QUESTION 1
(a) Let u = secx
du = secxlana dx

3
Jm_c xtanx dx = | sec” x(secxtan x) dx

a--«l’u.'J n
= ,lu“!-u
3
= le—'-‘. e

“J dx
PR T |

& J _odx
(x+1)°+1

e tan!

b __dx
P 42r+2

(x+1)+e,

x = A -|-—B—
(x+3)x-1) xa3 x-1

o= Al -1)+ Bla+ 3,
Let x =1 = 1l e dR8 :_,B:l
I

Let £ = =8 =0 -3 = 44 == A = 3
J cosiE :
(x+3)x-1)

1 3 1 .
Jud* TG

- ﬁin{.ﬁ-.‘il+z]n':;—1|+c

5
(d) ( ¢t cosy dx

- cos .\.] l et K4 (cosx) dx
dx

N
{ 3 E
|

+J e“sinx dy
[}

[

=

¢ ms-— _— LDSU

7

= =1 [u' sin \]' e L igin g dy
0y dx

(=15

2 = -
= o=l el [ e¥eosx dy
Ju
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(e) t = tan -!
0 = ..’.L-m" t
o
di) = "—‘“
12
When 0 = %
When 0 = 0,
Now I . do.
1y 2+cos

=
b

:
EJ e¥eosx dy = ¢ =1
0

7

L 5 e
= 1 =2{" 4+ 20

a
QUESTION 2
@) z = 142, = 1+§
() 210 = (1+2)0 -0
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[,; efeosy dy = -é{._)i = |J_

dt

(b) 0= Rez =2 ~ vertical strip

= 2 — cirele centre

lz—l+| 1-1, radius 2
linz -
g
Rez
(e) Plz) = 21z sz 20, r, s are real.

(i) Since all of the cocflicients of P(2) are real,

any complex (Lhal is, not real) rools occur
in conjugale pairs,

So if 2+ i is a root, so is ils conjugate 2 - L

(iiy METHOD 1

Lel the other root be ct.

- ; 20
G2 il . -2

(2 + 1 et i

[+ —F)a - =20

Seg = =20

e -4

- PLo) - [=-(~4)][»—(2+n][z—(2—n]
= (z4 -ll[ o dza n)

{Product of rools)

METIOD 2
Combining the known factors:
(z=2-MMz-24+1 = (z-2%+1
- 2t dz45
P(zy = (:3 —dz+ :3](: + ),
where the fuctor = + 1 has bLen found
Iy ¢qualing Lhe coelficient ol 2% und
the constanl.

(dy Prove (cos0 —isin ) = enstni)) ~ isin(ni).
LIS = (cos0 - isind)!
= ensll -isind,
RES = eos(1 x 0) = isin(lx0)
- cosi! = isind
= LIS,
So Lhe resull is true whenn = 1,
Assume Lhe result is true forn = k, Lthat is,
assnme (eost — isin 1% = cos(hy) ~ isinka).
We need Lo prove that the resull is true for
n o= k41, thal is, we need Lo prove

Let n = 1:

2002

(cos® — isin@)ft! = coslk 1 1O —isin(k +1)0.

Now (cosf - isin mhe+1

= (cos@ - isin ¥ (cog ) - isin &)

= (coshkf - isin k(N(cos®) - isin B},
by assumption,

= (coshk0cosf —sin ko sind)
— i(sin k0 cos @ + coskOsin @)
= costhii +0) - isin(k0 + )
w costh + )0 - isin(k + 1) 6, as required.
We have shown that il the resull is true for
n o=k, thenitistroeforn = k+1. Smce it is
true forn =1, itistrue forn = 1L+1 = 2, and
hence forn = 2+1 = 3, and soon. By Lhe
principle of mathemalical induction, the
result is Lrue for all positive inlegers n.
(e) () 1-2 = 1-2cost - 2isinf
1-2z = (1-2cos0) +2ising

(i) e -
-2

(1-2cosd) +2isin0_
(1-2cost? + 4 sin®v

(1-2cosh) +2isint)

1— dcosf + 4cost 8 + dsin® 0
(1 - 2cosf) + 2isint
5-4cost) ’

1 1-2cos8
l{::(— ) s sl
1-2 5-4dceosh

e
(iii) Im(%--) _ _2sing

QUESTION 3

(a) i) ¥

ST
¥ RS o
f i TS T
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(i) ¥ = f(x)

Sketch 1. @1,

includes
this point_
4

(i) y ~ f( _\:) i
‘ ”\J /\"Hﬂy
\/ T PR Y ! ie 3
i E, | U C

y 1
| et
1- ' -
-
9! . 3 P
T ! § L 'i-l X
0 'y - !
: .. 1
. " ° '
r Hy = ln(f(x))

{b) (i} To find the gradienl at P:
xy = c?
oy . s bl T
x— +y = 0, dilferentiating implicitly,
dx
dy ¥

dx &

OR y=
dy

dx

P
OR x=cp y = =
P
gy,
g d‘P , differentiating
dx dx  parametrically,
dp

C
-
n-
c
e
o
The tangent al I’ is
c 1
- = === (¥ =
J P ;)2 5

Py —cp = ~xtep

o
x4 prv o= 2ep. —D

(i) METHOD 1
The tangenk al Q@ is x + ¢°y = 2eq. -
Solving W and @ simultaneously,

@ - bg—qﬂy = 2e(p-¢)

2e
¥y s = —t
phg
Subslitule 3 into
> Py
e 2cp
n+q
2ep ( )
X o= ——{ptq-
ot q prqg-p
2epqg
Py

s [2P9T 2
“ipeq pra)

METHOD 2
Since 7T'is given, it is enough to show thal.
T lies on PT'. Since the lorm ol T'is
symelric with respecl Lo p and g, it
follows that il ' lies on T il also must
lie on @7, and hence on the interseclion
of PT and @T'. So, substituting

7o (2P 2 ) g,

P o P+

LHS » 2624, 2 20
P pty
2ep(p e q)
e
= 2ep
= RHS, as required.

(iii) Substilute {cq. 0) into @
cig = 2ep
g = 2p. —t
90
At T, R

dep® S—
= ——, using
3p 3

4ep
3
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e e e 2
. p+a
4 2
e R G
) 3 ap
. qcz
hat is, Yy ow me,
thab xy 5

9
Sinee H:') _ is a conslant, thisis the
equation of a rectangular hyperbola

: i 4 [
wilh eccenlricily e = 2,

QUESTION 4
(a) (i) At P, -xte x4a”
2y yx=-3 =0

(2r+3)x~1) = 0

x =1, =

3
5
Sinee P is in Lhe lirst quadrant, x = 1.
(i) Define r, k and §x as shown in the
diagram.

r‘-
,:,, l/'u' :v=~3 x>
(<l o g X .
; e : Ao x et x?
! /
|
¥4
{
1
1
I- r
1
1
|
1
|
1
1
]
|
)
1
|
RS A x

b= [1-a? )- (J.' " .1‘"!]
S 3o x-2x

AV = Zarh Sx
- 2t D35 2.1:2) .

e "l iy l)(:a-x-‘ax‘f) dx
41
i

(.'} T P 2x3) dx.
-1

- 2

.1 : 4
(i) Vo= Za

Ja -1
.1

- -Irr} (!l = Z}.rz) dx + 0, since 2x - 237 is
u an ndd [unction,

2002

(:_i “ 3.\’3) dx + E:IJ (2.\: - '.’.:c”} dx

At
= [Ex - .\'"‘l
b

- 4x(3-1)
= 8.

(b TSR

C
(i) In DSAR,
2 DSA + 2 ARD = 180° (since both right 2s).
- Poinls D, 8, A, It are concyclic
{opp. £8 are supplementary).

. £ DSA = L DAR (£satcircumference of
circle DSAR subtended by same are DR).

iy In DSTC,
£LDSC = ADTC  (since hoth right £3).
.. Points D, 8, T', C are concyclic
(converse of £s al circumference subtended
by Lhe same are are equal).

. LDST = - 2DCT  lopp. £s of eyelic
quadrilateral DSTC are supplementary),

LDAR, (frnm li).),

£ DCT (ext. £ of eyelic quad.
IABRC equals ink. opp. 2).
£DSR = £DCT
£DST = 1-£4DCT. (l"mm [iil),

s LDSR 4 £DST =

- R. 8, Tarecollinear (adjacent Za are
supplementary).

(iii) £LDSR
1 bul £ DAR

b

(¢) (i) 'T'o get a number exceeding 400, the first
digit must be 4 or grealer.
6 2
Plx =400) = = = =.
£ 179 T3
{ii) For any set of 3 digils, there is only one
arrangement in which the digits ave in
descending order.
No. of possible arrangements = 3!

. P(digits ave in descending ovder) = =
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QUESTION 5
(a) Lel P(x) = 4a® = 27x 4 k and let ce be the

double root. This means that P{ez) = 0 and
Play = 0.

From P(a) = 0, we have 12* =27 = 0

€
a8
4
o = =-‘1.
2

From Pl«) - 0, we have
ko= 27ce - dee®
= (27 - -1(::"’) %t

o
- (27-9) (.t;;)
= =27,
(b) (iy METHOD I (Substitution)
Let P(x) = x? -5a*+5andlety = v-1.
Then if P(x) = 0 has roots e, fand y,
then P(y +1) = 0 will have roots @ - 1,
fi-landy -1,
(y+ 1P -5y« D2+ 5 w0
Ay 3y +1-5y2-10y-545 = 0
),3 -2y Ty+1 = ()
or equivalently, o2 761 = 0.
METHOD 2 (Sums and products of rools)
From the original equation,
e+ firy =5
aff + Py vy = 0
afiy = =5,
For the new polynomial equation,
=D+ (B-Dlee-1) = ce+fisy-3
= 5.3
=92

(=D =1+ (F =Ty =Daly =Dl -1
= aff+ By +ycey = 2ce s fiey)+d
=0-2x54+3

= =T.

(et - 148 - Dy - 1)

= ctfiy = (aff + Sy + 1)+ + f+y)=1
- -5-0+5-1

= -1,

So the new polynomial could be
P2t 4 (<The - (1) = O

or a2t o Tx sl =0,

Xt

(i) METHOD 1 (Substitution)
Let y = x* so HmLP(\!'y) = 0 will have
the desired roots.
(\;")') —5[\1'_)') +8 =10

y-}_y =By+5 =0

3y = 5y-5
¥ - (5y-5)°

2002

[

&

e U5yt - 50y + 25
13- 252 + B0y - 25 = 0,

or equivalently, &% - 2527 + 50y - 25 = (.

METIION 2 (Sums and products of roots)
For the new polynomial equation,

o [12 4t

= ot b fie )V = 20+ iy )

w BEo2x0

= 125,

i pE j]‘"’]': + r"‘(t""

= {afi + fiy + yeo)® - 2oepy s fay)

= D*-2x(-5)x5

= b0,

P2 = (apypr?
= (=B
= 25,

So the new polynomial equation could be
& B .
a® =267 + B0y - 25 = (.

(iii) Since «, pand yare roats, we have
o' Bt 45 = 0
=587 45 =0
¥y -57%+5 2 0
ol 4 gt ;'") - 5(:‘(3 74 ,,:J +15 = 0

e gyt e .'3(:.(J LR ]'3) -15

= 5 x 25 =15, from (ii),

= 110.
@ G) E: X o,
a* b=

Differentiating w.r.L. v
M D ol 7 Beex
Zx ydy or Gy b

H2 [)2 dx ’ dx (1:3' :
\ by ’
Al P(.\‘l, _\'I), nmo= - _‘,l.
=y
S ; b,
woiper s e
Tangentis v -y, il 1)
o a lf'\‘l
MY=2 xyx-ay ’
e YT =0
b= a-
S E
a” b=
X ay
_|-,_. + _].T. a 1' 1]
a= b=
W2y
since =L+ =L w1 us Plieson L,
a” b

(ii) Let @ be the point {.\'2, ‘1-:].
Following (i}, the tangent at ¢ is

R TRy 3

-, -
o N
Since (.\‘(-,, o lies on both 0 and o
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o ' XX,
Mo, Y0 Ly and ___)_n
a® b* «
Henee (,rl, yl] and (_13 ¥2) bath satisty

LA

Vi
+ ;;J:l_! e 1.

; 5
a® b=
Since i“,l # 220w 1 s the equation of a
a” b=

line, and since it passes through bolh I
and @, it is the chord of cantact from T.

(i) S is {ae, 0)

»
Mgy = —0—
xg - ae
u
ALR, xw= =
[
TS 1, [from (i),
a® ¢ since R lies on PQ.
.VI}JI
b a
e -x, b7
i e D
we Yy
ni —-hzl’,\‘l,‘m.').!
Tig |-, ——
l g aeyy
b (x, - ac)
aeYy
Bl s T
afe- )
b* g ~ ae) |
S T aev,, - ol
MY ale-7
b3 (xy - @)
uz_\v:(u
“
“{ay, - ae) : ; 9 ]
- i’v‘l-'——l—~, since b” = a (1—& )
3
M (“[’—
Xy - e
g B
Yy

_-“_0___[,;"'_1;“5] =1

Ll MR <
S SR Yu

Xy —ae

.. TS 1L SK.

QUESTION 6
(a) (i)
o
/1:"1"[‘\
/ ~ R
SRS Bl
vl E "\_ | (;/7
cone b .t‘L SN
“i‘:/
AN
~

Lel N have verlical component AB

£BCA = 90° - £BAC
= LBAD
= £ADE (alternate £5)
= (2
AR = Nsina.
'That is, the verlical componenl ol N
is N sin .

(ii)

mg

Both T and N are at an angle of « with the
horizontal. So their vertical components
are T'sinee and Nsin ot

For the verlical components:
S‘ I = 0 (Newton's law, no ucceleration
s

in the vertical direction),
Tainee+ Nsina-mg = 0
(7' + N)sina = mg
mg
T+N=s ——,
sin o
as required.
Tor the horizontal components:
EF = maosr  (Newton's law, with
centripetal acceleration).
0
Teosc— Neosa = mw-leosa
(since r = £cosct)
T-N = ma“l.
my
i) TalN= —2-
sin
0
T-N = mow-(

mg 2y

When N« 0, —ae = mwt
sin o

“ g

w o= J_ m -
ffgin e

M I, = [" tan® 0 do.
Jo

T
(i) I = [ tand df
JO e

= [-lncns[) :LI

)
= In{cos0) - |n(cus El)
= Inl-In -,%
= In Ja

= Line
0

and horizontal component BC, as shown.
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(i) I, = J tan® =2 g(secug _]_) dd, i < 2In2 <3 since 0 s ¥ = ¥y and Lhe differential OF, = LWP, =~ DBy (given)
0 provided n = 2, ; :‘J} equation unly applies on Lthis domain. AOB Py = APy (SAS)
H Z <« In2 < %, asrequired LBOP - LPPy Py (eorresp. £5 of
- La n-2 2 o 3 4 * . b A a
L AR Osec” 0 d0-1,.o (iti) Usingy = ;‘ when £ = 10 in (1i), congruent Ag)
z QUESTION 7 2 5 .. QFP\P, is a cyclic guadrilateral, since
AT P J tan" -2 G sec® 0 d6 ) (D Shits Vou Ay ﬂ = _,-0(| - _]%l} angles subtended by PPy at O and 1y
0 v ! 2 ! are equal.
S Y . A% 1oyl g .
_ {Lin U] dt dt Ja T Note: £P0P) = LEPP, = 3 since both
n-1 dV , -e isosceles
1 0 As i By (given) [N.H. The pusitive square Tool, AOBPy and ARPyTy ave isosceles.
T w1 A dy ; gince t = 1" implies 1,;,2 s L. (iii) Following a similar argument to that used
L e Fpp e 16 in (i), In ARP P, and AR PP,
n-1 e B T LB = LR (olha-f)
je.  =hoa - Efy BP, =~ PPy = BB (given)
L T dt 0d1 1 2y (given
i) For0 <0< 7 - 2 ARy w ARPDy  (SAS)

0 < tan@ < 1, sincetan@ is (D ? dy _ _k * g e o LPRPy = LR BE (corvesp. £s of
monotbonic increasing . Ay S | oo A2 congruent As)
on the domain, ot 3 o PP, Py are concyclic  (since £s sub-

0 < ten?0 <1 2l | - -4[] 104z {fe 1) e

243 - = 2 at #} and P,
0 < tan" @ < tan”~24, ¥0 A i * are quu:ll).J
since tan"~28 > 0, 2y -2y, = - K - m(z +2 J seconds. Using this and (i), we conclude that the
i - T . = A civele By PPy also goes through 0 and Py,
- e n- - — ———— erqmmy —_—
L tan” 8 d0 < J tan""* 8 d#, \,{ A J - kt o (b (D) 0OF = OF + P and hence O, Fy, Py, By and By are concyelic,
0 - . rYE —(1]
- 24 —_—
that is I . i g e ©ogg ez = ooyt DB
15, n< Laoz @ Equation @ can also he obtained ’ “”_':_‘ wt fofy (iv) From (iii) we know thal OFy PRIy is a
25, = Ifaiz +1I, as follows: 1 . By = 2. concyelic pentagon. We also know thal
. i dt TR _ 5
2gier oy virom ) T S Similarly, BB = 2, and Byly = 5 OF = if‘uF|‘1 ; Py = BB
A ol —— e = |z| fori=0/1,20r3
P L T Uy = arg PyP, - arg OR 3
n 2n-1) e _&}ﬁ o ) n n‘;_, _'” |' ; ,_g ] -1
s oo +C. % - argz; - arg g i’ c
eplacing n by n + 2 in ®, we have ; g [cisf(t B ng[ciq <!] Now [rom zy+ 2y + 23+ 25+ 24 = O,
51 ¢ = vy, whe = = arg|cisic -~ Arg|cls =
I,a< 1, Usingy =~ yy when!t {U 5 we obtain  zy = —|Fp+ 23t Izt )
1 I, = a4y s fi-a L /
fz¢21+ w21, Q - _W%v-i.‘ O = i = -08.
——_—H. T2 1 < 21, [rom (i), 2‘15,,’7\% Similarly, o — So QP - ‘z_.l \ - 1.
1 C - 205l — o = arg [P - avg Iy Therefore OF,P Py Fy is a coneyelic
— < I,. I 1 LR f
20n+1) " Subslilule @ inte = argey - arg ) pentagon with equal sides, and hence is
i 1 R bt = ur oml—arele s a regular pentagon. The exterior angle
Hence 5=y < 1< 50 £ i mglus"“ 5 “l mg["ls e "’)] is fl. The sum of exlerior angles = 2z
) ( ) N
- Rt e ~ 20— (et f) 54 - 2
’ dy = ywy - a5 ) = ox
(iv) Ig= L-1Ip from (ii), ; boza and 8, = arg 3 - arg 2y Biiigg:
4 Usingy = 0 whent = T, “ P e A = - G
= [ ine - = = Y
- %—(é - Il), from (i), 0 = Ui‘,” _k Since /1 < 5 50 < - < 4
i . - it 24 (i) In AR and AR PP Therelore we can eliminate the possibility
= =2+ g2, from (i), ‘5% . MY i LOBDP) = 1ty that 5 = Az, Br. ...
2In2-1 o7 7 ' =a-f 27 i the only possible value of
- 114 ) Substitute @ into @ LD BTy - T, Sofi = + is the only pessible value of §.
From (iii), we have 'J‘_“ - -.f,"l. - Yo 57 - = f
O R - tj LORP, = £ PP, QUESTION 8
2116 g 2‘ 2x4d =AM (1‘7",';J- ’ (a) (i) sin(2m+ D0
17 © 2ln2-1, .1 ; e = Im [cus(?m + 1)0 +isin(2m + I)H]
q . 8 Hence y = -:"'-’lll - T) as required. -
1 i, &7 ] = lm[(cosﬂ +isingm! 1]

Marueancs Exrer

At

on 2

[N.B. The condition 0 = ¢ = T is necessary |
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= Im [{cns{?)"!m 'ty {2’”1* ]} cos™ 8 isin
+ (‘.’.‘.m; 1) cos® L g ?gin? e
4 '(2’"”"' 1) cos™™ 20 ¥ sint o4 .
o 2me 1y jEmal gipdmal g

\om + 1)

= (2’”1'* 1} cos® 0 sin @

(2m 1y | om-u g oon
- cos #sin” 0+ ..
\ 3 )
+ (=)™ ginZ* 1y,
The last term is found from
2m o+ 1\ 2w 2wl -
i 7 sin [ )
L2 4 1)
Sim
- (1"‘) sin®ely

o (=DM sinmel g

(ii) Divide both sides of (i) by sin®***1g,
sin(2m +1) 0
sin®
_[2m+ 1Y cos™™ B sin
1 jsing"‘ Jsing
59 -2 g gin®
L

m+lﬁ

_(2m+ 1) co
Vs sin™ -2 ggint g

b1y sin®"1g

si[l?'m 11 1]

= (Zm_l + ]} col®

. {EH'ISI- 1}00[,2“"_”0+ e (=1)™,

Let x = col” 6:
sin("in_r_i_1_l_{f_

LTS
sin=m 1 I

o (2000 (2 d) me
\ i Vi

1
+ (-1
= plx).

plx) = 0 gives roots to the polynomial in x,

sin®? 1 ¢
sin(Zm + DO = 0, where sin®*'¢ « 0
=2 a0
(2m + 1_][1 = f, k=1,8,....m
[N.B. k=0 since ¢ = D.]
g - e :
(2 + 1)
. plx) = 0 has m distinel voots:
ke

] §
oty = col® -——] k=1,2.., m
k [2.'71 +1/) > ;

ks 1,200 m.
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| (i)

(iv)

et 3
The roots are distinet because col” g
is monotonic decreasing for 0 < # < L,

Note ulso that olher solutions lor k > m
are either nol possible (when £ is a
multiple of 2m + 1) or are repetitions
due to periodicity
of ka af e+ 2m+ Da’ !
ot | = cot"l ----- reeser ]
2m+1 2+ 1

or syminetry

of ha af (2 ]
cut'( L f,,J = cuL'( ﬂL—--L] :
i 2m o+ 1 ) 2m+ | J

(i) ARQR||AEADR
‘ p WL e
af mr AB 2a
* oot . 2m +1 QR = a-x, since AB = Za.
" Ki = a-x, since KL = QR.
=¥ iy, [N.H. Sum of roots of pl’_r).J
P [0 S D
N .
_2m+ 1) \ a-x /
SO O & - i
[2m + 1)
1
C m DEm)(2m -1 e 1
3! 2m ]
L om2m-1)
7= g
| i
colf < = | 0<t = .
[} i 2
Substitute ¢ = —=F . ST wamll e
Substitute ¢ = P Similarly, “\‘P“’Ti“ AFCD
cot| KT} . Zmal . ST _axx
L2m+ 1) 133 . cn Qi
NB h=1,...,m = 0<t< “_E ; ST = ¢ +x, sinceCD = 2a,
) 2 = LA = a4 x, since LM = ST,
ot ATy L Gme D A ! h g
£ (jm 1L 5 SINCe Area of KLMN - E(fl - X ?Eu 4+ x)
= o - x,
ot { =27 L 0 for &
L[]L\gn_' Y Ofork =1, ..., n.

(ii)

Volume of tetrahedron ABCI

a
= J (ai—xe) dx

.G

,'ZJG (n2 - .1'2) dx

) o
2la 1-%—}
E
KR
Q(u"'—i-!
Y
da’
3

Now apply this to each ol the terms in Lhe
expression in (iii):
mZm =1 (2

.
(2 4 1)°
A
e
2m+ N )
= f_m_+l Logalcp sy L)
- 1= 2= m-
2 (Zma1)? i
i ,.J,V’_L*ll_(_{‘ PO O *i"J’
6 2m(2Zm -1 \1= 9® m*

as required,
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