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Qla Let u=Inx, ﬂ:l
dx x

J-lnx ju—dx IuduZ%M2+C:%(lnx)2+C'

ﬂ=1 ﬂ=e2".

QIb Let u=x and v=lezx, ,
2 dx dx

jxezxdx = ju%dx = Iudv = uv—jvdu
zlxezx—jlezxﬂ 1

2 2 dx 2

X2 1 457 1 1
le | ——dx==|——dx=—||1-— ldx
Q J1+4x2 4I1+4x2 4I( 1+4x2]

= l()c—ltanl(Zx)j+c = lx—ltan’1 (2x)+c
4 2 4 8

T ox=6 f 2 1 . .
Qld I dx = I - dx  [Partial fractions]

2)c2+3x—4 ; x+4 x-1

— Rine+ 4)-In(x—1)f = {IHMT L9

x—1 16
Qle Let x=tan@, = ecze,d—tg:;z.
dx sec @
NE)

1

1 1 1
dx = —xe** —J'Eehdx zzxez’* —Zezx +c.

V3 V3
'[ 2\/1+)c '!.

dx =
tan 0\/1+tan 0 !tanzesece

Let u =siné, ﬂ=cos€
de

u de i
V2
3
[ w223
u 3
V2
Qa #=("fi=i.
Q2b —2+3lx2—l:—1+8l:_l+§i.
24i 2-i 5 55
Q2c
——
P /
/ /
/ /
R-—__ | __J0
| s
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Q2d

Qi 2° =—1=cis((2n+1)z), .. 2= Ci{ 2n5+1 ”j '

Let n=0, %1, 2.

. 3 . T (7 (3 .
z=cis| — |, cis| —— |, cis| — |, cis| — |, czs(ﬂ').
5 5 5 5

/ 7 \ AN
4 / \
2745/ \ e
\ .
\ Vi

L J
.
v

Q2fi Let a+bi=+/3+4i.
sa’—b*=3and ab=2.

Hence a =22 and b=*1.

The two square roots are * (2+ i) .

—it\iP-4(-1-i) —i+3+4i —i+(2+i)
2 2 '

2

Q2fii 7=

soz=1lor —=1-i.

Q3ai y =L, undefined at x=0 and x=4.
)

/ ~
4 T==—mm—_ y=-3
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Q4aiii PS=ePM , PS'=ePM’.
PSS _ePM e(%—xo)_ a-ex, ae—ezxo _ NS
" PST ePM’ e(§+xo) a+ex, ae+e’x, NS"'

axis. f (2) is a local maximum value approximately, .. x* =2,

a2 L ()= 20 (). at x =0, L p(2)=o0.
dx dix ’ dx ) ) : L i

y Qdaiv sin @ _sin ZPNS sing = NS’sin ZPNS

1 NS’ ps PS’ '

sin# _ sin ZPNS NS sin ZPNS

> , c.sin =
y 4 x NS PS p PS
v=23 _sina _ PS.NS’sin ZPNS’

———————————————————— "sinf8 PS’.NSsin ZPNS
ZPNS’ and ZPNS are supplementary angles,

Q3bi x*+2xy+3y* =18, . sin ZPNS’ =sin ZPNS .

.. PS.NS’
2x+2y+ Zx% +6 y% =0 [implicit differentiation], From Qéaiil, 5= =1
dy __ x+y .'.S?nazl,i.e. sina=sinf.
dx x+3y sin

sa=fsince a+p<x.
. dy x+y
For horizontal tangent, —=—-———-—=0

bl

dx x+3y B x
sx+y=0,ie. y=—x. Q4bi 0<a’<5.
x4 2x(-x)+3(-x)f =18, 2x* =18, . x=43 and y=7F3. Vertical: Nsina+Tcosa—mg =0...... 1)
The points are (3’—3) and (_ 3’3) . Horizontal: Tsina—Ncosa =mra” ...... )
Q3c P(x)=x3+ax2+bx+5z(x—l)z(x+5)=x3+3x2—9x+5. bt B . _ mg—Tcosa ;
ca=3and b=-9 . Q4bii From equation ( ),N—T ...... 3)
Q3d Solve y=x+1and y=(x—1) simultancously. Substitute in equation (2), T sin & — mg ~T cos a)cosa =mra’.
sino

x+1=(x—1)2,3x—x2=0,.'.x=0 or 3. . . . ) .

R ; Simplify and write T as the subject, T = m(g cos+r@" sin a).
V= IZﬂ:x(x+1— (x—1) )dx = zﬂ-J‘ (3x2 -5 )dx Substitute in equation (3) and simplify,

0 0 mg —m(g cosa+ra’ sin a)cosa . 5

3 N = - =m(gs1na—rw cosa).
T 21z sin &
3 . .
=27 x° Y = > cubic units.
0 Q4biii If T=N,

Ly o . 2x 2ydy m(gcosa+ra)2sina)=m(gsina—ra)zcosa),

Q4ai — +-=5 =1, implicit differentiation, —+——=0. e .
a b a’> b* dx re*(sina+cosa) = g(sina—cos ),
d bz : sin @—cos
Gradient of tangent 2 _ _Tx , 0 = g(sm @ —cos a) - _cos _8[tana—-1 - (4)
X ay r(sina+cose) smatensa | tana+1

2
and hence gradient of the normal at (xo, yo) is L0

b’x, tanar—1
2 ’ Q4biv Solve @’ = ﬁ(%) for @ interms of r and @,
. . a
Equation of the normal is y—y, = azyo (x— xo) . 7t
xO o= tan71 Lra)Q
azy g - ra)2
o ) 0 v — o (.
Q4aii x-intercept of the normal: Let y =0, —y, Em (x xo) , . ¢+ ra? T
0 Since 2>1,.'.0{>Z.
bx, b . §mre
Lx=xg—— = 1-— |x, =ex,. T T
a a Hence —<a<—.
4 2

Hence N is (esz,O).
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Q5ai Since AB is a diameter, ... ZADB =90°.
AAKY and AABD are similar because ZA is common and
ZAYK = ZADB =90° . Hence ZAKY = ZABD .

Q5aii ZABD = ZACD [Subtended by the same arc AD].
£ZDKX = ZABD [From Q5ai].

S 4ZDKX = ZDCX .

. CKDX is a cyclic quadrilateral because both angles are
subtended by the same arc DX.

Q5aiii KX is a diameter since ZXDK =90°. ... ZXCK =90°.
ZACB = ZADB =90° [Subtended by diameter AB].

. ZLXCK and ZACB form a straight angle.

Hence B, C and K are collinear.

1

n

| |
Q5bi I = J.xz’”lexzdx , oI = J.xz(”_l)ﬂexzdx = J.xzn_lexzdx .
0

0 0
Let u =x"", — =2nx*"", and ﬂ—xe”2 , vzle’x2
dx dx 2
I =[”(X)V(x)]i)—jvﬂdx=[lx2” ¥ T —nj-xz”‘lexzdx
" o dx 2 o %
:E_nln—l
2
p 2 1 =k
Sbii [, =|xe" dx=|—e" | =—(e—1
Quo.([)cex[ze}0 (e)
1
h=S-ly=2. L=C-20 =2
Q5ci
f) =SS F)= S )=

For x>0, ¢ >e™, . f"(x)>0.
Q5cii
Since f”(x)>0for x>0, .. f’(x) is increasing for x>0.

& +e°

When x=0, £(0)= > -1=0.

- f(x)>0 for x>0.

Q5ciii
Since f’(x)>0for x>0, ... f(x) is increasing for x>0.

0 0
e —e

When x=0, £(0)= -0=0.

- flx)= € x>0 for x>0.

> x for x>0.
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Q6a Translate the solid 4 units left, and reflect in the y-axis.
The base equation becomes x = y*,i.e. y= i\/; ,X€E [0,4].

Width of rectangle = 2\/; , height of rectangle = x .

<4
4 4 >
v=| 2\/}.xdx=j2x%dx= At 128 bic units.
) ) 55

Q6bi Let B be the remaining zero.

Product of zeros =—1, . —Ixaxf=-1, .. =i.
a

Q6bii(1) P(x) has real coefficients, . B=10 .
.'.5:l e aa =1, |a|2 =1. Hence |a’| =1.

o
Q6bii(2) Sum of zeros =—¢q, .. —1+a+a =—q,

a+a=1-q.

~2Re(a)=1-¢, Re(a):l_Tq.

Q6ci PQ=+/OP*—0Q> =\ +y* -1 .
Q6cii PQ=PR,ie. x*+y’ —r’ =c—x,
X +y —rt=(c—x).

Expand and simplify: y* = r*+c¢* —2cx.

2 2

Qbciii y* = —26(}(— rre

5 J and compare with Y? = —4aX ,
c

c .. c
a= E . Distance between vertex and focus =a = E .

r2 + C2 C l"2 .
——=—_ See diagram below.
2c 2 2

x-coordinate of S =

r2
-8 s [—,O].
2c
Q6C1V \‘y Direlctrix
Pixy) |

/ /
r P cr T PPF2
2/ 2c 2c

2 2
r 2 PO=PR=c—x.

PS=PM =

C
2

2 2
S PS—-PQO= ro2e X |- (c— x) =L , independent of x.
2c 2c
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Q7ai(1) X=g—rv, where g—rv>0. Acceleration due to

gravity is greater than that due to air resistance.

d 1({o—prv— 1
LR S =__(w]=__(_i,
g—rv

dx dv g-rv ri g-rv r

x:—lj[l— 8 ]dv,rx:—v—ﬁln(g—r\/ﬁc
r g—rm r

Given x=0 and v=0 initially, 0=—%1In(g)+c,
r

;_c:éln(g), rx:éln[ & ]_V’xzizln[ g j—z

g—rv r g—-mw) r

Q7ai(2) Given g =9.8, r=0.2,and v=30when x=1L,

9.8 9.8 30
= > In —— = 82 metres.
0.2 9.8-0.2%x30) 0.2

Q7aii When x> L, x=e"(29sint —10cost)+92.

= ? = —Ee‘;é(29sint—locost)+ e‘;‘;(29cost+10sint)
t

= e';é(—2.9sint+cost+29cost+IOSint)

= e‘;‘;(7.1sint+3000st) .
Find x,_, by letting v=0.

Since e‘;‘; #0, 7.1sint+30cost =0, tant:—%

i}

f=tan™ _30 ~1.8032 and
7.1

X =e¢ 1 (295in1.8032—10c0s1.8032)+92 ~117.49 .

Add the height of the jumper to x 119.49 metres, which is

max

less than 125 metres. The jumper’s head stays out of the water.

Q7bi z=cis@, 7" =cisnf@ =cosn@+isinnd
2" = cis(-n8)=cos(—n)+isin(-n6)=cosn@—isinné.

s 72"+ 77" =2cosnb .

m

Q7bii (2cos8)" =(c+27'f

2m 2m 2m
— ZZm + Z2mflzfl + ZanfZZfQ +. .+ Zerlzferl
1 2 m—1
2m 2m 2m
+ Zmzfm + Zmflzfmfl +.+ Z1Z72m+1 + Z*in
m m+1 2m—1
2 2 2
— Z2m + m Z2»1—2 + m Z2»1—4 +. .+ m ZZ
1 2 m—1
2m 2m 2m
+ + Z_z +.+ Z—2m+2 + Z—Zm
m m+1 2m—1
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2m 2m—4 2m —2m+4
+ V4 + Z +... :
[ ) j ( I 2] Note

Gy (B

. (Zm](ZZ,M + Z—2m+4)+ _{ 2m ](zz + z_z)+ (zm]
2 B !

2m
= 20052m9+( chos 2m— 2 ( 5 ]2005(2m—4)€+

o]

m 2m
2{cos2m€+( Jcos 2m—2)8 ( 5 ]COS(Zm—4)9+

)

Q7biii (2cos@)" =2*"cos™ @,

L

2m

cos™" 6d6 = (2cos8)"do

O 0N
O ——yolN

s
2

2 2
= %J‘{cos 2m¢9+( ;njcos@m— 2)0+[ ?jcos(2m—4)0+...

0

( sz l(zmﬂ
+ cos20+— do
m—1 2\ m

2 {sianH [ijsin(Zm—Z)H (ij sin(2m—4)@
—+ — —

2 om 1) 2m—2 2 | 2m-4

2m \sin20 1(2m)\ |*
+ +— 0
m—1 2 2{ m o

_ 2| Lemz
212\ m )2

Sine of 0 or multiple of 7 equals 0.

T (2m
= 22m+l m

Q8ai cotf = ! =

1 1—tan?? 1 tan £
tan @ 2 tang - -

2 _
2tan? 2tan? 2

o o
=—cot———tan—.
2 2 2 2
1 0
cot@+—tan— =—cot5 .
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14

1 1
Q8aii From Q8ai, cot€+—tan£ =—cot—.
2 2 2 2

X X
tanE =cot——2cotx.

1 X 1 X .
Z — tan— = ——cot——2cotx is true for n=1.
~'2 202 2

Assume it is true for n=k ,
k

. 1 X 1 X

i.e. z?tan—r =——cot—-— 2cotx.
~'2 2 2 2

When n=k+1,

k+1

X L X 1 X
Z 5 tan? = Z Y tan?-l- 2{k+1 — tan Sk

r=1 r=1

1 X 1
= cot—k—ZCotx+—ktan
2

2k—1 2k+1

1 x 1 1 x
=—|cot—+—tan—.—- —2cotx
2 28 2 22

1 (1 1 x
=——| zcot—.— —2cotx
2 2 22

SH| 1 .
Z:—_ltami = —_lcoti—Zcotx is true for n =k +1.
= 2r 2r 2n 2n

Hence, it is true for integers n > 1.

Q8aiii
1 X 1 X 1
Z —tan— = ——cot——2cotx =—————2cotx,
~2 2" 2 2 2 tanz'in
X X
As n — o, tan — = —.
2 2
R al! X
Hence, hmzﬁtan—r - ————2cotx=——2cotx.
noe b=l 2 2 24 X
. 1
Q8aiv Let x=—, tan—+—tan—+—tan—+......
8 4 16
n z
= lim tan—2-
n%w; 2r—l 2r
T 4
=—-2cot—=—
z 2

n
1 1 n 1
Q8b Asmall < J‘ _d‘x < Alarg(' ,» —< ln — | <—
X n n—1
n—-1
1 n e 1 n-=1 1 _1 n
e/x < < en—] s e n > > e n—l s e n—l <
n-1 n n

T e g
n n
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Q8ci Let A, represent A, wins, and Aji represent A, wins in
the ith draw.

For any one, in a single draw, probability of winning = p = ! ,
n

and probability of not winning= ¢ = 1—l .
Pr(A,) = Pr(A 1)+ Pr(4,2)+Pr(4,3)+..... n
AW=p+q"'p+q”p+q"p+...

W= p+q"(p+q"p+q2"p+q3"p+ ...... )

W=p+qg"W.

.o _ 1_ mn
Q8cii W, =p+q"p+q™'p+.. +q(’" l)npzpl——;[”)
[Sum of a GP with a=p and r=q" |
From Q8ci, W = p+4q"W , .'.W=1 P —.

—-q

W 1 mn
PRI T S
w1 ( nj

e Y _u
From Q8b, ¢ ™ <(1——j <e',and e "' — ¢! for large n.

n
'
1-—| =e  forlarge n.
n
W 1’"" mn
== =1-le") =1-eT"
e G )

Please inform mathline @itute.com re conceptual,
mathematical and/or typing errors.
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