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Chain, product and quotient rules

1. The chain rule

Q1 1 mark

Differentiate the following. Leave your answers with a positive, non-fractional index, where necessary.
y = (3x2 + 5x)%.

Criteria Marks
Correct derivative 1
Solution.

Apply the chain rule with outer function u* and inner function u = 3x? + 5x. The inner derivative is
u
— =6x+5,s0

dx

d
D 43x% +50)% - (6x +5).
dx

d
The derivative is d—y = 4(6x + 5)(3x% + 5x)°.
X

Q2 2 marks

Differentiate the following with respect to x. (3x2 + 1)*.

Criteria Marks

Applies the chain rule with the correct inner derivative 6x 1

Correct simplified derivative 1
Solution.

Apply the chain rule with outer function »* and inner function u = 3x? + 1, whose derivative is 6x:
d .2 4 2 3
—Bx +1)"=43x"+1)" - 6.
dx

The derivative is 24x(3x% + 1)3.
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Q3 2 marks

Differentiate (3x2 + 1)°.

Criteria Marks

Applies the chain rule with the correct inner derivative 6x 1

Correct simplified derivative 1
Solution.

Apply the chain rule with outer function #> and inner function u = 3x? + 1, whose derivative is 6x:
d ,2 5 2 4
—Bx"+ 1)’ =5Bx"+1)" - 6x.
dx
The derivative is 30x(3x% + 1)*.
Q4 1 mark
What is the derivative of (1 — 2x)3?

(A) 5(1 —2x)*
(B) =5(1 - 2x)*
(C) 10(1 —2x)*
(D) —10(1 - 2x)*

Criteria Marks
Correct option (D) 1
Solution.

Apply the chain rule with outer function #> and inner function # = 1 — 2x, whose derivative is —2:

1(1 —2x)° =5(1 = 2x)* - (=2) = =10(1 = 2x)*.
dx

The answer is (D).
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Qs 1 mark

Differentiate the following expression with respect to ¢. 2(5¢ + 6)8.

Criteria Marks
Correct derivative 1
Solution.

Apply the chain rule to 2(5¢ + 6)%, with inner function 5¢ + 6 whose derivative is 5:
d
Ezwmﬁﬁzz-my+®?5

The derivative is 80(5¢ + 6).

Q6 1 mark
. —X
Consider the semi-circle defined by function f(x) = V8 — x2. Show that f/(x) = .
V8 — x2
Criteria Marks
Correctly applies the chain rule to reach the required form 1

Solution.
Write f(x) = (8 — x2)!/2 and apply the chain rule with inner function 8 — x2, whose derivative is —2x:

—2x B —-X
2V8—x2 V8—x2

fx)=3@-x*)"2 (~2x) =

as required.
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Q7 1 mark
The derivative of y = 3x?(2x> + 1) is given by which of the following?
(A) 6x(2x° + D293 + 1)
(B) 6x(2x% + 1)2(9x% + 2x + 1)
(©) 6x(2x + 1)2(11x3 + 1)
(D) 6x(2x> + 1)2(11x3 +2x + 1)

Criteria Marks
Correct option (C) 1
Solution.

Use the product rule on y = 3x2-(2x3+1)3. Differentiating (2x>+1)3 by the chain rule gives 3(2x>+1)%-6x% =
18x%(2x3 + 1)2, so

% =6x(2x° +1)% +3x2 - 18x2(2x° + 1)2.

Factor out 6x(2x> + 1)

dy

o= 6x(2x% + 1)?[ (2% + 1) +9x°] = 6x(2x + 1)2(11x° + 1).
X

The answer is (C).
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Q8 3 marks
A particle moves in a straight line so that its displacement x cm over time 7 seconds is given by x = V25 — 2.
. . . dx  25-21?
Show that the velocity as a function of ¢ can be given by — = ——.
dt 2512
Criteria Marks
Applies the product rule to x = tV25 — 2 1
Differentiates V25 — 2 correctly by the chain rule as _ 1
V25 — 12
Combines over a common denominator to reach the required form 1

Solution.

Write x = 1(25 — r*)!/2 and apply the product rule. Differentiating (25 — ¢2)!/2 by the chain rule gives

t
%(25 —1%)~1/2.(=2t) = ———. Therefore
2512
d —t 2
—x:I-VZS—t2+t-—:V25—t2——.
dt V25 - 12 V25 - 12
Combining over the common denominator V25 — £2:
dx  (25-1*)—1* 25-27
i N5-2 522
as required.
Q9 2 marks
Differentiate the following function. f(x) = V3x — x2.
Criteria Marks
Applies the chain rule with the correct inner derivative 3 — 2x 1
Correct simplified derivative 1

Solution.

Write £(x) = (3x —x?)!/2 and apply the chain rule with inner function 3x — x2, whose derivative is 3 — 2x:

3-2x
F(x)=1Gx=x)"12. 3 -2x) = ———.
: 2V3x — x2
3-2x
The derivative is f'(x) = ——.
2V3x — x2
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2. The product rule

Q10 1 mark

Differentiate with respect to x: y = (x — 3)(x + 5).

Criteria Marks
Correct derivative 1
Solution.

d
By the product rule, d—y =(D)(x+5+(x=-3)(1) =x+5+x—-3=2x+2. (Equivalently, expand first to
X

d d
y = x% +2x — 15, giving = = 2x + 2.) The derivative is = = 2x + 2.
dx dx

Q11 2 marks

d
Use the product rule to find d—y where y = x> (3x — 2)°.
X

Criteria Marks

Applies the product rule with correct derivatives of each factor 1

Correct simplified derivative 1
Solution.

Letu = x> and v = (3x — 2)°, so u’ = 3x? and, by the chain rule, v/ = 5(3x — 2)*- 3 = 15(3x — 2)*. By the
product rule,
d
d_y =u'v+u =3x*Bx-2)° + x> 15(3x - 2)*.
X

Taking out the common factor 3x?(3x — 2)%,

% = 3x?(3x = 2)*[(3x = 2) + 5x]| = 3x*(3x — 2)*(8x - 2).

d
The derivative is d—y =3x2(3x — 2)*(8x —2) = 6x2(3x — 2)*(4x - 1).
X
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Q12 2 marks

Differentiate the expression (x> — 5)(9x — 2x>) with respect to x.

Criteria Marks

Applies the product rule with correct derivatives of each factor 1

Correct simplified derivative 1
Solution.

Letu =x*>—5and v = 9x — 2x3, so u’ = 2x and v/ = 9 — 6x2. By the product rule,

d
d_i =u'v+u’ = (x?=5)(9 - 6x3) + (9x — 2x)(2x).

Expanding and collecting like terms,

d
d—y = (9x% — 6x* — 45 + 30x2) + (18x2 — 4x*) = —10x* + 57x2 — 45.
X

d
The derivative is d—y = —10x* + 57x2 — 45,
X

Q13 3 marks

Differentiate y = x(1 — x)°.

Criteria Marks

Applies the product rule 1

Differentiates (1 — x)® correctly by the chain rule 1

Correct simplified derivative 1
Solution.

Letu =xand v = (1 —x)% sou’ = 1 and, by the chain rule, v/ = 6(1 —x)° - (=1) = —6(1 — x)>. By the

product rule,
d
d—i} =uv+u =(1-x)° +x[ -6(1 —x)s] =(1-x)%—6x(1-x).

Taking out the common factor (1 — x)?,

dy _ 0 STy =(1=x)(1 -
—=0-x [(1-x)—6x] = (1-x)(1-7x).

d
The derivative is d_y = (1-x)°(1-"7x).
X
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Qu4 -

Find ? fory = (7x + 4)(x + 1)3.
X

Criteria Marks

Applies the product rule with correct derivatives of each factor 1

Correct simplified derivative 1
Solution.

Letu =7x+4andv = (x + 1), sou’ = 7 and, by the chain rule, v" = 3(x + 1)>. By the product rule,

d
d_ic] =uv+uw =Tx+ D>+ (Tx+4)-3(x + 1)

Taking out the common factor (x + 1),

% =(x+ D?[7(x+ D) +3(7x +4)] = (x + D*(7x + 7+ 21x + 12) = (x + 1)*(28x + 19).

d
The derivative is d_ic} = (x + 1)%(28x + 19).

Q15 2 marks

Differentiate y = x3(4 — 3x)°.

Criteria Marks

Applies the product rule with correct derivatives of each factor 1

Correct simplified derivative 1
Solution.

Letu = x3and v = (4 — 3x)°, so u’ = 3x? and, by the chain rule, v/ = 5(4 — 3x)* - (=3) = —15(4 — 3x)*. By

the product rule,
d
d—i} =u'v+uv =3x*(4-3x) +x3[ - 15(4 - 3x)4].

Taking out the common factor 3x?(4 — 3x)%,

% = 3x2(4 - 3x)*[(4 = 3x) — 5x] = 3x%(4 - 3x)* (4 - 8x).

d
The derivative is d_i} = 3x%(4 — 3x)*(4 - 8x).
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Q16 3 marks
. 4(1 - 3x)
Given that f(x) = (3 — 2x)V4x + 1, show that f’(x) = —.
Vax + 1
Criteria Marks
Applies the product rule with the chain rule on V4x + 1 1
Combines the two terms over the common denominator V4x + 1 1
Simplifies the numerator to reach the required form 1
Solution.
2
Letu =3 —2xand v = (4x + 1)'/2, so u’ = =2 and, by the chain rule, v/ = L(4x + 1)"1/2.4 = ———_ By
? Vax + 1
the product rule,
2
ffx)=uv+uv’ =-2Vix+1+ (3 -2x)- )
Vax + 1

Placing both terms over V4x + 1,

2(4x+1)+2(3-2x) —8x-2+6-4x 4-12x

f(x) = = -
Vax + 1 Vidx + 1 Vix + 1
4(1 - 3x) .
Therefore f’(x) = ——=, as required.
Vix + 1 1
Q17 2 marks

Differentiate the following with respect to x. y = (x> — 2)*(x + 3)%.

Criteria Marks

Applies the product rule, differentiating each factor by the chain rule 1

Factors out the common factors and simplifies 1
Solution.

Letu = (x> —2)3 and v = (x + 3)%. By the chain rule u’ = 3(x* — 2)? - 2x = 6x(x?> —2)? and v’ = 2(x + 3).
By the product rule,

d

d_y =uv+uw =6x(x>=2)2(x+3)2+ (x*-2) - 2(x +3).
X

Take out the common factor 2(x> — 2)?(x + 3):

d
d—z =2(x? = 2)%(x + 3) [Bx(x + 3) + (x* = 2)] =2(x* = 2)%(x +3)(4x* +9x - 2).
The derivative is i 2(x* = 2)(x + 3)(4x” + 9x - 2).
X

10



3. The quotient rule

Q18 2 marks

Differentiate f(x) -

ifferentiate f(x) = .

2x+5

Criteria Marks

Applies the quotient rule with correct u, v, u’, v’ 1

Simplifies to the correct derivative 1
Solution.
Letu =x*>—1and v = 2x + 5, so u’ = 2x and v’ = 2. By the quotient rule,

) vi' —uv’ (2x+5)(2x) — (x> = 1)(2)
X) = =
V2 (2x +5)2
The numerator is 4x” + 10x — 2x? +2 = 2x> + 10x + 2 = 2(x> + 5x + 1), so
, 2(x2+5x + 1)
[ = ——7=—
(2x +5)
Q19 2 marks

Diffi tiat ith tt 4

ifferentiate with respecttox: y = .

Vix -1
Criteria Marks

Correct set-up (quotient rule, or index form with the chain rule)

Simplifies to the correct derivative

Solution.

4
Bx -2
SGx =171,

Write y =

dy _vu' —w’ _ —4'%(3)6— =12 _ —6(3x - 112

dx v2 3x -1 B 3x -1

Therefore d_y = _—6
dx  (3x-—1)32

11
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Using the quotient rule with u = 4 (so u’ = 0) and v = (3x — )'/2 (so v/ =



Q20 3 marks
2

: . x+1 o

Differentiate y = Pt giving your answer in simplest form.
-x —

Criteria Marks

Applies the quotient rule with correct u, v, u’, v’ 1

Expands and collects the numerator 1

States the derivative in simplest form 1
Solution.
Letu =x>+1andv =4x —7,sou’ = 2x and v/ = 4. By the quotient rule,

dy vu' —uw'  (4x-T7)(2x) - x2+1)(4)
d« v (4x —7)2
The numerator is 8x% — 14x — 4x? — 4 = 4x? — 14x — 4 = 2(2x> — Tx = 2), s0
dy 2(2x*-7x-2)
dc  (4x—=7)2
Q21 2 marks
$2
Differentiate the following function:  f(x) = .
2x + 1
Criteria Marks

Applies the quotient rule with correct u, v, u’, v’
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Simplifies to the correct derivative

Solution.

Letu = x?>and v = 2x + 1, so u’ = 2x and v = 2. By the quotient rule,

sy v —uwv’ (2x +1)(2x) -x%(2)
fey=—r—= (2x+ 1)

The numerator is 4x> + 2x — 2x% = 2x? + 2x = 2x(x + 1), so

_ 2x(x+1)

flx) = m

12



Q22 2 marks

1 -
Differentiate f(x) = T); Fully simplify your answer.
X

Criteria Marks

Applies the quotient rule with correct u, v, u’, v’ 1

Simplifies to the correct derivative 1
Solution.
Letu =1—-xandv =x+1,sou’ = —1 and v/ = 1. By the quotient rule,

vu' —uwv' (x+1)(=1) = (1-x)(1)
froo=22 . .
v (x+1)
The numeratoris —x — 1 —-1+x = -2, so
-2
’
X)=————.
f) (x +1)?
Q23 2 marks

. . N . . . 5x2

Differentiate and simplify the following function with respect tox:  f(x) = R
X%+
Criteria Marks
Applies the quotient rule with correct u, v, u’, v’ 1

Simplifies to the correct derivative

Solution.

Letu = 5x?>and v = x> + 1, so u’ = 10x and v/ = 2x. By the quotient rule,

'(x) = v’ —uv’ (x% + 1)(10x) — 5x%(2x)
fo= v2 B (x2+1)2

The numerator is 10x3 + 10x — 10x> = 10x, so

10x
(x2+ 12

f(x) =

13
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Q24 1 mark
3
Megan tries to differentiate the function y = (l()—x)z with respect to x. Her working out is shown below.
- X
dy 3(10-x)% +3xx2(10 -
dy 30070 +3x30079) 50 ()
dx (10 — x)*
3(10 — x)% - 6x(10 -
_ (10 = x)* — 6x(10 — x) Line (2)
(10 —x)*
10 — x)[3(10 - 6
_ (10 -x)[3(10 — x) + 6x] Line (3)
(10 — x)*
_ 0+ Line (4)
(10 — x)3
10 + x
=—° Line (5
10=2)3 ine (5)
Where did Megan make mistakes?
(A) Line 1 & Line 5
(B) Line 3 & Line 4
(C) Line 1 & Line 3
(D) Line 3 & Line 5
Criteria Marks
Correct option (D) 1

Solution.

d 3 10 -3 10
The correct derivative is 9 (x + 10) = (x+10)
dx  (x-10)3 (10 — x)3
2 and Line 4 are correct, while Line 3 and Line 5 are wrong. At Line 3 the factoring is incorrect: Line 2 has
numerator 3(10 — x)? — 6x(10 —x) = (10 —x)[3(10 — x) — 6x], but Megan writes [3(10 — x) + 6x], flipping
the sign of the 6x term. At Line 5 she divides the numerator 30 + 3x by 3 to get 10 + x without dividing the

denominator, which is invalid. The answer is (D).

. Checking each line against this value, Line 1, Line

14



Q25 3 marks
. Vx x—1
Given that f(x) = , show that f’(x) = ———.
£t x+1 RS 24x (x + 1)2

Criteria Marks
Applies the quotient rule with u = v/x, v = x + 1 and correct u’, v’ 1
Simplifies the numerator over the common denominator 2+/x 1
Reaches the required form 1

Solution.

1
Letu =+x=x"?andv =x+1,sou’ = —— and v = 1. By the quotient rule,
x

1
, vu' —uv’ (x+1)'ﬁ_\/}'l
f =

(x+1)2

2
Writing the numerator over 2+/x (using vx = z—x),

Vx

x+D)-2x 1-x
numerator = =

2+/x 24x

Therefore : ]
, —-X X —
£x) = - = - -,
24x (x + 1) 24x (x + 1)

as required.

15
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Q26

3 marks

x—2

Show that i ( * ) =
dx

P

Vx—1

Criteria

Marks

Applies the quotient rule withu = x, v = (x — 1)

1/2 and correct u’, v’

Combines the numerator over the common denominator 2Vx — 1

Reaches the required form

Solution.
Letu =xandv = (x—1)"/%, sou’ = 1 and, by the chain rule, v’ %(x -2 =
rule,
, , Vx-1-1-x-
X v —uwy'
(Vx -1 ) V2
. . 2(x—-1)
Writing the numerator over 2Vx — 1 (using Vx — 1 = ———),
2Vx -1
‘ 2(x—-1)—x
numerator = = .
2Vx —1 2Vx —1
Therefore

as required.

i( X )_ x=2 1
dx \\x -1

16

a1 *-1 2Ja-ip

2Vx -1
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. By the quotient



