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Section I 

1 2 3 4 5 6 7 8 9 10 

C C A D B C D C A B 
 

Q1  ( ) ( )xfxf =−              C 

 

Q2                 C 

( ) ( ) ( ) ( )( ) ( ) ( )( )1111111 2232223 +++−=−−=−−−= xxxxxxxxxxP

     

Q3  0=e  for a circle and 1<e for an ellipse 

.: the sum of the eccentricities 1< . For other pairs, the sum > 1       A 

 

Q4  Let biaw +−= , dicz +=  where a, b, c and d +∈ R , ca > and 

db < . 

( ) ( )idbcazw −++−=−   

Both real and imaginary parts of zw −  are negative.         D 
 

Q5  
( )( )
( )( )

i
i

ii

ii

i

i
−=

−
=

−+

−−
=

+

−

2

2

11

11

1

1
, clockwise rotation by

2

π
        B 

 

Q6  ( ) ( ) ( ) ( ) ( ) ( ) L++++++++++=+
89101112

111111 xxxxxxp  

Coefficient of 71518
9

8
10

8
11

8
128 =++++= CCCCx          C 

 

Q7  8=xy  has xy =  as an axis of symmetry. 8=xy  intersects 

xy =  at ( )22,22 , .: distance of intersection from O is 4. 

Rotate 8=xy  clockwise by 
4

π
 to obtain kyx =− 22 and the 

intersection is the x-intercept ( )0,4  . .: 164
2 ==k .         D 

 

Q8  Horizontal component: 2sincos ωθθ mrNF =−  

Vertical component: mgNF =+ θθ cossin           C 

 

Q9  Let a and b be the side lengths of the rectangular slice. 

428

2 ha
=

−

−
 and 

437

3 hb
=

−

−
, .: 2

2

3
+=

h
a  and 3+= hb  

.: ( ) dh
h

hV ∫ 







++=

4

0

2
2

3
3             A 

 

Q10  1
1

−=+
x

x , 01
2 =++ xx , .: 








=

3

2π
cisx , 








−=

3

21 π
cis

x
 

or 







−=

3

2π
cisx , 








=

3

21 π
cis

x
 

.: ( ) 102016 == cisx , ( ) 10
1

2016
== cis

x
, .: 2

1
2016

2016 =+
x

x         B 

 

 

 

 

 

 

 
 

 

 

Section II 
 

Q11ai  iz −= 3 , 2|| =z , 
63

1 π
θ −=

−
= , .: 








−=

6
cis2

π
z  

 

Q11aii  666 2
6

6
cis2 −=








−=

π
z , a real number 

 

Q11aiii  3=n , iz 8
6

3
cis2

33 −=







−=

π
, a purely imaginary number 

 

Q11b  ( ) xxx
xeexe

dx

d 222 2 −−− −= , .: ( )xxx
xe

dx

d
exe

222

2

1

2

1 −−− −=  

( ) dxxe
dx

d
edxxe xxx

∫∫ 







−= −−− 222

2

1

2

1
cxee

xx +−−= −− 22

2

1

4

1
 

 

Q11c  xyyx 233 =+ , y
dx

dy
x

dx

dy
yx 2233 22 +=+  

dx

dy
y

dx

dy
xyx

22 3223 −=− , .: 
2

2

32

23

yx

yx

dx

dy

−

−
=  

 

Q11di  ( )xfy =  

 
 

Q11dii  ( )xfy /1=  

 
 

Q11e  Domain: For 






−

2
sin 1 x

 to be defined , 1
2

1 ≤≤−
x

  

.: 22 ≤≤− x  is the domain  

Range: For 02 ≤≤− x , π≤≤ y0 , for 20 ≤< x , π≤< y0  

.: the range is π≤≤ y0 . 
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Q12ai  1
49

22

=+
yx

 

 

Q12aii  ( )2194 e−= , 
9

52 =e , 
3

5
=e  

 

Q12aiii  ( )0,5− , ( )0,5  

 

Q12aiv  
5

59
−=x , 

5

59
=x  

 

Q12bi  ( ) ( )( ) ( ) ( ) ( ) ( )xfxfxxfxfxdxxfxxxf
dx

d
=′−+′=′− ∫  

 

Q12bii  Hence ( ) ( ) ( )∫∫ ′−= dxxfxxxfdxxf  

.: ( ) cxxxdx
x

x
xxdxx ++−=

+
−= −−−

∫∫
21

2

11 1ln
2

1
tan

1
tantan  

 

Q12ci  θθ sincos iz +=  

θθ 4sin4cos4
iz +=   

( )

θθθ

θθθθθθθ

43

223444

sinsincos4                                      

sincos6sincos4cossincos

+−

−+=+=

i

iiz
 

Equating the real parts: θθθθθ 4224 sinsincos6cos4cos +−=  

 

Q12cii  ( ) ( )22224 cos1cos1cos6cos4cos θθθθθ −+−−=  

1cos8cos8
24 +−= θθ  

 

Q12di  2
cxy = , 

2

2

x

c

dx

dy
−=  

At 








p

c
cpP , , 

2

1

pdx

dy
−= , .: gradient of the normal 2p=  

Equation of the normal: ( )cpxp
p

c
y −=− 2 , ( )cpxp

p

c

p

y
−=−

2
 

2

2
cppx

p

c

p

y
−=− , 

2

2

p

c
cp

p

y
px −=− , 










−=−

2

2 1

p
pc

p

y
px  

 

Q12dii  Multiply the last equation by 0≠x : 

x
p

pc
p

xy
px 










−=−

2

22 1
, 0

1
2

2

22 =−









−−

p

c
x

p
pcpx  

Sum of roots
p

pc

cqcp
p





 −−

−=+=
2

12

 

.: p
p

p

q
p

−





 −

=
2

12

, 
3

1

p
q −=  

 

 

 

 

 
 

 

 

Q13a  ( ) xxxf = , ( )( ) xxxf lnln = , ( )( ) 1lnln += xxf
dx

d
 

To find the minimum of ( )( ) xxxf lnln = , let 01ln =+x , .: 
e

x
1

=  

.: ( ) xxexf ln=  has a minimum at 
e

x
1

= . 

 

Q13b  Let α=∠OPQ . The other relevant angles are shown in terms 

of α . 

 
 

ABCAOQ ∠=∠ , .: BCOQ // , .: αβ =  

.: OPQ∆  is isosceles, hence OQOP =  

 

Q13ci  Vertical component: 010
5.0

4.0
1 =−× MT , .: MT 5.121 =  

Horizontal component: 
2

21 3.0
5.0

3.0
ω×=+× MTT  

( )253.05.73.0
22

2 −=−×= ωω MMMT  

 

Q13cii  1
1

2 >
T

T
, ( ) 125024.0 2 >−ω , 

3

125
25

2 >−ω  

3

2002 >ω , 
9

600
>ω , 

3

610
>ω  radians per second 

 

Q13di  ( ) dcxbxaxxp +++= 23 , ( ) cbxaxxp ++=′ 23
2  

For ( )xp  to have one x-intercept only, ( ) 023 2 ≠++=′ cbxaxxp  for 

all x 

.: the discriminant of ( )xp′  must be less than zero 

.: ( ) ( ) 0342
2 <− cab , .: 03

2 <− acb  

 

Q13dii  ( ) cbxaxxp ++=′ 23 2 . If 032 =− acb , then 

( )
2

2

2
2

2
2

3
3

93

2
3

3
23 








+=










++=++=′

a

b
xa

a

b

a

b
xa

a

b
bxaxxp  

( ) constant
3

3

+







+=

a

b
xaxp  

If 0
3

=







−

a

b
p , then the constant is zero and ( )

3

3








+=

a

b
xaxp  

.: the multiplicity of the root 
a

b
x

3
−=  is 3. 
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Q14ai  ( ) ( )∫∫∫ −−=−= duudxxxdxxx
222

1cos1sinsinsin  

cxxcu
u

+−=+−= coscos
3

1

3

3
3

 

 

Q14aii  The graph of xy mcos=  is shown below for odd 0>m  in 

the interval [ ]π,0 . The two shaded regions are equal in area. 

.: 0coscoscos

2

2

00

=+= ∫∫∫
ππ

π

π

dxxdxxdxx mmm  

 

 
 

Q14aiii  ∫∫ ==

ππ

ππ

0

3

0

3 sin2sin2 dxxxdxxxV  

Integration by parts:  

xu = , dxxdv 3sin= , dxdu = , xxv coscos
3

1 3 −=  






















−−








−= ∫

ππ

π

0

3

0

3 coscos
3

1
coscos

3

1
2 dxxxxxxxV  

Since 0coscos
3

1

0

3 =







−∫

π

dxxx  from part aii, 

.: 
3

4

3
2

2π
π

π
π =








+−=V  unit

3
 

 

Q14bi  
( )∫

+
=

1

0

22 1
dx

x

x
I

n

n , let θtan=x , θ
θ

2sec=
d

dx
, 

θ

θ
2

sec

1
=

dx

d
 

When 0=x , 0=θ ; when 1=x , 
4

π
θ =  

( ) ( ) ∫∫∫∫ ===
+

=

44

0

2

0

2

1

0

22

1

0

22
0 cos

sec

1

sec

1

1tan

1

ππ

θθθ
θθθ

dddxdxI  

( )
4

1

8
2sin

2

1

2

1
2cos1

2

1 4
4

00

+=







+=+= ∫

π
θθθθ

π
π

d  

 

Q14bii  

=+ 20 II
( )∫

+

1

0

22 1

1
dx

x

+
( ) ( ) ∫∫∫ +

=
+

+
=

+

1

0

2

1

0

22

21

0

22

2

1

1

1

1

1
dx

x
dx

x

x
dx

x

x
 

[ ]
4

tan
1

0
1 π

== − x  

 

 

Q14biii  
( )

( ) ( )
( )∫∫

+

++−+
=

+
=

1

0

22

2221

0

22

4

4

1

1121

1
dx

x

xx
dx

x

x
I  

( )∫ 













+
+

+
−=

1

0

222
1

1

1

2
1 dx

xx

( )
8

3

4

5

4

1

84
2121 020

πππ
−=++×−=++−= III  

 

Q14c  It is true that ( )( ) 011
2 ≥−+ xx  for 0≥x  

.: 01
23 ≥+−− xxx , xxx +≥+ 23

1   

Complete the squares by adding xx2  to both sides: 

xxxxxxx ++≥++ 212 23 , .: ( ) ( )22
1 xxxx +≥+   

Since 11 ≥+xx  for 0≥x , .: xxxx +≥+1  for 0≥x  

 

 

Q15a  Let 2α=x , 2β=x  and 2γ=x  be the roots of the required 

cubic equation, .: x±=α   

Since α  is a root of 013
3 =+− xx , .: ( ) ( ) 013

3
=+±−± xx  

( ) 13
3

m=− xx , ( ) 13 m=−xx   

Squaring both sides: ( ) 1962 =+− xxx , 0196
23 =−+− xxx , the 

required cubic equation. 

 

Q15bi  
2

22

2

1

xdx

dv
a

µ
−== , c

x
dx

x

v
+=

−
= ∫

11

2 22

2

µ
 

At bx = , 0=v , .: 
b

c
1

−= , .: 
bx

v 11

2 2

2

−=
µ

, 







−=

bx
v

11
2

22 µ  

For bx ≤<0 , the particle moves towards O ,  

.: 
bx

xb

dt

dx
v

−
−== 2µ  

  

Q15bii  θ2
cosbx = , θθ

θ
cossin2b

d

dx
−=  

At 0=t , bx = , .: 0=θ ; at time t , dx = , .: 
b

d1
cos

−=θ  

.: 
θ

θµ

θ

θ
µ

cos

sin2

cos

cos
2

22

2

bb

bb

dt

dx
−=

−
−=  

θ
µ

θθ
θµ

θ

θθ
2

cos
2

cossin2
sin2

cos bb
b

b

d

dt

d

dx

dx

dt
=×==×  

.: ∫

−

=

b
d

d
bb

t

1cos

0

2
cos

2
θθ

µ
 

 

Q15biii  Given 













+−= −

b

d
bdbd

b
t 12 cos

2

1

µ
 

As 0→d , 

3
1

222

1
0cos

2

1








=×=→ − b

b
b

b
b

t
µ

ππ

µµ
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Q15ci  Let 
( )( )( ) 321321

!3 3210

+
+

+
+

+
+=

+++ x

a

x

a

x

a

x

a

xxxx
 

( )( )( )
( )( )( ) ( )( )(

( )( ) ( )( )) ( )( )( )321/2131

32321
321

!3

32

10

+++++++++

++++++=
+++

xxxxxxxaxxxa

xxxaxxxa
xxxx  

Let 3,2,1,0 −−−→x  to obtain 

( )( )( ) ( )( )( )
1

321

!3

321

!3
0 ==

+++
=

xxx
a , 

( )( )( )
3

211

!3
1 −=

−
=a , 

( )( )( )
3

112

!3
2 =

−−
=a  and 

( )( )( )
1

123

!3
3 −=

−−−
=a  respectively. 

.: 
( )( )( ) 3

1

2

3

1

31

321

!3

+
−

+
+

+
−=

+++ xxxxxxxx
 

 

Q15cii  

( )( ) ( ) nx

a

kx

a

x

a

x

a

nxxxx

n nk

+
++

+
++

+
+=

+++
LL

L 121

! 10  

Let kx −→ ,  

( )( ) ( )nxxxx

n
ak

+++
=

L21

!
   (without ( )kx +  in the denominator) 

( )( ) ( )nkkkk

n

+−+−+−−
=

L21

!
  (negative when k  is odd) 

( )
( )( ) ( )( )( ) ( )knkkk

n
k

−−−

−
=

LL 21121

!1 ( )
( )

( ) 







−=

−

−
=

k

n

knk

n k
k

1
!!

!1
 

 

Q15ciii  
( )( ) ( ) nx

a

x

a

x

a

nxxxx

n n

+
++

+
+=

+++
L

L 121

! 10  

Let 1=x , 

( ) 1

1

!1

!

121

10

+
=

+
=

+
+++

nn

n

n

aaa n
L  

( )
1

1

1

1

34

1

23

1

12

1

0
1

+
=









+

−
++








−







+







−








nn

n

n

nnnn n

L  

( )
1

1

1

1

34

1

23

1

12

1
1

+
=

+

−
++








−







+







−

nn

nnn n

L  

.: 
( )

0
1

1
lim

1

1

34

1

23

1

12

1
1lim =

+
=















+

−
++








−







+







−

∞→∞→ nn

nnn

n

n

n
L  

 

 

 

Q16ai  1=z  and 1=w  

01 =++ wz , ( ) ( ) 0sinsincoscos1 =++++ iαθαθ  

.: 0sinsin =+ αθ  and 1coscos −=+ αθ  

.: ( )ααθ −=−= sinsinsin  or ( )απ −sin  

.: αθ −=        Note: ( )απ −  does not satisfy 1coscos −=+ αθ . 

.: ( ) 1coscos −=+− αα , 1coscos −=+ αα , 
2

1
cos −=α  

.: 
3

2π
α ±=  and 

3

2π
θ m=  

.: wz  and ,1 are on the unit circle centred at O, and separated by 
3

2π
. 

.: wz  and ,1  form the vertices of an equilateral triangle. 
 

 

Q16aii  Given 01 =++ wz   

Let ziz 21 =  and wiz 22 = ,  

.: 212 zzi ++ ( ) ( )wizii 222 ++= ( ) 012 =++= wzi  

.: 122 ×= ii  is 2 1  and rotation of 1 by 
2

π
 anticlockwise about O. 

ziz 21 =  is 2 z  and rotation of z  by 
2

π
 anticlockwise about O. 

wiz 22 =  is 2 w  and rotation of w  by 
2

π
 anticlockwise about O. 

.: i2 , 1z  and 2z  form the vertices of an equilateral triangle. 

 

Q16bi   

 









=

3
cis

π
vu , 333

cis vvu −== π   

.: ( )( ) 02233 =+−+=+ vuvuvuvu  

Since 0≠+ vu , .: 0
22 =+− vuvu , uvvu =+ 22  

 

Q16bii  1=v , iu
2

3

2

1

3
cis +=








=

π
 

 

Q16ci  If Tom and any one of the remaining ( )1−n  people have each 

other’s hat, and the other ( )2−n  people have other people’s hats, the 

number of such derangements ( ) ( )21 −−= nDn  

 

Q16cii  Tom or any person can pick another person’s hat and the 

remaining ( )1−n  people have other people’s hats, the number of 

such derangements ( ) ( )1−= nDn . However, this count includes the 

situation (as in part i) that the person swaps hats with one of the 

remaining ( )1−n  people in ( )1−nD  ways. 

.: number of such derangements 

( ) ( ) ( ) ( )1111 −−=−−−= nDnnDnnD  

.: ( )nD ( ) ( )11 −−= nDn ( ) ( )21 −−+ nDn  

( ) ( ) ( )[ ]211 −+−−= nDnDn  

 

Q16ciii  ( ) ( ) ( ) ( )[ ]211 −+−−= nDnDnnD  

( ) ( ) ( )11 −−−= nDnnDnD ( ) ( )21 −−+ nDn  

.: ( ) ( ) ( ) ( ) ( )[ ]2111 −−−−−=−− nDnnDnnDnD  

 

Q16civ   

( ) ( ) 1122 =− DD  

( ) ( ) ( ) ( )[ ] 1122233 −=−−=− DDDD  

( ) ( ) ( ) ( )[ ] 1233344 =−−=− DDDD  

( ) ( ) ( ) ( )[ ] 1344455 −=−−=− DDDD  etc 

.: ( ) ( ) ( )n
nnDnD 11 −=−−  for 1>n  
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Q16cv  Given ( ) 01 =D  

( ) ( )
011

!

1
!11

1

0

=−=
−

= ∑
=r

r

r
D , true for 1=n  

Assume that ( ) ( )
∑

=

−
=

k

r

r

r
kkD

0
!

1
!  

From part iv, ( ) ( ) ( )n
nnDnD 11 −+−=  

.: ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1

0

1
1

!

1
!1111

+

=

+
−+

−
+=−++=+ ∑ k

k

r

r
k

r
kkkDkkD  

( ) ( ) ( ) 1
1

!

1

!3

1

!2

1
11!1

+−+












 −
++−+−+= k

k

k
k L  

( ) ( ) ( )
( ) 














+

−
+

−
++−+−+=

+

!1

1

!

1

!3

1

!2

1
11!1

1

kk
k

kk

L  

.: ( ) ( ) ( )
∑

+

=

−
+=+

1

0
!

1
!11

k

r

r

r
kkD   

.: ( ) ( )
∑

=

−
=

n

r

r

r
nnD

0
!

1
!  for all integers 1≥n  

 

 

               Please inform mathline@itute.com re conceptual, 

               mathematical and/or typing errors. 

 


