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1. Average rate of change

Q1 1 mark

A particle’s speed decreases from 34 ms~! to 8 ms~

its speed?

(A) 6.5ms™2
(B) —6.5 ms™?2
(C) —13ms™?
(D) 13 ms™2

!in 4 seconds. What was the average rate of change of

Criteria

Marks

Correct option (B)

Solution.

The average rate of change is the change in speed divided by the time taken:

Av 8-34

At 4

_726 = -6.5ms .

The speed decreases, so the rate is negative. The answer is (B).
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Q2 2 marks

The population of a town is given by P = 45000(3¢ + 2)2, where ¢ is the time in years. Calculate the average
rate of change of the population in the first five years.

Criteria Marks
Evaluates P(0) = 180000 and P(5) = 13 005000 1
P(5)-P(0
Computes the average rate % = 2565 000 per year 1
Solution.
P(5) - P(0)

The average rate of change over the first five years is . Evaluating the population:

5-0

P(0) =45000(2)2 = 180000,  P(5) = 45000(17)% = 13005 000.

Therefore

P(5) - P(0) 13005000 — 180000 _ 12825000
5 - 5 - 5
The average rate of change of the population is 2 565 000 people per year.

= 2565 000.

Q3 2 marks

Sophie is breeding mice for a laboratory. The number of mice M she has after + months is given by the
equation M = 12 + 5¢ + 4¢%. Find the average rate of increase in her mouse population in the first six months.

Criteria Marks
Evaluates M (0) = 12 and M (6) = 186 1
M(6) — M(0
Computes the average rate % = 29 mice per month 1
Solution.
M(6) — M(0)

The average rate of increase over the first six months is . Evaluating:

6-0

M(0) = 12 + 5(0) + 4(0) = 12, M(6) = 12 +5(6) + 4(6)> = 12 + 30 + 144 = 186.

Therefore
M(6)-M(0) 186-12 174 _ 19
6 B 6 6

The average rate of increase is 29 mice per month.
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Q4 1 mark

The height of a ball thrown in the air is given by the formula 4 = 10 — 3% in metres, where ¢ is measured in
seconds. When the ball is thrown, what is the average rate of change of the height in the first second?

(A) 4 metres per second

(B) 7 metres

(C) 10-6¢

(D) 7 metres per second

Criteria Marks

Correct option (D)

Solution.

h(1) — h(0
The average rate of change of height over the first second is M

. Evaluating:

h(0) = 10(0) — 3(0)% = 0, h(1) =10(1) -3(1)>=10-3 ="7.

Therefore
h(1) —h(0) 7-0
1 = = 7 metres per second.

The value is a rate, so the units are metres per second. The answer is (D).
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Qs 2 marks

A tank of water is being drained, and the quantity (Q) of water remaining in the tank after # minutes can
be shown by the graph. It takes 7 minutes to completely drain the tank. The graph has the equation
Q(1) = 20(t — 8)% — 20. Show that the average rate of change is —180 L/min.

Criteria Marks
Evaluates Q(0) = 1260 and Q(7) =0 1
7)-0(0
Computes the average rate M = —180 L/min 1
Solution.

The tank is full at + = 0 and empty at ¢+ = 7 (it takes 7 minutes to drain), so the average rate of change is
0(7) - Q(0)

—o0 Evaluating the quantity:

0(0) = 20(0 — 8)2 — 20 = 20(64) — 20 = 1260,  Q(7) = 20(7 — 8)* — 20 = 20(1) — 20 = 0.

Therefore 7 0 0= 1260 1260
0(7) -0 _0- _Z = —180 L/min,
7 7 7
as required.
Q6 3 marks

A city’s population is experiencing exponential growth such that the population P at time ¢ in years can be
given by P = 50000¢%’, where a is a positive constant. Given that the population is 52400 after 1 year, so
that a = 0.0469 (to 4 decimal places), find the average rate of growth of the population in the first 5 years,
correct to 1 decimal place.

Criteria Marks
Evaluates P(0) = 50000 1
Evaluates P(5) = 50000¢°(0-049) ~ 63213.8 1
Computes the average rate M ~ 2642.8 per year 1
Solution.
P(5) - P(0)

The average rate of growth over the first five years is . With @ = 0.0469:

5-0

P(0) = 50000¢° = 50000, P(5) = 50000¢°0-0499) = 50000e"23* ~ 63213.8.

Therefore
P(5) — P(0) 3 63213.8 = 50000 _13213.8

5 5 5
The average rate of growth of the population is approximately 2642.8 people per year.

~ 2642.8.
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2. Evaluating limits

Q7 1 mark

The graph of the function f(x) is shown below, with points P and Q on the graph. The coordinates of P are
(p, f(p)), and point Q’s x-coordinate is & to the right of p, hence Q’s coordinates are (p + h, f(p + h)).

Yy
A /‘f(X)
0
P
< p D+ » X
h
v

Which of the following would give the gradient of the tangent at point P?

f(p)=f(p+h)

A) li
()hli%

h
. fp=h)+f(p)
® iy B2
. fp+h)-f(p)
© fim S
(D) lim fp=h)-f(p)
h—0 h
Criteria Marks
Correct option (C) 1
Solution.

The gradient of the tangent at P is the limit of the gradient of the secant PQ as Q approaches P, thatis,as h — 0.
+h) - +h) -
The secant through P(p, f(p)) and Q(p + h, f(p + h)) has gradient Hp+h -/ p) = fp+h) f(p)‘

h (p+h)-p h
Taking the limit gives lim fp+ })l‘ f(p)

. The answer is (C).




Q8 1 mark

h?> —4h
Evaluate lim .

h—0

Criteria

Marks

Correct value —4

Solution.

Factor the numerator and cancel the common factor of /4 (valid since & # 0 as h — 0):

h*>—4h  h(h-4)

h—4.
h h

2

Therefore lim = lim(h - 4) = 4.
-0 h—0

Q9 1 mark
Find lim —— o
x—>-43x2 - 48
1
A -
()12

1
B) -1

©) 12
(D) Undefined

Criteria

Marks

Correct option (B)

Solution.
Factor numerator and denominator, then cancel the common factor (x + 4):

2x+8  2(x+4) 2(x +4) B 2

3x2-48  3(x2-16) 3(x-4)(x+4) 3(x-4)

2 1
= ——. The answer is (B).

2
Substituting x = —4 gives CYary = >
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Q10 1 mark

What is the value of lim M?
x—-3x2-9

1
A) ——
(A) 3
B) 0
2
o) 2
© 3
D) 1
Criteria Marks
Correct option (A) 1
Solution.
Factor numerator and denominator, then cancel the common factor (x + 3):
2x+6  2(x+3) 2
x2-9 (x-3)(x+3) x-3
Substituti =-3gi 2 —2—1Th is (A)
ubstituting x = gives 33" 6- 3 € answer is .
Q11 2 marks
2% -3x -2
Find lim 2% =2,
x—2 x-=2
Criteria Marks
Factorises the numerator as (2x + 1)(x — 2) and cancels (x — 2) 1

Evaluates the limit to get 5

Solution.

Factor the numerator, then cancel the common factor (x — 2):

222 -3x-2  (2x+1)(x-2)
x—2 B x—2

2x% = 3x -2
Therefore lim i 2x+1)=2(2)+1=5.
x—2 x—-2 x—2

=2x+1.
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Q12 2 marks

2
-x—12
Evaluate lim ~— =
x—4 x—-4

Criteria Marks

Factorises the numerator as (x — 4)(x + 3) and cancels (x — 4) 1

Evaluates the limit to get 7 1
Solution.

Factor the numerator, then cancel the common factor (x — 4):

x2—x-12 (=4 (x+3) .

= + 3.
x—4 x—4
2-x-12
Therefore lim >~ = lim (x+3)=4+3=17.
x—4 x—4 x—4
Q13 1 mark

On a continuous function f(x), & is a positive number which represents the horizontal difference between
two points on the function. Which of the following would NOT give the derivative of f(x)?

. fx+h) - f(x)
@ fim S
(e d)-rx-t)
®) i =
. fx) = fx=h)
© Jim =2
©) tim =0 =@
h—0 h
Criteria Marks
Correct option (D) 1
Solution.

The derivative is the limit of a gradient of a secant as 4~ — 0. Option (A) is the standard forward-difference

f) - fx-h)
h

definition; option (C) is the backward difference

S+ B -f(x-5)

; and option (B) is the symmetric difference

J-h-fx) = f&)-fx-h)
h a h ’

7 All three approach f’(x). Option (D) is
which approaches — f/(x), not f”(x). The answer is (D).
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3. Differentiation from first principles

Q14 1 mark

Consider the function f(x) = x*> — 3x + 7. Write down an expression for f(x + h).

Criteria Marks
Correct expression for f(x + h) 1
Solution.

Replace every x in f(x) = x* — 3x + 7 with x + A
fx+h) =x+h)*=3(x+h) +7=x>+2xh+h*=3x-3h+7.

So f(x+h) =x?>+2xh+h*>-3x-3h+7.

Q15 3 marks

Differentiate f(x) = 4x> — 5x, using the method of first principles.

Criteria Marks

Writes the first-principles limit with f(x + &) substituted 1

Expands and simplifies the difference quotient 1

Evaluates the limit to get f/(x) = 8x -5 1
Solution.

. Here

fx+h)-fx)
h

f'(x) = lim
f(x+h) =4(x+h)? -5+ h) = 4x* + 8xh + 4h* — 5x — 5h,

SO
F(x+h) — f(x) = 8xh+4h* = 5h = h(8x + 4h - 5).
h(8x +4h — 5)

Therefore f'(x) = }lir% 7

= lim (8x + 4h — 5) = 8x — 5.
h—0

10
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Q16 3 marks

Find the derivative of f(x) = 5x* — 2x by first principles.

Criteria Marks

Writes the first-principles limit with f(x + &) substituted 1

Expands and simplifies the difference quotient 1

Evaluates the limit to get f"(x) = 10x —2 1
Solution.

fOEm =)

Fix) = Jim h

f(x+h) =50 +h)?—2(x+h) =5x> + 10xh + 5h> — 2x - 2h,

SO

F(x+h) — f(x) = 10xh + 5h* = 2h = h(10x + 5h - 2).

h(10x + 5h - 2)
h

Therefore f'(x) = }llir% = }lir%(IOx +5h—-2)=10x - 2.

Q17 2 marks

Differentiate y = x> + 6x from first principles.

Criteria Marks
Sets up the first-principles limit and expands the difference quotient 1
d
Evaluates the limit to get Ey =2x+6 1
Solution.

. dy .
= 2 _— =
With f(x) = x* + 6x, - Plllrr%)

Jx+h) - fx)
h

. Here

fx+h)=(x+h)?*+6(x+h)=x>+2xh+h®> +6x + 6h,

SO
f(x+h)— f(x) =2xh+h*>+6h=hQ2x+h+6).

Therefore ? = lim M

o = lim ; =l111£)r%)(2x+h+6):2x+6.

11



Q18 1 mark
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Which of the following is the correct expression for differentiating f(x) = x> — 2x with first principles?

(x —h)? =2(x — h) — (x> = 2x)

(A) f'(x) = lim A

(B) f'(x) = lim (x=h)? - (x _hh) (22
2 e

©) £(x) = lim &M —20 ;lr h) — (x2 = 2x)
2 2

(D) f'(x) = lim (x + h) —2(x;:h) + (2 - 2%)

Criteria _

Correct option (C)

Solution.

The first-principles definition is f”(x) = lir%
(x + h)?

fx+h) - fx)
h

and subtracting f(x) = x? — 2x gives 11rr})

. Substituting f(x + h) = (x + h)? —
- 2(x +h) — (x? = 2x)

2(x+ h)

. Option (A) uses x — h instead of

x + h; option (B) drops the coefficient 2; option (D) adds f (x) instead of subtracting it. The answer is (C).

12
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Q19 3 marks

A student was asked to differentiate f(x) = 2x? + x using the first Principles of Differential Calculus. The
student began the solution as shown below.

fx+h) - fx)
h

f'(x) = lim

Complete the solution.

Criteria Marks

Substitutes f(x + h) and forms the difference quotient 1

Expands and simplifies the difference quotient 1

Evaluates the limit to get f/(x) = 4x + 1 1
Solution.

f(x) = }1113}) w Here

Fx+h) =2(x+h)?+ (x+h)=2x>+4xh +2h> +x + h,

SO
fx+h)— f(x) =4xh +2h% + h = h(4x + 2h + 1).
h(4x+2h+1)

Therefore f'(x) = }llir% ?

= lim (4 + 20+ 1) = dx + 1.

Q20 2 marks

fx+h) - fx)
- :

Differentiate f(x) = 3x — 4x? using first principles, given f’(x) = }llirr%)

Criteria Marks

Substitutes f(x + &) and expands the difference quotient 1

Evaluates the limit to get f/(x) = 3 — 8x 1
Solution.

. Here

f+h) - fx)
h

! =1l
f(x) 1m
f(x+h) ——3(x+h)—4(x+h) =3x+3h—4x—8xh—4h ,

SO
F(x+h) = f(x) = 3h— 8xh — 4h? = h(3 — 8x — 4h).
h(3 — 8x — 4h)

Theref "(x) = 1i
erefore f’(x) lim h

= lim(3 — 8x —4h) = 3 — 8x.
h—0

13



Q21 3 marks
fah) - )

1
Differentiate f(x) = — from first principles, given that f’(x) = }ll 1 ,
X —

Criteria

Marks

I
Writes the first-principles limit with f(x + h) = 7 substituted
X

Combines the fractions over a common denominator and simplifies the difference quotient

I
Evaluates the limit to get f’(x) = ——
x

Solution.

M' Here f(x + h) = b
h x

e

f'(x) = lim

1 I x-(x+h)  —h

x+h x  x(x+h)  x(x+h)

Jx+h) - flx) =

Dividing by h:
fx+h) - f(x) —h -1
h Chx(x+h)  x(x+h)
-1 1
Th f ’ = 1. _— = — = ——,
erefore f*(x) [ x(x+h) x-x x2
Q22 3 marks

f+h) - fx)
h

Differentiation from first principles is defined by f’(x) = }llin})

first principles to find the derivative of x> + 3x — 4.

Criteria

Marks

Correct substitution of f(x + &) into the difference quotient

Expands and simplifies the difference quotient

Evaluates the limit to get f/(x) = 2x + 3

Solution.

Let f(x) =x2+3x—4,s0 f'(x) = lim w Here

fx+h) =x+h)?>+3(x+h)—4=x>+2xh+h>+3x+3h—4,

SO
f(x+h)— f(x) =2xh+h*+3h=h(Q2x +h+3).
h(2x + h + 3)

Theref "(x) = li
erefore f’(x) lim h

=}llir%(2x+h+3)=2x+3.

14
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Q23 2 marks

6
Find the derivative of f(x) = — using the first principles method.
X

Criteria

Marks

6
Writes the first-principles limit with f(x + &) = Y substituted

X+

5.9 7 o

.
I,

Combines the fractions, simplifies and evaluates the limit to get f’(x) = — 5
X

Solution.
f’(x):}l%w.Hereﬂx+h}:xih,so

6 6 6x-6(x+h) _ —6h

f(x+h)_f(x)_x+h_x_ x(x+h)  x(x+h)
Dividing by h:
fx+h)-fx) -6 -6
h Chx(x+h)  x(x+h)
) = i _6__6

Thereforef(x)—}lllg})m—x‘x— =

15
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4. The power rule: polynomials, sums and multiples

Q24 1 mark

Differentiate y = 3x> + 4x°.

Criteria

Marks

Correct derivative

Solution.

Apply the power rule term by term, multiplying by the index and reducing it by one:

d _ 3(3x%) +4(5x*) = 9x2 + 20x%.
dx
d
So 2 = 20x* + 922,
dx
Q25 1 mark

Differentiate the following with respect to x. Leave your answer in simplified form with positive indices:

y=T7x>—5x +2.

Criteria

Marks

Correct derivative

Solution.
Differentiate term by term. The constant 2 differentiates to O:

Z—y =7(3x%) - 5(1) +0 = 21x% - 5.

X

dy
So —= =21x%-5.
de X

16



Q26 1 mark

Given the function y = 4x°, which one of the following is correct?

dy

A = 4x*
(A) e
dy
B) — =5x*
(B) o=
d
©) 2 = 102414
dx
dy
D) — =20x*
(D) = X
Criteria Marks

Correct option (D)

Solution.

5.9 7 o
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d
Apply the power rule: multiply by the index 5 and reduce it by one, d—y = 4 x 5x* = 20x*. The answer is (D).
X

Q27 1 mark

Differentiate the following with respect to x: y = 15x3 — x? - 2.

Criteria

Marks

Correct derivative

Solution.

Differentiate term by term. The constant —2 differentiates to O:
dy
dx

d
So & = 4552 — 2x.
dx

17

— =15(3x%) = 2x — 0 = 45x% - 2x.



Q28 1 mark

Find @, ify=6x3—5x-1.
dx

Criteria Marks
Correct derivative 1
Solution.
Differentiate term by term with the power rule. The constant —1 differentiates to 0:
d
D 6(3x3) = 5(1) = 0= 18x% — 5.
dx
dy
So — = 18x% - 5.
dx
Q29 1 mark
Differentiate the following function: f(x) = x'.
Criteria Marks
Correct derivative 1

Solution.

Apply the power rule: multiply by the index 15 and reduce it by one:
f(x) = 15x4.

So f’(x) = 15x.

18
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Q30 1 mark
If f(x) = x> — 2x, what is the value of f’(3)?
(A) 0
(B) 6

< 3
(D) 4

Criteria Marks

Correct option (D) 1

Solution.

Differentiate using the power rule: f’(x) = 2x — 2. Substituting x = 3 gives f’(3) = 2(3) — 2 = 4. The
answer is (D).

Q31 3 marks

Differentiate the following, simplifying fully where possible: f(x) = 3x(4x +5).

Criteria Marks

Expands the product into a polynomial 1

Differentiates using the power rule 1

Correct simplified answer 1
Solution.

Expand the brackets first so the power rule applies term by term:
f(x) =3x(4x +5) = 12x% + 15x.

Differentiating:
f(x) =12(2x) + 15 = 24x + 15.

So f’(x) =24x + 15.

19



5. The power rule: negative and fractional indices

Q32 1 mark

Find f’(x) where f(x) = x> + %

Criteria

Marks

3
Correct derivative f’(x) = 2x — =
X

Solution.

Rewrite with a negative index: f(x) = x> + 3x~!. Applying the power rule term by term,

f(x) =2x+ 3(—1)x_2 = 2x — 3x 2.

3
The derivative is f/(x) = 2x — —.
X

Q33 1 mark

. . 3 .
Differentiate y = — with respect to x.
X

Criteria

Marks

.. d 3
Correct derivative Y__=
dx x2

Solution.
Write y with a negative index: y = 3x~!. By the power rule,

dr 3(-1)x2 = -3x72
dx

d 3
The derivative is Y -
dx x2

20

6.9 0
7 ot

1 HSC TUTORING



Q34 2 marks

x3 = 3x
x2

Differentiate y =

Criteria

Marks

Simplifies to y = x — 3x~! (or equivalent split into powers of x)

dy 3
Correct derivative — =1 + —
dx x2

Solution.

Split the fraction and simplify each term using index laws:

x*-3x x 3 T
y=———==-—-—=x-3x".
x?2 x2  x?

Differentiating term by term,

d

D 3(—x =143
dx

The derivative is @ =1+ i
dx x2

Q35 1 mark

) . 3
What is the derivative of ——2‘?
X

(A) —=
B) -=
© -3

D) =

6.9 0
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Criteria

Marks

Correct option (D)

Solution.

. . . . 3
Write the function with a negative index: - = —3x72. By the power rule,
X

Y e e L
x( 3
7

The answer is (D).

21



Q36

3
Differentiate the following with respect to x: f(x) = Vx + —.
X

2 marks

Criteria Marks
Rewrites as f(x) = x!/2 + 3x~! (both terms in index form) 1
I 3
Correct derivative f'(x) = — — — 1
1 (x) NS

Solution.

Rewrite each term with an index: f(x) = x!/? + 3x~!. By the power rule,

fre) = 37231 =

1 3
The derivative is f'(x) = — — —

24x  x%

Q37 2 marks

%x‘l/z - 3x72,

6.9 0
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Differentiate the following. Leave your answer with a positive, non-fractional index, where necessary:

f(x) =5x72 - 6x°.

Criteria Marks
Differentiates using the power rule 1
Correct answer with a positive index 1

Solution.

Apply the power rule to each term, keeping the negative index for now:
F(x) =5(=2x"%) = 6(2x) = —=10x~3 - 12x.
Rewriting the negative index as a positive-index (non-fractional) form:

1
f(x) = ——? —12x.
X

22



Q38 2 marks

Differentiate the following with respect to x: y = V2.

Criteria Marks
Rewrites in index form y = x%/3 1
2
Correct derivative d—y = 1
dx 3+
Solution.
Rewrite the cube root in index form: y = Va2 = x2/3. By the power rule,
d
v _ 2,2/3-1 _ 2,-1/3
dx 3 3
. ..d 2
The derivative is - = .
dx  3+/x
Q39 2 marks
2
i . —x~+10x - 16
Differentiate y = —————.
X
Criteria Marks
Simplifies to y = —1 + 10x~! — 16x~2 (each term as a power of x) 1
1 2
Correct derivative Q = ——0 3— 1
dx xz i3

Solution.

Split the fraction and simplify each term using index laws:

—x2+10x-16  —x*  10x 16

y:—_— _

x2 x2 x2 X2

Differentiating term by term,

dx
1 2
The derivative is ﬂ = ——0 + 3—
dx x2  x3

23

=—1+10x"' = 16x72.

d
D 04 10(=1)x2 = 16(=2)x~3 = —10x~2 + 32x73.
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Q40

1 mark
Let g(x) = x*> + 3 and f(x) = v/x. What is the simplified expression for f”(g(x))?

(A) xV3

1
B) ——
2Vx3 +3

(C) Vx3+3
D) xVx+3

Criteria Marks

Correct option (B)

Solution.

1
First differentiate f(x) = vx = x'/? using the power rule: f’(x) = %x‘l/z = oW Then substitute

g(x) = x> + 3 in place of x:

) 1
f(g(X))—zg(x) Wt

The answer is (B).

24



