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Section I 

1 2 3 4 5 6 7 8 9 10 

D D A A C B A B C B 

 

Q1  ( ) iiiwz 51232522 −=−+−=+    D 

 

Q2  01333 =++− xyyx , ( ) 013
33 =++− xyyx

dx

d
 

03333 22 =++−
dx

dy
xy

dx

dy
yx  

At ( )2,1 , 036123 =++−
dx

dy

dx

dy
, 1=

dx

dy
   D 

 

Q3  z  is the reflection of z in the x-axis, and i z  is the 

anticlockwise rotation of z  by °90 .   A 

 

Q4  ( )[ ]2xfy =  has the same x-intercepts as ( )xfy = . 

At the x-intercepts, ( ) ( ) 0.2 =′=′ xfxfy .   A 

 

Q5  ( )( )( ) 021532 23 =−−−=−−− γβα xxxxxx  

.: 
2

1
=αβγ , 2

1
=

αβγ
, 8

1
333

=
γβα

   C 

 

Q6  ( )1222 −= eab , ( )164 2 −= e , 
3

52 =e , 
3

15

3

5
==e  B 

 

Q7  Vertical component: ∑ = 0F , 0cos =−+ mgNT α  

Horizontal component: ∑ = maF , 2
sin ωα mrT =   A 

 

Q8  Let ( ) ( )2
1

4

5
−








+=′ xxxP , .: ( ) ( )( )31−−= xbxxP  

.: either A or B. Only B yields the correct ( )xP′ .  B 

 

Q9  ( ) xyxV δπδ 22 +=   

.: ( ) ( ) ( )∫∫ −+=+=
2

0

2

0

22222 dxxxxydxxV ππ   C 

 

Q10  xx sin
3  is an even function and it is 0≥  in [ ]ππ ,−  

.: 0sin
3 >∫

−

π

π

xdxx      B 

 

Section II 

 

Q11a  
( )( )
( )( ) i

i

ii

ii

i

i

2

5

2

3

6

539

55

552

5

52
+=

+
=

+−

++
=

−
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Q11b   

 
 

Q11c  
( )

( ) cx
x

dx

xx

dx
++=

++
=

++

−
∫∫ 2tan

2154

1

22
 

 

Q11di  iz −= 3 , 213 =+=z , ( )
63

1
tan

1 π
−=







 −
= −

zArg  









−=

6
2

π
cisz  

 

Q11dii  icisciscisz
999

9

9
2

2
2

2

3
2

6
2 =








=








−=
















−=

πππ
 

 

Q11e  ∫
+

1

0
2

2

1
dx

e

e
x

x

 

[ ] 1

2

1

2

2

2

log
2

1

2

1 +
+

== ∫
e

e

e

u
u

du
 

( )( )2log1log
2

1 2
ee e −+=  

2

1
log

2

1 2 +
=

e
e  

 

Q11fi  

 

Q11fii  ( )






≥−

<−−
=−=

0,

0,
1

2

2

xxx

xxx
xxy  

 

Let 1
2 += x

eu  

x
e

dx

du 2

2

1
=  

When 0=x , 2=u  

When 1=x , 

1
2 += eu  
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Q12a  

2
tan2

2
sec

2
sin2

1

cos1

1

2

2

2 θ

θ

θθ
==

−
 

Let 
2

tan
θ

=t , 
2

sec
2

1 2 θ

θ
=

d

dt
 

c
tt

dt

t

d
d

dt
d

d
+−=−====

− ∫∫∫∫ 2
cot

1

2
tan2

2
sec

cos1 22
2

2

θ
θ

θ
θ

θ
θ

θ

θ
 

 

Q12bi  1
2

2

2

2

=+
b

y

a

x
, ba >  

0
22

22
=

′
+

b

yy

a

x
, 

ya

xb
y

2

2

−=′ , 
0

2

0
2

ya

xb
mPT −=  

Tangent at P: ( )0

0
2

0
2

0 xx
ya

xb
yy −−=−  

 

Q12bii  Normal at P: ( )0

0
2

0
2

0 xx
xb

ya
yy −=−  

At point N, 0=y , ( )0

0
2

2

1 xx
xb

a
−=− , 2

02

2

0 1 ex
a

b
xx =










−=  

 

Q12biii  ( )00 , yx  is on 1
2

2

2

2

=+
b

y

a

x
, .: 1

2

2
0

2

2
0 =+

b

y

a

x
, 

.: 222
0

22
0

2 bayaxb =+  

At point T, 0=y , ( )0

0
2

0
2

0 xx
ya

xb
y −−=−  

.: 
0

2

0
2

22

0
2

2
0

22
0

2

x

a

xb

ba

xb

yaxb
x ==

+
=  

.: ( ) 22

0

2
2

0 OSae
x

a
exOTON ==×=×  

Q12c  ( )[ ] ( ) ( )n
e

n
e

n
e xxnxx

dx

d
logloglog

1
+=

−
 

( )[ ] ( ) ( )∫∫∫ +=
−

222

11

1

1
logloglog

e n
e

e n
e

e n
e dxxdxxndxxx

dx

d
 

( )[ ] ( ) ( )∫∫ +=
−

222

11

1

1
logloglog

e n
e

e n
e

en
e dxxdxxnxx  

( ) ( ) ( )∫∫ +=
−

22

11

122 logloglog
e n

e

e n
e

n

e dxxdxxnee  

.: nn
n InIe += −1

2 2 , .: 1
2 2 −−= n

n
n nIeI  

 

Q12di  1w  is a °90  anti-clockwise rotation of z  about 1u , 

.: ( )111 uziuw −=− . Hence ( )111 uziuw −+= . 

 

Q12dii  2w  is a °90  clockwise rotation of z  about 2u , 

.: ( )222 uziuw −−=− . Hence ( )222 uziuw −−= . 

Midpoint of ( ) ( )[ ]21212121
2

1

2

1
uuiuuwwBB −−+=+=  is 

independent of z, .: the locus is a fixed point. 

 

 

 

Q13ai  
40

400

40
10

22 vv

dt

dv −
=−= , .: 

2
400

40

vdv

dt

−
=  

( )( )∫∫ +−
=

−
= dv

vv
dv

v
t

2020

1
40

400

1
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( ) ( ) cvvdv
vv

ee +++−−=








+
+

−
= ∫ 20log20log

20

1

20

1
 

.: c
v

v
t e +

−

+
=

20

20
log . At 0=t , 0=v , .: 

v

v
t e

−

+
=

20

20
log , 

v

v
e

t

−

+
=

20

20
, .: 

( )
1

120

+

−
=

t

t

e

e
v  

 

Q13aii  
40

400
2

v

dx

dv
v

−
= , 

v

v

dx

dv

40

400
2−

= , 
2

400

40

v

v

dv

dx

−
= , 

∫
−

= dv
v

v
x

2
400

40
 

∫∫ −=−=
u

du

u

dv
dv

du

2020  

.: cv
x

e +−=− 2
400log

20
 

 

When 0=t , 0=x  and 0=v   

.: 400logec −=  and 0400 2 >− v  

.: 
400

400
log

20

2vx
e

−
=− , 









−
=

2400

400
log20

v
x e  

 

Q13aiii  When 4=t , 
( )

1

120
4

4

+

−
=

e

e
v , 

2

4

42

1

1

400 










+

−
=

e

ev
 

.: 

( ) 















−

=








−
=

+

−
2

1

1
2

4

4

1

1
log20

400

400
log20

e

e
ee

v
x  

( )
( ) ( )2424

24

11

1
log20

−−+

+
=

ee

e
e 









 +
=

4

4

2

1
log40

e

e
e  

 

                                                                                   R 

Q13bi         corresponding angles                            α   

 
                                                            αα P                  alternate 

                                                                                    angles 
 

                                                                       α 

                        S ′                        Q                 S 

 

PSRPRS ∠=∠ , .: PRPS =  

Let 2
400 vu −=  

v
dv

du
2−= , 

dv

du
v

2

1
−=  
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                                                                                    R 

  Q13bii                                                                   α   

                                                            P                   

                                                            αα                 N  

                                                                                     
 

                                                                       α 

                        S ′                        Q                 S 
 

Construct PN parallel to QS.  

.: PNSQ is a parallelogram and QSPN = .  

SPQ ′∆  and RNP∆ are similar, .: 
SQ

SP

PN

PR

′

′
= , .: 

SQ

SP

QS

PS

′

′
=  

 

Q13ci  ePMSP = , where M is on the directrix 
e

a
x = and 

PM is perpendicular to the directrix. 

.: ( )1secsec −=







−= θθ ea

e

a
aeSP  

 

Q13cii  Let ( )0,qQ , 
SQ

SP

QS

PS

′

′
= ,  .: 

( ) ( )
aeq

ea

qae

ea

+

+
=

−

− 1sec1sec θθ
 

( )( ) ( )( )1sec1sec +−=−+ θθ eqaeeaeq , .: 
θsec

a
q =  

 

Q13ciii  Gradient of 

θ
θ

θ

sec
sec

tan

a
a

b
PQ

−

=

θ
θ

θ

sec
sec

tan

a
a

b

−

=  

( ) θ

θ

θ

θθ

θ

θθ

tan

sec

tan

sectan

1sec

sectan
22 a

b

a

b

a

b
==

−
=  

.: line PQ  is a tangent to the hyperbola at point P. 

Q14a  ( ) 44

83
22

2

+
+=

+

+

x

Bx

x

A

xx

x
, ( ) 834 222 +=++ xBxxA  

.: 2=A  and 1=B  

( ) ∫∫ 








+
+=

+

+
dx

x

x

x
dx

xx

x

4

2

4

83
22

2

,  

∫ ∫+=
u

du
dx

x 2

12
  

( ) cxx ee +++= 1log
2

1
log2 2

c
x

x
e +

+
=

1
log

2

2

 

 

Q14bi  The x-intercepts of 
( )

1

32

−

−
=

x

xx
y  are ( )0,0  and 








0,

2

3
, 

and its vertical asymptote is 1=x . 

( )32

1

−

−
=

xx

x
y  is the reciprocal of 

( )
1

32

−

−
=

x

xx
y ,  

.: the x-intercept of 
( )32

1

−

−
=

xx

x
y  is ( )0,1 , its vertical 

asymptotes are 0=x  and 
2

3
=x , and it has a horizontal 

asymptote 0=y . The y-intercept does not exist. 
 

 
 

Q14bii                                 12 −x      

                        )1−x 032 2 +− xx  

                              ( )xx 22 2 −−  

                                             +−x 0 

                                         ( )1+−− x  

                                                 1−  
 

.: 
( )

1

1
12

1

32

−
−−=

−

−

x
x

x

xx
 

As ±∞→x , 
( )

12
1

32
−→

−

−
= x

x

xx
y  

.: the equation of line l  is 12 −= xy . 

 

Q14c                     D 

                                                                         height of rectangle 

 

 

 

                              r               22
xr −      222

ryx =+     

 

 

                             A                                      X 

                                      x 

                                                  

 

 

                                                   b 

                             A         x                           X     a 

 

 

 

                                                 r 
 

Base width b of rectangle: 
r

x

a

b
= (similar triangles), 

r

ax
b =  

Area of rectangle
22

xr
r

ax
−=  

Volume of solid dxxrx
r

a
ABCD

r 22

0
−= ∫  

∫−=
0

2
2 r

duu
r

a
 

∫=
2

02

r
duu

r

a

33

2

2

2

0

2

2
3

aru

r

a
r

=













=  

Let 42 += xu , 

x
dx

du
=

2

1
 

Let 22 xru −=  

x
dx

du
=−

2

1
 

0=x , 2ru =  

rx = , 0=u  
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Q14di   

 
 

PBEPAG ∠=∠  (angles in alternate segments are equal) 

°=∠=∠ 90PEBPGA  

.: APG∆ and BPE∆ are similar. 

 

Q14dii  It can be shown that APE∆ and BPF∆ are also similar 

using the same ideas as in Q14di. 

.: 
PB

FP

AP

EP
= . From Q14di, 

AP

GP

PB

EP
= . 

.: 
GP

EP

EP

FP

AP

PB
== , .: GPFPEP ×=2  

 

 Q15ai  Without loss of generality, let 0≥≥ ba , .: 0≥− ba  

( ) 0
2 ≥− ba , ( ) ababba 44

2 ≥+− , ( ) abba 4
2 ≥+  

.: abba 2≥+ , .: 
2

ba
ab

+
≤  

 

Q15aii  Given xy ≥  and 1≥x  

.: 0≥− xy  and 01 ≥−x  

.: ( )( ) 01 ≥−− xxy , .: 02 ≥+−− xyxxy , yxxxy ≥+− 2  

.: ( ) yxyx ≥+− 1  

 

Q15aiii  From Q15ai,
2

ba
ab

+
≤ . Let ja =  and 1+−= jnb . 

.: ( )
2

1
1

+
≤+−

n
jnj   

From Q15aii, ( )1+−≤ xyxy . Let ny =  and jx = . 

.: ( )1+−≤ jnjn  and ( )1+−≤ jnjn  

Hence ( )
2

1
1

+
≤+−≤

n
jnjn . 

 

Q15aiv  For j  satisfying nj ≤≤1 , ( )
2

1
1

+
≤+−≤

n
jnjn  

is independent of j . Let 1=j , 2, 3, …, n. 

.: ( ) ( ) ( )
n

n n
nnnnn 







 +
≤−−≤

2

1
1....2312.1  

.: ( ) ( )
n

n n
nn 







 +
≤≤

2

1
!

2
, .: ( )

n
n n

nn 






 +
≤≤

2

1
!  

 

Q15bi  ( )zP  has real coefficients, .: the conjugates of α and 

αi , i.e. α and αi , are also zeros of ( )zP . 

ααα iii −==  

 

Q15bii  ( ) 1222 2234 +−+−= kzzkkzzzP  

( ) ( )122 222234 +−++−= kzzkzkkzz  

( ) ( )122 22222 +−++−= kzzkkkzzz ( ) ( )222 1−+−= kzkzz  

 

Q15biii  α , α , αi  and αi−  are the zeros of ( )zP . 

.: ( ) ( )( )( )( )αααα izizzzzP +−−−=  

If α  is a real zero, αα = , ( ) ( )( )22 ααα −+= zzzP  

.: ( ) ( ) ( )222 αααα −+−= zzzzP  

Compare with 

( ) ( ) ( ) ( )
2

222222 1
1 








−+−=−+−=

k
zkkzzkzkzzzP  

k=α , 2
k=αα  and 

k

1
=α  

.: 
k

k
1

= , 12 =k , 1±=k , .: 1±=α  and 1=αα  

.: ( ) ( )( )22 11 ±+= zzzP  

 

Q15biv  ( ) ( )( )( )( )αααα izizzzzP +−−−=   

1222
2234 +−+−= kzzkkzz  

.: ( )( ) 1
4

==− ααααα ii , .: 1=α  

 

Q15bv  kii 2=−++ αααα  where iyx +=α  

.: yxk 222 −= , yxk −=  

 

Q15bvi  1=α , θθα sincos iiyx +=+=  

.: ( )φθθθ +=−=−= cossincos Ayxk  

φθφθ sinsincoscos AA −=  where 0>A  

.: 1cos =φA , 1sin =φA , .: 2=A and ( )φθ += cos2k  

k  is sinusoidal with amplitude of 2 , .: 22 ≤≤− k  

 

Q16ai  Number of arrangements
( )

!!

!

nm

nm +
=  

 

Q16aii  The boxes are different and there is no restriction on the 

number of coins in each box. This question can be considered as 

a partition problem of 10 identical coins in a row with 3 identical 

partitions. 

○○○○○○○○○○||| 
 

The example shown has the 10 coins in Box 1. Box 2, Box 3 and 

Box 4 are empty. 

Number of ways 286
!3!10

!13
==  
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Q16bi  ( ) ( ) ( )
( ) ( )yx

yx
yx

11

11
11

tantantantan1

tantantantan
tantantan

−−

−−
−−

×−

+
=+  

xy

yx

−

+
=

1
, .: yx 11 tantan −− + 









−

+
= −

xy

yx

1
tan

1
 

 

Q16bii  Prove 








+
=









 −

=

−∑
1

tan
2

1
tan

1

1
2

1

n

n

j

n

j

, 1≥n  

1=n , 








+
=









 −

=

−∑
11

1
tan

2

1
tan

1
1

1
2

1

j j
 , both sides 








= −

2

1
tan

1  

Assume it is true for kn = , i.e. 








+
=









 −

=

−∑
1

tan
2

1
tan 1

1
2

1

k

k

j

k

j

, 

prove that it is also true for 1+= kn ,  

i.e. 
( )

( ) 








++

+
=









 −
+

=

−∑
11

1
tan

2

1
tan 1

1

1
2

1

k

k

j

k

j

. 

( ) 










+
+









=










= −

=

−
+

=

− ∑∑ 2

1

1
2

1
1

1
2

1

12

1
tan

2

1
tan

2

1
tan

kjj
LHS

k

j

k

j

 

( ) 










+
+








+
= −−

2

11

12

1
tan

1
tan

kk

k ( )

( )
















=

+
×

+
−

+
+

+−

2

2

12

1

1
1

12

1

11
tan

kk

k

kk

k

( )
( )

( )
( )

















=

+

−+

+

++

−

3

3

2

12

12

12

112

1
tan

k

kk

k

kk

( ) ( )( )
( ) kk

kkk

−+

+++
= −

3

1

12

1121
tan  

( )( ) ( )( )
( )( )1222

1221
tan

2562

1221
tan

2

2
1

23

2
1

+++

+++
=

+++

+++
= −−

kkk

kkk

kkk

kkk
 

( )
( )

RHS
k

k
=









++

+
= −

11

1
tan

1  

.: 

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  for all positive integers n. 
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Q16ci  Number of ways in selecting k integers in different orders 

from n integers k
nP= ; number of ways that one of the k integers 

is selected for the second time in the ( )1+k th selection 1C
k= ; 

number of permutations of 1+k integers from n integers with 

repetition 1+= kn . 
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!
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nkn
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Q16cii  If ( ) ( )1−≥ kPkP , then 
( )

( )!
!1

knn

kn
k −

− ( ) ( )
( )!1

1!1
1 +−

−−
≥

− knn

kn
k

 

.: 
1

1

+−

−
≥

kn

k

n

k
.  

Since nk ≤≤1 , ( ) ( )11 −≥+− knknk , .: 02 ≤−− nkk . 

 

Q16ciii  If 
2

1

4

1
−>+ kn , then 

4

1

4

1 2 +−>+ kkn , 

.: kkn −> 2 . .: 12 +−≥ kkn , since n and k are integers.   

.: 
4

3

4

12 ++−≥ kkn , 
4

3

2

1
2

+
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




−≥ kn   

.: 

2

2

1








−> kn , 

2

1
−> kn  

 

Q16civ  If ( ) ( )1−≥ kPkP , then 02 ≤−− nkk  where nk ≤≤1 . 

.: 
2

141
1

++
≤≤

n
k  by the quadratic formula. 

If 14 +n  is not a perfect square, then 
2

141 ++ n
 is not an 

integer and 
2

141 ++
<

n
k . 

.: 
2

4

1
21 ++

<

n

k , i.e. 
4

1

2

1
++< nk . 

Hence  nk +<
2

1
 from Q16ciii. 

If ( ) ( )1−< kPkP  or ( ) ( )kPkP <+1 , then 02 >−− nkk ,  

.: nk
n

≤<
++

2

141
, i.e. nkn ≤<++

4

1

2

1
.  

Hence ( )kP  is greatest when nk +<
2

1
 and k is the closest 

integer to n+
2

1
, provided 14 +n  is not a perfect square.  

When nk +<
2

1
 and k is the closest integer to n+

2

1
, k is 

also the closest integer to n . 

 

Note: If 14 +n  is a perfect square, ( )kP  is greatest when 

4

1

2

1
++= nk , e.g. when 2=n , 2=k  and ( ) ( )12 PP =  is the 

greatest value; when 6=n , 3=k  and ( ) ( )23 PP =  etc. 
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