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Basic equations

1. Solving a basic trigonometric equation on a restricted domain

Q1 1 mark
Solve sinx = ? for 0 < x < 2n.
Criteria Marks
Correct option (B) 1
Solution.

. 3. . o . T
sinx = - is positive, so x lies in the first and second quadrants. The related angle is 3

n T 2r
xX=—, X=m——==—.
3 3 3
The answer is (B).
Q2 2 marks
Solve 2cosd =1 for0 < 6 < 2.
Criteria Marks
Reduces to cos 8 = % and finds the related angle 5 1
Both correct solutions 1

Solution.

2cosf0=1 = cosf = 5

cos 6 is positive, so 0 lies in the first and fourth quadrants. The related angle is %

b4 n  Sr
0==, 6O=21->==—.
3’ TT373
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Q3 2 marks

1
Solve cos 6 = ) for0 < 6 < 2n.

Criteria Marks

Identifies second/third quadrants with related angle % 1

Both correct solutions 1
Solution.

cos 6 is negative, so 6 lies in the second and third quadrants. The related angle (where cos = %) is g

T2 T 4
an—gz?, 9:7r+§:?.
Q4 2 marks
Solve V3 tan@ = 1 for 0 < 6 < 2n.
Criteria Marks
Reduces to tan 6 = ‘/% with related angle % 1
Both correct solutions 1

Solution.

1
V3tan6=1 = tanfh=—.

V3

tan 6 is positive, so 6 lies in the first and third quadrants. The related angle is %

T
9= g=n+ =2
™%

T
6’



Qs 2 marks

Solve 2cosf = —V3 for -1 < 6 < n.

Criteria

Marks

‘/’

Reduces to cos 8 = —73 with related angle £

Both correct solutions on [—r, 7]

Solution.

3
2cosf = —\/§ = cosf = —g.

bis
cos 6 is negative, so 6 lies in the second and third quadrants. The related angle is r

-1 <0< 5 5
r  Sm n n
=r-g=% 0=-[r-g)=-%

Qo 3 marks

Find all values of 6, where 0° < 6 < 360°, such that cos(6 — 30°) = .

b

Criteria

Marks

Shifts the domain: —-30° < 6 - 30° < 330°

Finds all values of & — 30° in the shifted domain

All three correct values of

Solution.

Leta =0 —30°. As 0° < 8 < 360°, the domain for « is

-30° < @ < 330°.

3
cosa = - is positive (first/fourth quadrants), related angle 30°. Over —30° < o < 330°:

a =-30°, 30° 330°.

Adding 30° to each:
6=0° 60°, 360°.
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Q7 2 marks

Solve sin@ — V3 cos 8 = 0 for 0° < 6 < 360°.

Criteria Marks
Rearranges to tan 6 = V3 1
Both correct solutions 1
Solution.
Divide through by cos 6 (valid since cos 8 = 0 does not satisfy the equation):
sinf—V3cosf=0 = tand= V3.
tan 6 is positive, so 6 lies in the first and third quadrants. The related angle is 60°.
0 =60°, 0 = 180° + 60° = 240°.
Q8 2 marks
Solve 3 sinx + V3 cosx = 0 over the domain 0 < x < 27.
Criteria Marks

L

V3

Rearranges to tanx = ——= with related angle %

Both correct solutions

Solution.

Divide through by cos x (valid since cos x = 0 does not satisfy the equation):

3sinx +V3cosx=0 = 3tanx=-V3 = tanx=-—

. . . . T
tan x is negative, so x lies in the second and fourth quadrants. The related angle is %

%l-

6.9 0
7 ot

1 HSC TUTORING



Q9 3 marks

V3

Find all the values of 8, where 0° < 8 < 360°, such that sin(6 — 60°) = ——.

2

Criteria

Marks

Shifts the domain: —60° < 8 — 60° < 300°

Finds all values of 8 — 60° in the shifted domain

All three correct values of

Solution.

Leta =6 —60°. As 0° < 0 < 360°, the domain for « is

—-60° < a < 300°.

3
sina = 5 is negative (third/fourth quadrants), related angle 60°. Over —60° < « < 300°:

a=-60°, 240°, 300°.
Adding 60° to each:
6 =0° 300°, 360°.

2. Equations with a multiple or compound angle

Q10 1 mark

Solve sin2x = 1 in the domain [0, 2x]. (A) 7, 5% B) 7. %r © 7, 57"

Criteria

Marks

Correct option (A)

Solution.
Letu = 2x. As 0 < x < 2, the substituted domain is 0 < u < 4.

. T
sinu=1 = wu=-=

, —+ 21 =
3 T

’

S
S

Dividing by 2 (i.e. x = ):
5

7 W

X =

I

S
x
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Q11 2 marks

Solve 2 = 4 cos 3x in the interval 0 < x <

INRN

Criteria

Marks

Reduces to cos 3x = 5 and works in the multiple-angle domain

1
2
Correct solution x = §

Solution.

1
2=4cos3x = cos3x= ok
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3
Letu =3x. AsO <x < %, the substituted domain is 0 < u < Iﬂ On this domain cosu = 3 gives only

n
u=-.
3
u w
x====.
39
Q12 2 marks

Solve tan(2x) = V3 in the domain 0 < x < 7.

Criteria

Marks

Expands the domain and finds the multiple-angle solutions

Correct solutions x = %, 27”

Solution.

Let u = 2x. As 0 < x < m, the substituted domain is 0 < u < 2x. tanu = V3 is positive, so u is in the first

and third quadrants (reference angle g):

T 7r+ T 4
T3 3T g
Dividing by 2:
T 2
xX=-=, —.
6 3



Q13 2 marks

Given f(x) = 3sin (2x - g), solve 3 sin (2 - g) =3over0<x<m.
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Criteria Marks
Reduces to sin (2x — §) = 1 and substitutes on the shifted domain 1
Correct solution x = 51—” 1
Solution.
T T
3sin(2 ——):3 - sin(z ——):1.
3 3
b
Letu =2x — 3 As 0 < x <7, we have 0 < 2x < 2, so the substituted domain is
Vg cu<? T Sr
——<u<L2r—-=—=—.
3 3 3
. . T T, .
sinu = 1 givesu = > +2kn. On |——,—| only u = > lies in range.
) non o 5 n N n S _ S5
X — — = — X = — —_ = — X = —.
3 2 2 3 6 12
Q14 3 marks
Find the exact solutions to 1 + 2 sin 3x = 2 in the domain 0 < x < «.
Criteria Marks

Reduces to sin3x = %
a

Expands the domain and finds the multiple-angle values
5

Correct solutions x = {5, 35> 75> 13-

Solution.

1
1+2sin3x =2 = sin3x = 7

1
Let u = 3x. As 0 < x < «, the substituted domain is 0 < u < 37. sinu = 3 (reference angle %; first and

second quadrants), listing all values in [0, 37]:

|9}
[
98}
N

177

g
u=—, —, —, —
6> 6° 6 6
Dividing by 3:

n St 137 17n

T187 187 18 18



Q15 3 marks

Solve 2 cos(30) = —1for0 <0 < 7.
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Criteria Marks
Reduces to cos 30 = —% 1
Expands the domain and finds the multiple-angle values 1
: _2x 4 8
Correct solutions 6 = 5, Tﬂ’ T’T 1
Solution.
1
2cos30=-1 = cos39:—§.
. . 1. . .
Letu = 36. As 0 < 0 < «, the substituted domain is 0 < u# < 37. cosu = ) is negative (second and third

quadrants, reference angle %); listing all values in [0, 37]:
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Q16 3 marks
Sol ecos()C ﬂ) ! for0<x <2
\Y —— =) == <x <2nm.
2 4 2
Criteria Marks
Substitutes u = 5 — 7 and finds the shifted domain 1
Solves cosu = % on that domain 1
Correct solution x = 77” 1
Solution.
x X . ..
Letu = 57T As 0 < x <2m,we have 0 < 3 < m, so the substituted domain is
b4 < < n 3
——<un——=—.
4 4 4
1 T . m n 3 /S
cosu = 3 has reference angle 5; the candidate values are u = ig. On T only u = 3 lies in range
(since z < ﬂ)
3 4~
X T 7 x ™ = In n
——=—== = Z==+4-=— xX=—
2 4 3 2 3 4 12

10
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Q17 3 marks

If0 < 6 < 27, solve V2 cos (29—%) _1=0.

Criteria Marks
Reduces to cos (20 — §) = % "
Substitutes u = 20 — % and solves on the shifted domain 1

: _n 1x 257 3lx
Correct solutions 6 = 74, 55, S5, 51 )

Solution.

\/ECOS(ZQ—g)—I:O = cos(29—%):%.

Letu =26 — g As 0 <6 < 2m, we have 0 < 20 < 4, so the substituted domain is

T <4 x ll=x
——<u<dn—- - =—.
37 - 3
1 n . n . , n 1ln
cos u = — has reference angle Z; the solutions are u = iZ + 2km. Listing all values in | ——, =3 :
_rm o In 9
“STr oy
s u
Solving 20 = u + —,ie. 6 = = + —:
olving u 31e >t e
B F'H— 71+7r_7r _7T_0_7T+7T_77T
"TTY VTR e T YT TR T
_771_0_77r+7r_257r O 9_971 n _ 3lrx
TR e T T 8§ 6 24

11
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3. Equations involving reciprocal ratios (sec, cosec, cot)

Q18 2 marks

Solve cosecd = -2 for 0 < 0 < 2nx.

Criteria Marks
Converts to sin@ = —% 1
Both solutions = ., 117 1
oth solutions § = —, —
6 6
Solution.

Rewrite in terms of sin 6:

1 1
cosecl=-2 — —— =-2 = sinf = ——.
sin @ 2

Since sin 6 < 0, 6 lies in the third and fourth quadrants. The related angle is %, SO

r In r 1ln
9: - = —, 0:2 _— = —,
"T85 "T85 6
7r 11
Both lie in [0, 27], 50 6 = ?’T, kil
Q19 3 marks

Solve 2secd — 1 =9 for 0 < 6 < 2, correct to two decimal places.

Criteria Marks

Simplifies to sec 8 = 5, hence cos 6 = % 1

Finds the first-quadrant solution 6 ~ 1.37 1

Both solutions  ~ 1.37, 4.91 1
Solution.

Isolate sec 0: !
2secl—1=9 — 2sec0 =10 = secf =5 = 0059:5.

Since cos # > 0, @ is in the first and fourth quadrants. The related angle is cos™! (%) ~ 1.3694, so
0 ~ 1.3694, 0 ~2n —1.3694 ~ 4.9137.

To two decimal places, 8 ~ 1.37, 4.91.
12
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Q20 2 marks
2
Solve secx = —— for 0 < x < 2.
Criteria Marks
Converts to cos x = —‘/73 1
Sn Im
Both solutions x = —, — 1
utions x T

Solution.
Rewrite in terms of cos x:

2 1 2 V3

SseCxX=—-—"—75 — —— =—— — COSXx =———.

& cosx V3 2

. .. . .
Since cosx < 0, x is in the second and third quadrants. The related angle is 3 SO

L r_oT LT
T T e TTTTET s
Sm 7
Both lie in [0, 27], so x = —ﬂ, —ﬂ.
6 6
Q21 2 marks

Solve V3 cosecx = 2 for —27 < x < 7.

Criteria Marks
Converts to sinx = ‘/; 1
S0 4nm & 2m
All solutions x = - —, - — 2 2% 1
solutions x 3 33 3

Solution.

Rewrite in terms of sin x:

2 ) 3
\/§ cosecx =2 = cosecx = — — Sinx = 7

Since sinx > 0, the angle sits in the first and second quadrants with related angle g Within [0, 7] these give

2
X = g and x = ?ﬂ Subtracting 27 carries each into [-27, 0]:

b4 Sr 2r dr
— 271 =-— — =27 = ——.
3T 3 T3

St 4m m 2n

All four lie in [-27, ], so x = "3 T30 3

13



Q22

Find the value(s) of x satisfying cot® x + cosec®x = 3 for 0 < x < 2.

2 marks

Criteria Marks
Applies cosec? x = 1 + cot? x to obtain cot® x = 1 1
n 3nr Sr In
All soluti ==, —, —, — 1
solutions x 4 4 4 4
Solution.
Use the Pythagorean identity cosec? x = 1 + cot® x:
cot’ x + (1 +cot2x) =3 = 2cot’x =2 = cot’x = 1.
Hence cotx = +1, i.e. tanx = +1. On [0, 2x] this gives
n 3n Sm 7
X ==, —/ —/ —.
4° 47 4° 4
Q23 2 marks
Solve 4 sinx = 3cosecx for 0 < x < 2.
Criteria Marks
Reduces to sin® x = %, hence sinx = ig 1
n 2r 4n S«
All soluti ==, —, —, — 1
solutions x 3 3 3 3
Solution.
. 1
Write cosecx = —:
sinx
. 3 . . . V3
4sinxy = — — 4sinx =3 = sinx=- = sinx = +—.
sinx 4 2

The related angle is g Taking all four quadrants on [0, 27]:

n
X ==,
3

2r
3

(sinx > 0),

14

(sinx < 0).
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Q24 4 marks

Solve sec 6 + 8cos 6 = 6 for 0 < 6 < 2, correct to 3 decimal places where necessary.

Criteria

Marks

Converts to the quadratic 8 cos” 6 —6cos 6 + 1 = 0

Solves for cos 8 = % and cos f = %

. T Sm
Solutions from cos 8 =

1
= 9 -, —
2 3° 3
Solutions from cos 8 = %: 6~ 1.318, 4.965
Solution.
Write sec 6 = and multiply through by cos 6:

cos 6

cos 6
. 1 1
Factorise: (2cosf —1)(4cos@—1) =0,s0cosd = = orcosf = 7
1 n
For cos 8 = 3 (related angle g):
n n
0=—, 0=2n—=-=—.
3 bis
= 1 related angle cos~1(1) ~ 1.3181):
For cos 6 = Z(re ated angle cos (Z) ~ 1. ):

0~ 1.318, 0 = 2m — 1.3181 ~ 4.965.

St

T
Thus 6 = =, 2% 1.318, 4.965.
wr=3 3

15

+8c0os=6 = 1+8c0s’f =6cosd = 8cos’0 —6cosf+1=0.
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Q25 4 marks

Solve 3tan 6§ — cot @ = 5 for 0° < 6 < 360°, to the nearest degree.

Criteria

Marks

Converts to the quadratic 3tan” 6 — Stan — 1 = 0

5+437
6

Solves for tan 6 =

Solutions from tan 6 ~ 1.847: 6 ~ 62°, 242°

Solutions from tan @ ~ —0.180: § ~ 170°, 350°

Solution.

1
Write cot 0 = — and multiply through by tan 9:
an

1
3tanf — —— =5 = 3tan’f—1=5tanfd — 3tan’6 —5tanf — 1 = 0.

tan @

By the quadratic formula,

~ 1.8471 or — 0.1805.

tan 6 =
an G

5£V25+12  5+V37
6

For tan 8 ~ 1.8471 (related angle = 62°), 6 is in the first and third quadrants:

0~ 62°, 0 ~ 62° + 180° = 242°.

For tan 8 ~ —0.1805 (related angle ~ 10°), 6 is in the second and fourth quadrants:

6 ~ 180° — 10° = 170°,

Thus 6 = 62°, 170°, 242°, 350°.

16

6 ~ 360° — 10° = 350°.

5.9 7 o
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4. Solving by factorising (common factor)

Q26 3 marks

Solve 2 sinx cos x = sinx for 0° < x < 360°.

Criteria Marks

Moves all terms to one side and takes out the common factor sin x 1

Sets each factor to zero: sinx = 0 or cosx = % 1

All five solutions correct 1
Solution.

Bring everything to one side (do not divide by sinx, or solutions are lost) and take out the common factor
sin x:
2sinxcosx —sinx =0 = sinx (2cosx —1) =0.

1
Sosinx =0orcosx = 5

For sinx =0on 0° < x <360°: x =0°, 180°, 360°.

1
For cosx = 3 (related angle 60°, positive in the 1st and 4th quadrants): x = 60°, 300°.

~ x =0°% 60° 180°, 300°, 360°.

17



Q27 2 marks

Solve (V3tan6 — 1)(V2sin6 + 1) = 0 for —180° < 6 < 180°.

Criteria Marks

Solves tan 6 = \/% correctly (6 = 30°, —150°) 1

Solves sin 6 = —\/% correctly (6 = —45°, —135°) 1
Solution.

The equation is already a product equal to zero, so set each factor to zero:

1 1
V3tang-1=0 = tanf = —, V2sinf+1=0 = sinf = ——.
V3 V2

1
For tan 6 = T (related angle 30°, positive in the 1st and 3rd quadrants) on —180° < 6 < 180°:
3

6 =30°, 6 =30° - 180° = —150°.

1
For sin 6 = —@ (related angle 45°, negative in the 3rd and 4th quadrants) on —180° < 6 < 180°:

0 = —45°, 0 =—135°.

w0 =-150°, —135°, —45°, 30°.

18
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Q28

3 marks

Solve 2 cos? x — cos x = 0 in the domain [0, 27].

Criteria Marks
Takes out the common factor cos x 1
Sets each factor to zero: cosx = 0 or cosx = % 1
All four solutions correct 1

Solution.

Take out the common factor cos x:

1
Socosx =0orcosx = 5

Forcosx =0on [0,27]: x = g,

1
For cosx = 3 (related angle g positive in the 1st and 4th quadrants): x = g

2 cos

3
-3

2

x—cosx =cosx (2cosx—1) =0.

X =

W[

v/
’5’

19

3n 5
27 37

S5

?.
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Q29 3 marks

Solve V3sin® @ = sinf cos 6 for 0 < @ < 2, giving answers in radians.

Criteria Marks
Moves all terms to one side and takes out the common factor sin 1
! 1

Sets each factor to zero: sind = QO or tan 8 = %A

All five solutions correct

Solution.

Bring everything to one side (do not divide by sin #) and take out the common factor sin 6:

V3sin?6 —sinfcosf =0 = sin@(\/gsine—cose) =0.

1
Sosind =0, or V3sinf —cosf =0 = tanh = —.
V3

Forsind =0on0<6<2nm: 60=0, n, 2m.

1
For tan 8 = % (related angle %, positive in the 1st and 3rd quadrants): 6 =
big r
0 = O’ ) s T 2
"6 "

20

NE

7
s 6 .

6.9 0
7 ot

1 HSC TUTORING



5.9 7 o
A

Q30 3 marks

Solve 3cos2 6 + 4sinfcos = 0 for 0° < 6 < 360°.

Criteria Marks

Takes out the common factor cos 6 1

Solves cos 6 = 0 correctly (6 = 90°, 270°) 1

Solves tan 6 = —% correctly to the nearest degree (0 ~ 143°, 323°) 1
Solution.

Take out the common factor cos 8:

3cos? 6 +4sinfcosf = cos b (3cos b + 4sin ) = 0.

3
Socos@:0,0r3cos9+4sin9=0:tan9=—Z.

Forcos® =00on0° <0 <360°: 6=90° 270°.

3
For tan 0 = 7 the related angle is tan™! (%) ~ 36.87°. Since tan 0 is negative in the 2nd and 4th quadrants:
6 ~ 180° — 36.87° = 143.13°, 6 ~ 360° — 36.87° = 323.13°.
To the nearest degree, 6 ~ 143°, 323°,

0 =90° 143°, 270°, 323°.

21
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Q31 4 marks

Solve (tan 6 — 1)(V3 sin @ — cos 6) (V3 sin @ + cos @) = 0 for 0 < 6 < 7.

Criteria Marks
; - - L - _1
Sets each factor to zero, reducing to tan = 1, tan 6 = 5 tan 0 N 1
Solves tan@ = 1 and tan 6 = \% on the domain 1
—__ 1 :
Solves tan 6 = 5 on the domain 1
Rejects the roots outside [0, ] and gives the correct final set 1

Solution.

The equation is already a product equal to zero. Set each factor to zero and convert to a tan equation:

1
, V3sin@ +cosf =0 = tanh = ——.
V3

tand —1 =0 = tanbd = 1, V3sinf —cosf =0 = tan =

5~

On 0 < 6 < 7 (only the 1st and 2nd quadrants):

5
tan @ = 1 (related angle %): 0= % (The 3rd-quadrant root Tn is outside the domain.)

1 7
tan § = % (related angle %): 0= % (?ﬂ is rejected.)

1 5 1
tan g = —% (related angle %, negative in the 2nd quadrant): 6 = Fn (Tﬂ is rejected.)
5

/e
L=, o,
6 4 6

22



5. Equations reducing to a quadratic

Q32 2 marks

Solve 2sin®x — 1 = 0 for —180° < x < 180°.

Criteria Marks
i -4+ L
Reduces to sinx = + N 1
All four solutions correct 1
Solution.
1
2sin’x = 1, so sin?x = — and sinx = +—.
2 V2
The related angle is 45°. On —180° < x < 180°:
. _ L — o o . — _L - _ o _ o
smx—ﬁ:x 45°, 135°, sinx ﬁzx 45°, —135°.
. x = +45°, £135°.
Q33 2 marks
Solve the equation tan® x = 3 for 0 < x < 2.
Criteria Marks

Reduces to tanx = +V3

All four solutions correct

Solution.

tan?x = 3, so tanx = +V3. The related angle is %

Since tan is positive in the 1st and 3rd quadrants and negative in the 2nd and 4th, on 0 < x < 27:

n 4 2r Srw
tanx—\@:x—g, 3 tanx——\/gr,»x_?, R

. m 2r 4m 5

T3 33 s

23
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Q34 2 marks

Solve 2cos?a —3cosa—2=0for0 < a < 7.

Criteria Marks

Factorises to (2cosa + 1)(cosa —2) =0 1

Correct solution (with cos @ = 2 rejected) 1
Solution.

This is a quadratic in cos @. Factorising:

2cos’@ —3cosa—2=(2cosa + 1)(cosa —2) = 0.

1
Socosa = ) orcosa = 2.

cos @ = 2 has no solution (since —1 < cosa < 1), so it is rejected.

1
For cosa = ) on 0 < a < m, the related angle is g and cos is negative in the 2nd quadrant:
2n
a=—.
3

24



2 marks

Q35

Solve 2sin®x +sinx — 1 =0 for 0 < x < 2.

Marks
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Criteria
Factorises to (2sinx — 1)(sinx + 1) =0

All three solutions correct

Solution.

This is a quadratic in sin x. Factorising:

2sin’x +sinx — 1 = (2sinx — 1) (sinx + 1) = 0.

. 1 .
Sosinx = —orsinx = —1.

1
For sinx = = on 0 < x < 2 (related angle %, positive in 1st and 2nd quadrants)

Forsinx =—-1on0 < x <2

)
x—g,?.
3
XZT.
n St 3nm
T8 6 2

25



Q36 3 marks

Solve 2cos? 6 —sinf — 1 = 0for0 < 6 < 2.

All three solutions correct

Criteria Marks
Uses cos” # = 1 — sin” 6 to obtain a quadratic in sin @ 1
Factorises to (2sin@ — 1)(sin@ + 1) =0 1

1

Solution.

Replace cos? 6 = 1 —sin® 6:

6.9 0
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2(1 —sin’0) —sinf—1=0 = —2sin’0—sinf+1=0 = 2sin’6H +sinf -1 =0.

Factorising:

(2sinf — 1)(sinf + 1) =0,

1
so sinf = 3 orsinf = —1.
. 1 by
For sin 6 = 3 on 0 < 0 < 2 (related angle g): 0=

3
Forsin@ =-10on0 <6 <27 H:TH.

0=

T 5

6> 6
x St 3
6> 6 2°

26



Q37 3 marks

Solve 2 sin® x — sinx = 1 for x € [0, 27].

Criteria Marks
Rearranges to 2 sin’ x — sinx — 1 = 0 1
Factorises to (2sinx + 1)(sinx — 1) =0 1
All three solutions correct 1

Solution.

Rearranging to standard form:
2sin’x —sinx — 1 = 0.

This is a quadratic in sin x. Factorising:

(2sinx + 1)(sinx — 1) =0,

. 1 )
SO sinx = ) orsinx = 1.

1
For sinx = ) on [0, 27] (related angle %, negative in 3rd and 4th quadrants):

Tr 1ln
xX=—, —
6 6
For sinx = 1 on [0, 2r]:
T
X—E.
o T 1ln
T2 6 6

27
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Q38 3 marks

Solve 2sin®¢ = 3cost, where 0 < 1 < 2.

Criteria Marks

Uses sin’ ¢ = 1 — cos? 7 to obtain a quadratic in cos ¢ 1

Factorises to (2cost — 1)(cost +2) =0 1

Correct solution (with cos# = -2 rejected) 1
Solution.

Replace sin® 7 = 1 — cos? ¢
2(1 —cos®t) =3cost = 2—2cos’t =3cost = 2cos’t+3cost—2=0.

Factorising:
(2cost—1)(cost +2) =0,

1
SO COSt = Eorcost: =2.

cost = —2 has no solution (since —1 < cost < 1), so it is rejected.

1
For cost = 3 on 0 <t < 2r (related angle g, positive in 1st and 4th quadrants):

5

L=,
3

W[

28



Q39 4 marks

Solve 6sin® 6 —sin@ — 1 = 0 for 0° < 6 < 360°, correct to the nearest degree.
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1 HSC TUTORING

Criteria

Marks

Recognises the equation is a quadratic in sin 8

Factorises to (2sin@ — 1)(3sin@ + 1) = 0, i.e. finds the two ratios

Solves sin 8 = % correctly (6 = 30°, 150°)

Solves sin 6 = —% correctly to the nearest degree (0 = 199°, 341°)

Solution.

This is a quadratic in sin #. Factorising:
6sin>6 —sinf — 1 = (2sinf — 1)(3sinf + 1) = 0,

1 1
inf = = inf =—-.
SO sin 2orsm 3

1
For sin6 = 5 on 0° < 6 <360° (related angle 30°, positive in 1st and 2nd quadrants):

6 =30°, 150°.

1
For sin 6 = -3 the related angle is sin~! (%) ~ 19.47°. Since sin @ is negative in the 3rd and 4th quadrants:

6 ~ 180° + 19.47° = 199.47°, 6 ~ 360° — 19.47° = 340.53°.

To the nearest degree, 6 ~ 199°, 341°.

oo 0 =30° 150°, 199°, 341°.
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Q40 3 marks

Solve for y in the equation sin? y+V3siny+1—cos?y = 0 for 0° < y < 360°, using trigonometric identities.

Criteria Marks

Uses 1 — cos? y = sin® y to reduce to 2sin” y + V3 siny = 0 1

Factorises to siny (2siny + V3) = 0 1

All five solutions correct 1
Solution.

Since 1 — cos? y = sin’ y, the equation becomes
sin’ y + \/gsiny +siny=0 = 2sin’y + \/gsiny =0.

Factorising out sin y:
siny (2siny + V3) = 0,

: : V3
sosiny =0orsiny = 5

Forsiny =0o0n0° <y <360°: y =0°, 180°, 360°.
: V3 . .
Forsiny = 5 (related angle 60°, negative in 3rd and 4th quadrants):
y = 180° + 60° = 240°, y = 360° — 60° = 300°.

.y =0° 180°, 240°, 300°, 360°.
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6. Proving an identity, then solving an equation with it

Q41 5 marks

5.9 7 o
A

P
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3
(a) Show that (cosec? 6 — 1) sin> @ = cos? 6.  (b) Hence solve (cosec? 6 — 1) sin® 6 = 7 for -7 <x <.

Criteria

Marks

(a) Uses cosec? 8 — 1 = cot? @ (or expands) to reach cos? §

2

(b) Reduces to cos> 6 = 3, i.e. cos § = ig

(b) Obtains § = +%
5

(b) Obtains 6 = +F ]
Solution.
1
(a) Since cosecd = ——,
sin @

(cosec® 6 — 1) sin’ @ = (
sin” 6

as required.

3 3
(b) By part (a) the equation becomes cos® 8 = 7 so cosf = i%. On-n<6<n
n V3 5r
0=— 0=+—, f=—— = 0=2—.
cos 3 cos 5 G
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Q42 4 marks
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(a) Show that 2 cos? @ +sin6 = 2+sin6—2 sin? 6. (b) Hence solve 2 cos? 0 +sin 6 = 1 giventhat0 < 6 < 7.

Criteria Marks
(a) Substitutes cos? 6 = 1 — sin® @ to reach the RHS 1
(b) Forms and factorises 2 sin®@ —sind—1=0 1
(b) Solves sinf = 1 or sinf = —% and rejects the invalid root 1
(b) States 0 = Z 1

2

Solution.

(a) Using cos? 0 = 1 — sin” 6,

2c0s? 60 +sin@ = 2(1 —sin? @) +sin@ = 2 — 2sin® 0 + sin@ = 2 + sin 6 — 2 sin’ 6,

as required.

(b) Using part (a), 2 + sin 6 — 2 sin 0 = 1, i.e.

2sin’0 —sinf—1=0 = (2sin6 + 1)(sind — 1) =0,

1
sosinf = —5or sinf =1.0n0 <6 <7 wehavesinf > 0,sosinf = —% is rejected. Thus sin 6 = 1, giving
Vg
0=—.
2
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Q43 5 marks

(a) Show that 2cos?x — 3sin’x + 1 = 5cos?x — 2.
0° < x < 360°, to the nearest degree.

6.9 0
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(b) Hence solve 2cos?x — 3 sinx + 1 = 0 for

Criteria

Marks

(a) Substitutes sin’x = 1 — cos? x and simplifies to 5 cos?x —2

(b) Reduces to cos? x = % i.e.cosx = =+ %

(b) Two correct solutions (51°, 309°)

(b) Two correct solutions (129°, 231°)

Solution.

(a) Using sin®x = 1 — cos? x,

2cos’x —3sin®x+1=2cos’x —3(1 —cos’x) +1 =2cos’x -3 +3cos’x + 1 =5cos’x — 2,

as required.

2 2
(b) By part (a) the equation becomes 5 cos>x — 2 = 0, so cos®x = 3 and cosx = i\/; . The related angle is

cos™! \@ ~50.77°. On 0° < x < 360°:

cosx = +\@ = x~51°309°,  cosx= —\@ = x ~129°, 231°.

Hence x ~ 51°, 129°, 231°, 309°.
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Q44 4 marks

(a) Show that tan® A (1 —sin> A) = sin> A.  (b) Hence solve 4tan® A (1 —sin> A) = 1 for 0 < A < 2x.

Criteria Marks
7
A
(a) Uses tan? A = s1n2 and 1 —sin® A = cos? A 1
cos® A
(b) Reduces to 4sin* A = 1,ie.sin A = £ 1
(b) Two correct solutions (7, %”) 1
(b) Two correct solutions (%”, %) 1
Solution.
2
sin“ A
(a) Writing tan® A = 3 and 1 —sin® A = cos? A,
cos“ A
2 L2 sin” A 2 .2
tan“ A (1 —sin“ A) = 5 - Cos” A =sin” A,
cos“ A
as required.
1 1
(b) By part (a), 4sin’ A =1,s0sin’ A = 7 and sin A = ii' On0< A< 2nm:
T 5 T 1lrx
sinA=1 = A==, =, sinA=-1 =5 4="2 —
2 6" 6 2 6 6
n St Tn 1ln
Hence A= —, —, —, —.
66 6 6
Q45 3 marks
2 2 2 2
cos“ 6@ cos“ 8 . cos” 6 cos“ 6@ n
(a) Show that — — —— =2sin8. (b) Hence solve — — — =1for0<6 < —.
l1—-sinfd 1+sind 1—-sinf 1+sinf 2
Criteria Marks
(a) Combines over the common denominator (1 — sin 6)(1 + sin§) = cos? 1
(a) Simplifies the numerator to 2 sin @ cos> # and cancels to 2 sin 6 1
(b) Reduces to 2sind = 1 and states 6 = % 1
Solution.
(a) Over a common denominator, with (1 —sin6)(1 + sin6) = 1 —sin’ 6 = cos? 6,
cos? cos” 6 3 cos? O(1 + sin ) — cos? 6(1 — sin 6) 3 cos? 9[(1 +sin @) — (1 —sin 9)]

1—sin® 1+sinf (1 —=sin@)(1 +sin ) cos? 6
The numerator bracket is 2 sin §, and cos? € cancels, giving 2 sin 6, as required.
1
(b) By part (a) the equation becomes 2sin = 1, so sinf = ok On0<0< % the only solution is 6 = %
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Q46 5 marks
4cosd . . . 4cosd
(a) Show that +15 = 0 can be written as 4 sin” 6 — 15sin§—4 = 0. (b) Hence solve p— +15=0
an
for0 <6 < 2n.
Criteria Marks
_cosf cos’d .
(a) Writes = — and clears the denominator 1
tan 6 sin 6
(a) Uses cos? 0 = 1 — sin® 6 and rearranges to the required quadratic 1
(b) Factorises and rejects sin 6 = 4, keeping sin6 = —}T 1
(b) One correct solution 1
(b) Second correct solution 1
Solution.
. sin @ cosd cosf-cosf cos?f
(a) Since tan# = ——, we have = - = — . Thus
cos 6 tan 6 sin @ sin 8
4cos’ 0
- +15=0.
sin 6

Multiplying by sin 6 gives 4 cos? 6 + 15sin6 = 0. Using cos? 6 = 1 — sin® 6:
4(1 —sin?0) + 15sin@ =0 = 4 —4sin6 + 15sinf =0 = 4sin’6 — 15sin6 —4 =0,
as required.

1
(b) Factorising, 4sin”6 — 15sin0 — 4 = (4sin@ + 1)(sin —4) = 0, so sinf = 7O sind = 4. Since

1
—1 <sinf < 1, reject siné = 4. Withsinf = T the related angle is sin~" % ~ (0.2527, and sin 6 < O places
0 in the third and fourth quadrants:

0 =m+sin"

Hence 0 ~ 3.39 and 6 ~ 6.03 (radians).
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Q47 5 marks
cos 1+sinf cosf 1+siné
(a) Show that — + =2secf. (b)Hence solve — + =2for0° <6 <360°.
1 +sinf cosf 1+sinf cosf
Criteria Marks
(a) Combines over the common denominator cos 8(1 + sin §) 1
(a) Expands the numerator to 2 + 2 sin 6 using cos? 6 + sin> 6 = 1 1
2
(a) Cancels (1 + sin ) to reach =2secH 1
cos 6
(b) Reduces to cosf =1 1
(b) States 8 = 0°, 360° 1
Solution.
(a) Over a common denominator,
cos 6 N 1 +sing cos? 6 + (1 +sin )2
1 +sind cosd  cosO(l +sin6)

Expanding the numerator: cos? @ + 1 +2sin6 +sin>6 = 1 + 1 +2sin@ = 2 + 2sind = 2(1 + sin6). Hence

2(1 + sin B)

- = =2secd,
cosf(1 +sinf) coséb

as required.

(b) By part (a), 2secf = 2,sosect = 1,i.e. cosd = 1. On 0° < 6 < 360° this gives § = 0°, 360°.
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Q48 5 marks
1 1 ) 1 1 R o
(a) Show that — + - =2sec“x. (b)Hence solve — + - = 8 for 0° < x < 360°.
l1—sinx 1+sinx 1—sinx 1+sinx
Criteria Marks
(a) Combines the fractions over (1 — sinx)(1 + sinx) = cos®x 1
(a) Simplifies the numerator to 2 1
2
(a) Reaches 5— = 2sec? x 1
cos? x
(b) Reduces to cos® x = 31 and solves cos x = i% 1
(b) All four solutions 60°, 120°, 240°, 300° 1
Solution.
(a) Over a common denominator,
1 1 (1 +sinx) + (1 —sinx) 2 2 2
— + - = - - = = = 2sec” x,
1—-sinx 1+sinx (1 —sinx)(1 + sinx) 1 —sin?x cosZx

as required.

1 1
(b) By part (a), 2sec® x = 8, so sec’x = 4 and cos’ x = 7 giving cosx = ii' On 0° < x <360°:
cosx =1 = x=60°300°, cosx=-1 = x=120° 240°.

2

Hence x = 60°, 120°, 240°, 300°.
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