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Section I
1 2 3 4 5 6 7 8 9 10
C C A D B C D C A B
Ql fl-x)=r() C
Q2 C

P(x)=x3(x2 —1)— (x2 —1)= (x2 —1? —1)= (x—l)z(x+1)(x2 +x+1)

Q3 e =0 foracircle and e <1 for an ellipse
.. the sum of the eccentricities < 1. For other pairs, the sum > 1 A

Q4 Let w=—a+bi, z=c+di wherea,b,candd € R*, a>cand

b<d.

w—z=—(a+c)+(b-d)i

Both real and imaginary parts of w— z are negative. D
1-i (1-i)1-i) -2i

T = m = - =—i, clockwise rotation by% B

Q6 plx+1)=(x+1)?+(x+D)" +(x+ 1)+ (x+1)° + (x+1)* +---

Coefficient of x*="2Cy+''Cy+'"Cy+°Cy +1=715 C

Q7 xy=8 has y=ux as an axis of symmetry. xy =8 intersects
y=ux at (2\/5 2\/5), .. distance of intersection from O is 4.

Rotate xy =8 clockwise by % to obtain x* — y* =k and the

intersection is the x-intercept (4,0) ..: k =47 =16. D

Q8 Horizontal component: F cos @ — N sin 8 = mr”
Vertical component: Fsin@+ N cos 8 =mg C

Q9 Let a and b be the side lengths of the rectangular slice.

a_zzﬁand b_3=ﬁ,.:a=ﬁ+2 and b=h+3

8§-2 4 7-3 4 2
4

: V:_[(h+3)(%+2)dh A
0

Q10 x+l=—1, x2+x+1=0,.: X =cls 2—7[ , l=cis —2—7[
X 3 3

. 2r) 1 (27
or x=cts| —— |, —=CIS§| —
3 X 3

2 x0 = cig(0)=1, —e = cis(0)=1, . x4
x
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Section 1II

Qllai z=+3—i,1z1=2, 0=—=-Z . —ocif - %
36 6

Qllaii %= 260is(— 6?7[) =26 , a real number

Qllaiii n=3, ° = 23cis(— %j =—8i, a purely imaginary number

Ql1b di(xe_zx)z e 2 —2xe 2, xe ¥ zle_zx —li(xe_zx)
by

2 2 dx
J.Xe_zxdxzj. le—Zx_li(xe—Zx) dx =_lef2x_lxe,2x+c
2 2 dx 4 5
Qlle x*+y°=2xy, 3x2+3y2%=2xﬂ+2y
x
3x2—2y:2xﬂ_3y2ﬂ . ﬂz?sxz——Zy
dx dx’ " dx 2x—3y>

Qlldi y=47(x)

Qlldii y=1/f(x)

Qlle Domain: For sin{%} to be defined , —1< % <1

.. —2<x <2 is the domain
Range: For -2<x<0, 0<y<7z,for 0<x<2,0<y<7x

. therangeis 0< y<7.
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2 2
Ql2ai -+ =1
9 4

QI2aii 4=9(1-¢?), ¢? =

O | \n
[N
I

Qi2aiii (-+5.0). (V5. 0)
W5 95

12aiv x=———, x=——
Q 5 5

Q126 Loy () [ o7 ()= () 1) ()= £ ()

Q12bii Hence I F)dx=xf (x)- I o (x)dx

. J.tan_lxdx:xtan_lx—.[ 3

dx:xtan_lx—lln(l—i-xz)—i-c
1+x 2

Q12ci z=cos@+isind

z* =cos46 +isin46

z* =(cos@ +isin 0)4 = cos* @+ 4icos® @sin @ — 6cos” Gsin’ O
—4icos@sin’® @ +sin* 6

Equating the real parts: cos46 = cos* @—6cos” @sin’ O +sin* 6

QI12cii cos4f = cos* 6 —6cos> 0(1 —cos? 6’)+ (1 —cos? 6’)2

=8cos* 8 —8cos? H+1

Qi2di xy=c?, B o<
dx

d 1 .
At P cp,£ s —y=——2 , .. gradient of the normal = p2
p) dx p

. c 2 y ¢

Equation of the normal: y——= p?(x—cp), ——— = plx—cp)
p P p

y ¢ y c 1
Lo Smpr-gp? -t =gt -5 = pP-—
p p p p p p

Q12dii Multiply the last equation by x #0:

2
p p

_C(pz - plz)

Sum of roots = cp +cq =—

(")

o 1
e N
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X

To find the minimum of In(f(x))=xInx,let Inx+1=0,.: x= 1
e

.. 1
= f(x)=e™™* has a minimum at x =—.
e

Q13b Let ZOPQ = « . The other relevant angles are shown in terms
of a.

ZAOQ = ZABC,.: OQI/IBC, .. f=«
.. AOPQ is isosceles, hence OP = 0Q

Q13ci Vertical component: T; x%—IOM =0,.: T, =125M

Horizontal component: 7} X % +7T, =M X 0.30"

T, = M x030* —7.5M = 0.3M (e* - 25)

Q13cii % >1, 0.024(@* —25)>1, @? —25 >%
1
, 200 600 10v6 .
@ >T, > T’ w> radians per second

Q13di p(x)z ax® +bx* +cx+d p'(x)z 3ax” +2bx + ¢

For p(x) to have one x-intercept only, p’(x)=3ax*+2bx+c#0 for
all x
. the discriminant of p’(x) must be less than zero

2 (20 -4(3a)c <0, . b =3ac <0

QI3dii p’(x)=3ax* +2bx+c.If b* —3ac =0, then

2 2 2
p'(x)=3ax2+2bx+b—=3a x2+%+b— =3a x+i
3a 3a  94° 3a

)
p(x)= a| x+— | +constant
3a

3
If p _b =0, then the constant is zero and p(x)=d| x + b
3a 3a

.. the multiplicity of the root x = _SE is 3.
a
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Ql4ai jsinxsinz xdx = Isin i = cos? x)ax = I— (1= u?)au

I/t3 1 3
=——Uu+c=—C0s" xX—Ccosx+c
3 3

Ql4aii The graph of y=cos” x is shown below for odd m >0 in

the interval [O, 7[]. The two shaded regions are equal in area.

z

T T
. J‘cos’" xdx:J‘cos’" xdx+.[cos’"xdx:0
0 0 z

2

V4 V4
Ql4aiii V = J' 2xsin’ xdx = 2ﬂjxsin3 xdx

Integration by parts:

. 1
uU=x, dv:sm3xdx, du=dx, v:§cos3x—cosx

V4 Vi
V= 27{[%xcos3 X —XCoS x} —J.(% cos® x —cos xjdx]
0

0
(1

Since J.(g cos® x—cos xj dx =0 from part aii,
0

2
S V= 271'(—£+7[j=4i unit®
3 3

1 n
Q14bi In:jx—dx,letx:tanﬁ, B _ e, 49 12
O(x2 +1)2 d¢9 dx sec” @
When x=0, =0; when x=1, 6’:%

/r

4
! )dx=J' L 6= Icos 646

1 1
'([tan 6?-+-l)2 J.(seczé?2 ) S€¢ 2o
%
lj.l-f-COSZ@ :l 6+lsin20 :£+l
2O 2 2 o 8 4
Q14bii
1 2 1 2 1
10+12_.|' dx+J. dxzj' 1+x dx:J. 21 i
(x +1)Z ( +1)Z 0(x2+1)z o X+l
-1 1 T
=[tan " x|, =—
o=
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(x +1)2 (x +1) dx
R

Q14biii 14_I( 1)2
x% +

r#. 7 1 5 3z
=1-2U,+1, )+ =1-2X—+—+—=———
(0 2) 0 4 8 4 4 8

Ql4c Itis true that (x+1)(x—1)* >0 for x>0
. x3—x2—x+120, P12+ x

Complete the squares by adding 2x+/x to both sides:

x3+2x\/;+12x2+2x\/;+x, . (x )c+1)z 2(x+\/;)z

Since x\/;+121 for x>0, .. x x+12x+\/; for x>0

Ql5a Let x=a?, x:ﬂ2 and x= %> be the roots of the required
a=+x

Since @ isarootof x* —3x+1=0, .:
(Vo] -3z =71, Jx(x-3)=71

Squaring both sides: x(x? =6x+9)=1, x* —6x? +9x—1=0, the
required cubic equation.

cubic equation, .:

() —3(x)+1=0

2 2 2
QI5bi a:ldL=_”_2, V_zzj'_zldx:lﬂ
2 dx X 2[[1 X X

2
At x=b,v=0, . c:—l,.: V—:l—l, v2:2,u2[l—l]
X

b’ 2u* x b
For 0 < x <b, the particle moves towards O,
dx \/E b—x

Ly=—=—
dt # bx

Q15bii x=bcos’> 8, — =-2bsinHcosd

Att=0, x=b,.:. d=0;attime ¢, x=d, .. 9=c0s1\/%
dx = |b=bcos’d _ uy2 sin@

S dt b%cos’ @ \/Z cos @

di dx _di Vb cos6 . b2b

N7 X 2bsinfcos @ =———cos> O
dx d@ d9 ,u\/zsmé’ M

br I(

2046

Q15biii Given = l\/g[\/bd —d” +bcos™ \/E]
Y7,

3
Asd—0. -+ bco o=~ 1/ f:%/
P 2w
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. 3! a a a a
15ci Let =24+ . 3
Qloet Le x(x+1)(x+2)(x+3) x+x+l+x+2+x+3

3!
x(x + 1)(x + 2)(x + 3)
+ azx(x + 1)(x + 3)+ a3x(x + 1)(x + 2))/ x(x + 1)(x + 2)(x + 3)
Let x —0,—1,—2,—3 to obtain
o= 3! _ 3! -1 a=i=—3
P GeDx+2)x+3) ORIB) T C00R)

3! 3! .
a, = m =3 and a; = m =—1 respectively.

= (ao (x + 1)(x + 2)(x + 3)+ alx(x + 2)(x + 3)

3! 1 3 3 1
+

g x(x+1)(x+2)(x+3) x x+l x+2 x+3

Q15cii
n!

:a_0+ 4 RPN s RS n
x(x+l)(x+2)--~(x+n) x  x+1 x+k x+n

Let x > -k,
n!
x(x+1)(x+2)m(x+n

a, = ) (without (x+ k) in the denominator)

n!
- tive when k is odd
Kk ) k+2)(k+n) (negative when k is odd)
(-1)n!

_ (—l)kn! ([
e B veta R

n! a a a
15ciii =04 g
Ql5eiii x(x+1)(x+2)~-~(x+n) x  x+1 x+n
Let x=1,
a, a a, n! 1
— 4 — 4+ = =
1 2 n+l  (n+1)! n+l1

n 1(n 1(n 1(n (—1)” n 1
I == |+=| == .|+ =

0) 2\1 3{2) 43 n+li{n n+1
R TR ¥ 0 T I T o ) O

211 3{2) 413 n+l n+l
i e () B L o

n—ool 211 312 3 n+l1 n—e n+1

Ql6ai |z|=1 and |[wj=1
I+z+w=0, (l+cost9+cosa')+(sin9+sina)i:0

. sin@+sina=0 and cos@+cosa =—1
- sin9=—sina=sin(— a) or sin(ir—a)

1
4

L 0=—a Note: (7 —a) does not satisfy cos@+cosa =—1.
1
: cos(-a)+cosa=—1, cosa+cosa =—1, cosaz—g

. a:iz—” and 92?2—75
3 3

. 2z
.. 1, zand w are on the unit circle centred at O, and separated by T

.. 1, zand w form the vertices of an equilateral triangle.
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Ql6aii Given 1+z+w=0
Let z; =2iz and z, =2iw,
22tz +zy =i2+i(22)+i(2w) =2i(1+z+w)=0

2 2i=2ix11is2 |1| and rotation of 1 by % anticlockwise about O.
73 =2iz is 2|z| and rotation of z by % anticlockwise about O.

2, =2iw is 2|w| and rotation of w by % anticlockwise about O.

. 2i, z; and z, form the vertices of an equilateral triangle.

Q16bi

(T .
u=veis| = |, u® =vicisr =—v*
3
. u3+v3:(u+v)(u2—uv+v2)=()

Since u+v#0, .: uz—uv+v2=0, u?+vi=uy
QI6bii v=1, u=cis| = |==+¥2;
3 2

Qlé6ci If Tom and any one of the remaining (n - 1) people have each
other’s hat, and the other (n - 2) people have other people’s hats, the

number of such derangements = (n - 1)D(n - 2)

Q1l6cii Tom or any person can pick another person’s hat and the
remaining (n - 1) people have other people’s hats, the number of

such derangements = (n)D(n — 1). However, this count includes the
situation (as in part i) that the person swaps hats with one of the
remaining (n—1) people in D(n—1) ways.

. number of such derangements
=nD(n—-1)-D(n-1)=(mn-1)D(n-1)

2 D) =(n-1)Dn-1) +(n-1)D(n-2)

= (n - l)[D(n - 1)+ D(n - 2)]

Qléciii D(n)=(n—1)[D(n—1)+ D(n—2)]
D(n)=nD(n-1)-D(n-1) +(n—1)D(n-2)
= D(n)=nD(n-1)=-[D(n-1)-(n—1)D(n-2)|

Ql6¢iv

D(2)-2D(1)=1

D(3)-3D(2)=-[D(2)-2D(1)]=-1

D(4)-4D(3)=-[D(3)-3D(2)]=1

D(5)-5D(4)=—-[D(4)-4D(3)|=—1 etc
D(n)-nD(n—1)=(=1)" for n>1
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From part iv, D(n)=nD(n—1)+(-1)"

D(k+1)=(k +1)D(k)+ (—1)k+1=(k+1)k!zk:(_1)r+(—1)"+1

r=0 r!
k
k+1'[1 1+ -~-+ﬂ]+(—1)“l
21 31 k!
k k+1
k+1!1 1+ . .+ﬂ+&
k! (k+1)
k+1 r
k+1 k+1'; 0

n 7
2 D(n)=n 'Z% for all integers n >1
r=0 :

Please inform mathline @itute.com re conceptual,
mathematical and/or typing errors.
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