf +cosh)’
tan @ sin 6
The second fraction is ! Adding,

sinf +cosf cosf (sinf + cos )’

cos —sin @ N sin @ B cos 6 _ 1
cos @ (sin@ + cosf)  cos@ (sin@ +cosf) cosd (sinf+cosh) sinf +cosd’
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The t-formula and proving identities

6. The t-formula (half-angle) substitution

Q42 1 mark

0
Which of the following gives the correct expression for 3sin — 2 cos 6 if t = tan 5?

6t — 2 — 2¢?
1+12
6t — 2 + 21>
1+172
6t — 2 — 2t>
1-1¢2
6t +2 — 212
1+172

(A)

(B)

©

(D)

Criteria Marks

Correct option (B) 1

Solution.

2

With ¢ = tan %, the #-formulas give sin 0 = and cos 6§ =

+ 12 1472

Hence

3sind —2cosf =

32t) 2(1-1%)  61—2+21*
1+172 1+2  1+2

The answer is (B).
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Q43 1 mark

. X . . . .
Given that ¢t = tan 3 which of the following is an expression for 1 + sec x?

(A)

(B)

©)

(D)

1-1¢2

Criteria

Marks

Correct option (D)

1+2 (1-2)+(1+15) 2

Solution.
. 1-1% 1+172
With cosx = we have secx = ——, so
1+1¢2 1-1¢2
1-172
1+secx = 5
1—1¢

The answer is (D).
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Q44 2 marks

0
By making the substitution ¢ = tan 7 show that

0
cosec @ + cotf = cot —.

6.9 0
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2
Criteria Marks
Writes cosec 8 and cot 6 in terms of 7 using the ¢-formulas 1
1 0
Simplifies to — = cot = 1
mmplines to : CO 3
Solution.
_ 2
With ¢ = tan g, sinf = and cos 6§ = . Then
1+12 1+172
s 1-2 1+ +(1-17)
1 +cosé 1+72 1+72 2 1
cosecd + cotf = - = = Z -
sin @ 2t 2t 2t ¢
1+172 1+¢2
. 5 1 0 .
Since 7 = tan 7, n = cot > as required.
Q45 2 marks
With the use of ¢-results, prove that
1 +sinf —cosé 0
——F— =tan —.
1 +sin6 + cos 6 2
Criteria Marks
Substitutes the #-formulas for sin # and cos 6 into the fraction 1
[
Simplifies the numerator and denominator to obtain # = tan 5 1
Solution.
. 0 t 1-12 _ . )
With ¢ = tan 7, sin 6 = ) and cos 6 = e Multiplying numerator and denominator by 1 + -,
+ +

1+sinf—cos® (1+r2)+2t—(1-r%) 202+2t 2t(t+1)

= = = =1
l+sinf+cos6 (1+2)+2t+(1-12) 2+2t  2(1+1)

. 0 .
Hence the expression equals ¢ = tan 3 as required.
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Q46 3 marks

) X
Using ¢ = tan 7 prove that

1 +sinx + cosx
———— =—tanx + Secx.
1 —sinx + cosx

Criteria Marks
Uses the ¢-formulas to write sinx and cos x in terms of ¢ 1
I+t
Simplifies the left-hand side to 1 1
I+¢
Shows the right-hand side tanx + sec x equals 1—; (or equivalent), completing the proof 1
Solution.
_ 2
With ¢ = tan 3, sinx = 2 and cosx = T2 Multiplying numerator and denominator of the left-hand
+ +

side by 1 + 2,
l+sinx+cosx  (1+2)+2r+(1-12) 242  1+¢
I—sinx+cosx (1+72)—2r+(1—-12) 2-2t 1-t¢

1+sinx

For the right-hand side, tanx + secx = ————. Using sinx = 2sin 7 cos 5 and cosx = cos? 5 = sin’ 5
COS X
and dividing through by cos? %
: V) .
1+ sinx cos 3 +sin3 cos3 +siny  1+¢
2 2 2 2
tanx + secx = = — = = = .
COS X (cos3 +sin%) (cos5 —sing) cosy—sing 1-¢

1+t
Both sides equal - so the identity holds.
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Q47 3 marks

0
By using ¢ = tan 5 solve the equation V3 sinf + cos@ = 1 for 0 < 6 < 2n.

Criteria Marks
Substitutes the z-formulas to form an equation in ¢ 1
Reduces to 2V3¢ — 22 = 0 and solves 1 = O or 7 = V3 1
2
Recovers all anglesin0 <6 <2r: 6 =0, ?ﬂ, 2w 1
Solution.
2 _ 42
With ¢ = tan g, sin@ = and cos @ = . Substituting,
1+ ¢#2 1412

2t 1-1¢? ) 5
V3= 4 =1 = 2V3r+1-12 =1+
1+¢2 1417

Hence 2V31 — 21 = 0,i.e. 2t (\5 - t) =0, giving t = 0 or 1 = V3.

6 6 0 6 2
t:tan§:0:§:00r7T2>6:00r27r, t=tan§=\/§:>5=g:>9=?ﬂ.
Checking 6 = & (where tang is undefined) gives V3(0) + (=1) = —1 # 1, so it is not a solution and none is

lost. For 0 < 6 < 2n,
2
6=0, ?’T 21
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Q48 5 marks

(i) If r = tan A, find an expression in terms of ¢ for cos 2A.

(i) Use ¢ formulas with the substitution ¢ = tan x to prove that

sec 2x + tan 2x = tan(x + 45°).

6.9 0
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) 4
(iii) Hence or otherwise solve sec 2x + tan 2x = 3 for 0° < x < 360°. Answer to the nearest degree.

Criteria Marks
, 1-12
Part (i): cos2A = 1
1+¢2 e
Part (ii): writes sec 2x + tan 2x = ¥ and substitutes the z-formulas 1
082X
T+1
Part (ii): simplifies to 7 and identifies this as tan(x + 45°) 1
a
Part (iii): uses the identity to get tan(x + 45°) = 3 and finds x + 45° = 38.66° + 180°k 1
Part (iii): states both answers x ~ 174°, 354° in the given domain 1
Solution.
- 172
(i) With r = tan A, cos2A = .
1+1¢2
. . 2t —
(ii) Let r = tanx. Then sin2x = and cos2x = ——, so
1+12 1+12
2t
| sin2c  l4sin2x T2 14242 (1402 141
sec 2x + tan2x = + = = = = = .
cos2x  cos2x cos 2x 1-172 1-12 1-0(1+1) 1-t¢
1+1¢2

tanx + tan 45° t+1
1 —-tanxtan45° 1-1¢

Since tan(x + 45°) = , we have sec 2x + tan 2x = tan(x + 45°).

Wl &~

. The reference angle is tan~! — ~ 38.66°, so

| &~

(iii) Using the identity, tan(x + 45°) =
X +45° =38.66° + 180°k = x = —6.34° + 180°k.
Taking k = 1,2 places x in 0° < x < 360°: x = 173.66° and x =~ 353.66°. To the nearest degree,

x =~ 174°, 354°.
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7. Proving trigonometric identities

Q49 1 mark

Show that sin(A + B) + sin(A — B) = 2sin A cos B.

Criteria Marks
Expands both compound angles and adds to reach the required form 1
Solution.

Using sin(A + B) = sin A cos B + cos Asin B,

sin(A + B) + sin(A — B) = (sin A cos B + cos A sin B) + (sin A cos B — cos A sin B) = 2 sin A cos B.

Q50 2 marks
sin 2x
Show that ——— = tanx.
1+ cos2x

Criteria Marks

Substitutes sin 2x = 2 sinx cosx and 1 + cos 2x = 2 cos? x 1

Cancels to obtain tan x 1
Solution.

Using sin 2x = 2 sinx cosx and cos 2x = 2cos?x — 1 (so 1 +cos2x = 2cos? x),

sin 2x 2sinxcosx  sSinx
= 5 = = tan x.
1 + cos2x 2cos* x CcoS X
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Q51 2 marks

Use trigonometric identities to prove that

1 —cosf 1 cot §
V1+cosh Z_Q) '

COS
5
Criteria Marks
. . . 2 . o I —cosf

Rationalises the surd, using 1 — cos” 8 = sin” 8, to reach “ng 1

Si

1- [
Shows the right-hand side equals ,;0; (via cos(F — 6) = sin6) 1
sin

Solution.

Multiplying numerator and denominator inside the surd by (1 — cos 8),

\/l—cos@ \/(1—0056’)2_ (1 -cos#)? 1-cosf

1+ cosé@ 1—cos20 sin  sin@

taking the positive root (for 0 < 6 < 7, 1-cos § > Oandsin 6 > 0). For the right-hand side, cos(§ — 6)

SO

1 1 cosd 1 —coséb
—cotf = — — — = -
cos(5 - 6) sinf  sin6 sin 6
. 1 —cos .
Both sides equal ———, as required.
sin 6
Q52 2 marks
1 +cot? 0
Prove that —————— = cosec 26.
2cotf
Criteria Marks
[Z]
Uses 1 + cot? 6 = cosec? § and cot 6 = C?S 1
T sin @

Simplifies to g cosec 26 1

Solution.
. 2 ) 1 cos 8
Using 1 + cot” 6 = cosec” 6 = and cotf = —,
sinZ 6 sin 6
1
1 +cot’@ in2 1 sin @ 1
_sin"6 _ . = — = — = cosec 26.
2cotd 2cos6  gin?9 2cosh® 2sinfcosd  sin26
sin @
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Q53 2 marks

Show that cosec 20 — cot 20 = tan 6.

Criteria Marks
. . . 1 —cos20
Writes the left-hand side over a common denominator as g 1
sin
Substitutes 1 — cos 26 = 2 sin? 6, sin 260 = 2 sin 6 cos 6 and simplifies to tan 6 1
Solution.

1 cos26 1-—cos26
sin20  sin20  sin20
Using 1 — cos 20 = 2sin® 6 and sin 26 = 2 sin 6 cos 6,

cosec 20 — cot20 =

1 —cos?20 3 2sin” 6 sin @

sin20  2sinfcosf - cos 8

=tand.

Q54 2 marks

Show, without using a calculator, that

205957 cos 557 — 25in 50° sin 10° = 4(1 - V3).

Criteria Marks

Applies the products-to-sums formulae to both terms 1

Evaluates the resulting exact values to reach %(1 - \/§) 1
Solution.

Using 2 cos A cos B = cos(A — B) + cos(A + B) and 2 sin A sin B = cos(A — B) — cos(A + B),
208 95° cos 55° = cos40° + cos 150°, 2 sin 50° sin 10° = cos 40° — cos 60°.

Subtracting,

3 1
(cos40° + cos 150°) — (cos 40° — cos 60°) = cos 150° + cos 60° = —g + 5= %(1 - \/5) .
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Q55 3 marks

(i) Show that sin(a + 8) + sin(a — 8) = 2sina cos 3.
(ii) Hence, if @, 5 and 7y are the angles of AABC and siny = 2 sin @ cos 8, show that AABC has two equal

angles.
Criteria Marks
(i) Expands the compound angles and adds to obtain 2 sin @ cos 8 1
(i1) Uses y = m — (a + B) to write siny = sin(a + B) 1
(ii) Deduces sin(a — 8) = 0, hence a = 8 1
Solution.

(i) sin(a + B) + sin(a@ — B) = (sina cos 8 + cos a sin 8) + (sina cos B — cos @ sin B) = 2 sin & cos .
(ii) Since « + B+ v = m, we have y = m — (a + ), so siny = sin(a + ). Given siny = 2 sin & cos 3, from
part (i) 2 sina cos 8 = sin(a@ + B) + sin(a@ — B), hence

sin(a + B) = sin(a + B) + sin(a — ) = sin(a—B) =0.

As a, B are angles of a triangle, @ — 8 = 0, so @ = 8 and the triangle has two equal angles.

Q56 3 marks

1
Given that cos2x = a + b and sin2x = a — b, show that a? + b2 = 5

Criteria Marks

Solves for a and b (or forms cos? 2x + sin® 2x) from the two given equations 1

Expresses a” + b? in terms of cos 2x and sin 2x 1

I

Uses cos® 2x + sin? 2x = 1 to conclude a? + b* = 5 1

Solution.
) . . €0s 2x + sin 2x €0s 2x — sin 2x

Adding and subtracting the two equations, a = — and b = — s Then

22 (cos 2x + sin 2x)? + (cos 2x — sin 2x)? 3 2 cos? 2x + 2 sin® 2x

. 2 1
“ 4 4 4-2

using cos? 2x + sin® 2x = 1.
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Q57 3 marks
Given that (x + y)(x? — xy + y?) = x> + y?, prove the trigonometric identity

sin’ 6 + cos> @ |

sin @ + cos @ +tasin26 =1
Criteria Marks
Factorises sin’ 6 + cos’ 6 and cancels (sin 6 + cos 6) 1
Simplifies the first term to 1 — sin 6 cos 6 using sin” @ + cos? 6 = 1 1
Adds % sin 260 = sin @ cos 6 to obtain 1 1

Solution.

With x = sin 6, y = cos 6, the given factorisation gives

sin’ 0 + cos® 0 _ (sin@ + cos 6)(sin® 6 — sin 6 cos 6 + cos? 6)

- = - = sin® @ —sin @ cos +cos> O = 1 —sin @ cos 6.
sin @ + cos @ sin @ + cos @

Since % sin26 = %(2 sin cos §) = sinf cos 6,

sin’ 6 + cos> 6 1. . .
——————— +5sin20 = (1 —sinfcos ) +sinfcosf = 1.
sin @ + cos 6
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Q58 4 marks
(i) By using cos 40 = 2 cos® 26 — 1, show that

8cos*0 —8cos’ @+ 1—cosdd = 0.

2
(i) Using part (i) and by letting x = cos 6 in the equation 16x* — 16x% + 2 — V2 = 0, show that cos 46 = £
2

Criteria Marks
(i) Substitutes cos 20 = 2 cos? 6§ — 1 into cos 46 = 2 cos? 26 — 1 1
(i) Expands and simplifies to reach the stated result 1
(ii) Writes 16x* — 16x2 +2 = 2(8cos* 0 — 8cos? 0 + 1) = 2cos 46 1
2
(ii) Sets 2 cos 40 — V2 = 0 to conclude cos 46 = g 1
Solution.

(i) With cos 26 = 2cos? 4 - 1,
cos40 =2co0s’20 —1=2(2cos’0—1)>2 =1 =2(4cos*0 —4cos’0+1) — 1 = 8cos*§ —8cos? 0 + 1.

Rearranging, 8 cos*# — 8cos? 0 + 1 — cos 46 = 0.
(ii) Let x = cos 6. Then

165 — 16x2+2 = 2(8cos40—800526+ 1) = 2 cos 46,

using part (i). The given equation 16x* — 16x2 + 2 — V2 = 0 therefore becomes 2cos46 — V2 = 0, so
V2

49 = =
COS 5
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Q59 4 marks

2

Given that m = a cos’ x + 3a cos x sin® x and n = a sin’ x + 3a sin x cos? x, prove that

(m +n)*3 + (m —n)*3 =24%8.

Criteria Marks
Forms m + n and factors it as a(cos x + sinx)? 1
Forms m — n and factors it as a(cosx — sinx)> 1
Takes the % power of each to get a*/3(cos x + sinx)? 1
Adds and uses (cos x + sinx)? + (cos x — sinx)? = 2 to conclude 1
Solution.
Adding,
m+n=a (cos3x +3cos®x sinx + 3 cos x sin® x + sin’ x) = a(cosx + sinx)>.
Subtracting,
— 3 2 . i 2 -3 _ : 3
m—n=a(cos’x —3cos“xsinx + 3cosxsin”x —sin’ x| = a(cosx — sinx)".
Hence
(m +n)*3 = a*3(cos x + sinx)?, (m = n)*3 = a*3(cos x — sinx)?.

Adding these and expanding,

(m+ n)?3 + (m - n)?3 = g3 [(cosx +sinx)? + (cosx — sinx)z] =a* (2 cos’ x + 2 sin’ x) =24%3.
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Q60 9 marks

(i) Show that 2 sin(k — 1)8 cos 8 — sin(k — 2)6 = sin k6.
(i) Hence show that 16 sin® @ — 20sin® 6 + 5sin @ = sin 56.

(iii) By letting x = sin 6 in the equation 16x* — 20x> + 5 = 0 and by considering the roots of the equation
formed, prove that

sin’ l + sin’ 2_71 = §
5 5 4
Criteria Marks
(i) Applies 2sin A cos B = sin(A + B) + sin(A — B) withA=(k—1)6,B=16 1
(1) Simplifies to sin k6 1
(ii) Applies part (i) repeatedly (or otherwise) to reduce sin 56 to a polynomial in sin 6 2

(iii) Uses sin 58 = 0 to show x = sin @ satisfies x(16x* — 20x? + 5) = 0, identifying the roots

ST G 2T
sin %, sin <
(iii) Uses the sum of roots of the quadratic in x> (or product/sum relations) to obtain fT 2
(iii) States the conclusion clearly 1
Solution.

(i) By the product-to-sum formula 2 sin A cos B = sin(A + B) + sin(A — B) with A = (k — 1) and B = 6,
2sin(k — 1)6 cos 6 = sin k6 + sin(k — 2)0,

so 2sin(k — 1)8 cos @ — sin(k — 2)0 = sin k6.
(ii) Expanding sin 50 (e.g. by De Moivre’s theorem, or by iterating part (i)) gives

sin 560 = 16sin® 6 — 20sin> @ + 5sin 6.

(iii) If sin 56 = O then, by part (ii), sin 6 satisfies 1657 — 2053 + 55 =0, i.e.

s (16s4 —20s2 + 5) =0, s=sind.

k
The solutions of sin56 = 0 are 6 = ?ﬂ Excluding s = 0 (i.e. 8 = 0, 7), the non-zero values of sin 6 are

sin % sin 2?” sin %’r = sin 2?” sin 45—” = sin % Hence the roots of 16x*—20x2+5 = Qarex = + sin % +sin ZT”
2

and x? takes the two values sin % and sin’ 2?” Putting u = x?, these are the roots of
16u* —20u +5 =0,

so by the sum of roots,
Lo . ,2m 20 5
sin” — +sin” — = — = —.
5 5 16 4
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Triple-angle identities

8. Triple-angle identities and cubic-root problems

Qo1 1 mark

Consider the identity cos 36 = 4 cos? 6 — 3 cos §. By letting x = cos 6 in the cubic equation 8x> —6x — 1 = 0,

1
show that cos 36 = ok

Criteria Marks
Substitutes x = cos 6, halves the equation and identifies 4 cos3 @ — 3 cos 6 as cos 30 = % 1
Solution.

Let x = cos 6. Then 8cos®> 6 — 6¢cos@ — 1 =0, so 8cos> § — 6cos 6 = 1. Dividing by 2,
4cos’@—3cosf =1

5.

1
Since cos 30 = 4 cos>  — 3 cos 0, it follows that cos 30 = 5

Q62 2 marks

Show that sin 36 = 3sin6 — 4 sin> 6.

Criteria Marks

Expands sin(26 + 6) using the compound-angle formula 1

Substitutes the double-angle results and simplifies to the required form 1
Solution.

sin 30 = sin(26 + 6) = sin 26 cos § + cos 26 sin §. Using sin26 = 2sinf cosf and cos26 =1 -2 sin” 6,

sin36 = 2sinfcos® 0 + (1 — 2sin®#) sin @ = 2sin O(1 — sin® 6) + sin @ — 2sin’> @ = 3sin 6 — 4sin> 6.
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Q63 3 marks

It is known that cos 36 = 4 cos 8 cos(% — 0) cos(z + 0). Using this result, or otherwise, solve

3

ﬁcos0(00520—3sin26’) =1 for0<0<2m.

Criteria

Marks

Recognises cos 6(cos? 6 — 3 sin® 6) = cos 36, reducing the equation to cos 36 =

1

=l

Solves 36 over the extended domain 0 < 36 < 67

Lists all six solutions for 6 in [0, 27]

Solution.

6.9 0
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Expanding, cos 6(cos? 6—3 sin> §) = cos> -3 cos @ sin® 6 = cos® §—3 cos §(1—cos? 6) = 4 cos® §—3 cos § =

cos 36. Hence the equation becomes

1
V2cos30=1 =— cos36=—.
V2

For 0 < 6 < 2m we need 0 < 30 < 67, so

7 97r15_7rl77r23_7r

T
M= T T a0 1

Therefore
o Tr 3nm Sr 17n 23nm

122120 40 40 120 12
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Qo4 4 marks

(i) Show that cos 3x = 4 cos® x — 3 cosx.

(ii) Find all solutions to the equation cos 3x + 2 cos x = 0 over the domain [-27, 27].

Criteria Marks

(i) Expands cos(2x + x) and simplifies to 4 cos® x — 3 cosx 1

(i) Substitutes part (i) and factors to cos x(4cos’>x — 1) = 0 1

(ii) Solves cosx = 0 over [-27, 27| 1

(ii) Solves cosx = J_r% over [—2m, 2r] 1
Solution.

(i) cos 3x = cos(2x + x) = cos 2x cosx — sin 2x sinx. With cos 2x = 2 cos? x — 1 and sin 2x = 2sinx cos x,
cos3x = (2cos?x — 1) cosx — 2 sin® x cosx = 2 cos> x — cosx — 2(1 — cos” x) cosx = 4 cos’ x — 3 cos x.
(ii) Using part (i),

cos3x +2cosx = (4cos’ x —3cosx) +2cosx = 4cos’ x —cosx = cosx(4cos’x — 1) = 0.

So cosx = 0 or cos’x = %, i.e. cosx = i%. Over 2, 2r]:
=0 y=+4+Z%& 437 =1l. -4 5z =_1. 427 L4n
cosx—O.x—iz,iz, COsSx =5 x =3, £ CosX =—35: x=+5, £
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Marks

Q65 4 marks
(i) Use the fact that cos 39 =4cos30 —3cosbtosolve 8x3 —6x — 1 = 0.
2m 47
(ii) Hence, show that cos — = C0S — + CcOS —
9 9 9°

Criteria

(1) Sets x = cos 0, reduces to cos 30 = % and solves for 36

(i) States the three distinct roots x = cos 4, cos =3¢ 3Z cos 1x

9 > 9° 9

(ii) Uses the sum of the roots (no x? term, so sum = 0)

(ii) Rewrites cos 59 = —cos 47 cos %” = —cos 2 % to conclude

Solution.

(i) Let x = cos #. Then 8 cos® 6 —6cos 6 —
(to give distinct values of cos 8), 36 = %, 35, 5,800 = %, 57” 77 and the roots are

Il
N)
W
N
Q
N

(ii) The cubic 8x> — 6x — 1 = 0 has no x? term, so the sum of its roots is 0:

cos9 +cos—+cos79” =0.

Since cos 2Z = cos(m — 2Z) = —cos % and cos ZZ = cos|m — 2Z) = —cos 2&
9 9 9 9 9 9

4n 4n

cosg—cosg—cos =0 = 0059—0059 +cos 3.
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Q66 6 marks

(i) Prove the identity cos 36 = 4 cos> @ — 3 cos .

(ii) Hence, find exact value expressions for three unique solutions of

8x3 — 6x = —V3.
Criteria Marks
(i) Expands cos(26 + 6) using the compound-angle formula 1
(i) Substitutes double-angle results and simplifies to 4 cos’ 8 — 3 cos § 1
(i1) Sets x = cos 6 and reduces to cos 36 = —@ 1
(i1) Solves 36 over a suitable range 1
(ii) Gives three distinct exact solutions 2

Solution.

(i) cos 360 = cos(26 + 6) = cos 26 cos 6 — sin 26 sin 8. With cos 26 = 2cos? 6 — 1 and sin 26 = 2sin 6 cos 6,
cos 30 = (2cos®> 6 — 1) cos§ — 2sin* @ cos§ = 2cos> 6 — cos O — 2(1 — cos” ) cos 0 = 4 cos’ 6 — 3 cos 6.

(ii) Let x = cos . Then 8 cos> 6 — 6cos @ = —V3, so 4cos> 6 —3cosd = —g, ie.

V3

30 = ——.
cos >

: _ 5 In 1In s e _ 5 In 11n . :
Taking 0 < 0 <, 30 = %66 glving 0 = T3, 7. T3 Hence three unique solutions are

- Sn
X =cos3yg, X

~

T _ 17n
Ccos 18° X = COS I8 -
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Q67 7 marks

(i) Prove the trigonometric identity
3tan 6 — tan’ 0

tan 360 =
1 -3tanZ6

using the compound angle formula.

(ii) Hence find expressions for the exact values of the solutions to the equation

3x —x3
1-3x2 va.
n 4 Tr
(iii) Hence show that tan ) tan ry tan 3 = —/3.
Criteria Marks
(i) Expands tan(26 + 6) and substitutes tan 260 = 12_3% 1
(i) Simplifies to the required single fraction 1
(ii) Sets x = tan 0, giving tan 36 = V3, s0 36 = 5 tkn 1
(i1) States the three exact solutions x = tan g, tan %”, tan %” 2
(iii) Rewrites the equation as a cubic in x and applies the product of roots 2
Solution.
tan 26 + tan 0 . 2tan @
(i) tan360 = tan(20 + §) = ———— . Withtan2 = ———,
1 — tan 26 tan 6 1 —tan2 0
2tand tan 0
ran 30 1—tan29+ an 2tanf +tanH(1 —tan’6) 3tan6 —tan> @
an = = =
_ 2tand tan g (1 —tan?0) — 2tan% 6 1-3tan?0
1 —tan29

(ii) Let x = tan 6. Then the left-hand side is tan 36, so tan 36 = V3, giving 36 = S tkmie 0=17F dn 77”
(three values with distinct tan 8). Hence

= z = 4n = In
x—tan9, X = tan 9 s X = tan 5 -

(iii) Clearing the denominator, 3x — x> = V3(1 — 3x2), i.e. x> —3V3x2 —3x + V3 = 0. Its three roots are
tan g, tan %", tan %’r, and by the product of roots (—constant/leading),

s 4r i _ \/g_
tang tanT tanv ——T ——\/5.
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(i) Prove the trigonometric identity

tan 360 =
1 -3tan26

3tanf — tan> 6

6.9 0
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(ii) Use the identity from part (i) and let x = tan @ to find the roots of the cubic equation x> —3x?> =3x+1 =0,

and hence find the exact value of tan %

Criteria Marks
(i) Expands tan(26 + 6) and substitutes tan 26 2
(i) Simplifies to the required single fraction 1
(ii) Rearranges the cubic to tan 36 = 1 and finds 6 = 1—”2 51—’2r %r 3
(ii) Concludes tan 5 = 2 — V3 1
Solution.
tan 26 + tan 6 ) 2tan6
(i) tan 360 = tan(260 + §) = ————— and with tan20 = ————,
1 —tan26 tané 1 —tan? 6
2tand tan 0
tan 36 1—tan29+ an 2tan6 + tan6(1 —tan’6) 3tand —tan> @
an = = =
2tan® 6 (1 —tan?6) —2tan? 0 1 -3tan26
1 —tan?6

(ii) Let x = tan #. The cubic x> — 3x% —3x + 1 = O rearranges to x> — 3x = 3x%> — 1,i.e. 3x — x> = 1 = 3x2, s0

3tand — tan> 6 B 3x — x3

tan 30 = = =1.
1 -3tan26 1 —3x2
Thus 36 = % + km, giving 6 = 1—”2, 51—’2r, 37”, so the roots are
x=tanZ, x=tan2Z, x=tan3Z =-1
= 12 = 12° = z = b

3

The smallest root is tan % Since tan 51—’2’ = 2 + V3 and tan 7

(constant + leading, with sign), the remaining root satisfies tan

Hence
tan 1—”2 =2-13.
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—1, and the product of the roots is —1

-1 1
= = = 2— 3
2+V3)(-1) 2+V3 B
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Q69 8 marks

You are given that cos 30 = 4 cos® @ — 3 cos 6 and sin 30 = 3sin 6 — 4 sin’ 6.

(i) Use this to show that
cos46+3

4

sin* 0 + cos* 6 =

(ii) By letting x = cos 8, show that the equation
4 2\
8ct+8(1-2%) =7

g S
has roots + cos T and + cos —

12
n S0 1
Deduce that — — = -
(iii) Deduce that cos B cos =1
Criteria Marks

(i) Writes sin* 6 + cos* 6 = 1 — 2sin® § cos® @ = 1 — § sin” 26

—_

(i) Uses sin® 26 = # and simplifies to W 2
(ii) Substitutes x = cos @ to obtain 8(cos* 6 + sin* ) = 2cos46 + 6 = 7, s0 cos 40 = % 2
(ii) Solves cos 46 = % and identifies the four roots 1
(iii) Uses the product of the four roots (constant + leading) to deduce the required value 2

Solution.

(i) sin* 0 + cos* @ = (sin® 6 + cos? 6)2 — 2sin® Hcos? @ = 1 — 2sin® Hcos? O = 1 — % sin® 26. Since sin® 26 =
1-cos46
2 ’

1—cos49_1 1—c0s49_4—1+cos49 cos40+3

-4 4 1
0+ 6=1-=- —
S COoS 3

(ii) Let x = cos , so 1 — x2 = sin> 0. Then

460 +3
8x* +8(1 —x?)? =8cos* 0 +8sin* 9 =8 - % =2cos 40 + 6.
Setting this equal to 7 gives 2cos46 + 6 = 7, so cos 460 = Taklng 460 = %, 7 (je. 0 = 5 —’2T) and noting

3
X = cos # occurs in + pairs, the roots are

5
1

]

X =*C0S{5, X=*COS

o]

(iii) Writing u = x2, the equation 8x* + 8(1 — x?)> = 7 becomes 16u”> — 16u + 1 = 0, whose roots are

u = cos? {5 and u = cos? 3% 5” . By the product of roots, cos? ol cos? 51—” = lﬁ Since both cosines are positive
(acute angles),
1
n S _ 1 _
COSECOSﬁ— 16_4



