2001 HigHer ScHoolL CERTIFICATE
SOLUTIONS

MATHEMATICS EXTENSION 2

QUESTION 1

(a) Leluw = tan x. Thendu = sec? x dx.

When x =0, u=0. When x = -j: u=1.
5 1
Therefore J tan®zsectx dx = | u' du
0 0
SIS |
=7
A ]
=L
1

Note that the substitution
u = tan® x also works.

dx dx
(b) J ,,,,, =J i
rP-4x+l J(;—m--u

ﬁgif_t? (wherou = x-2)

u? -3

In(u + Juzﬁ:;) o) ({l)‘;:l’:.)

:-in[-.r—2+ 1-2)2—3]|—c
4
(c) J’“l'[‘5 dx = J ¥ Inzx dx.
e T ¢
Letu = lnx, dv=x""dx
-1
. X S ¢
Then du = ;d:r, v= = -

Therefore

4 -
J ELJE dx = [fwlaln x| -
P I.! X 3

1 Ind..l¢,1
T A i e
= 2o L(tvind)

4 1
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1
(d) Letu=+ve—-1= (x-1%

Then du = —(x-l) g dx = 2

= 2 du and u©?

\rx 1
3 l+x=u+2
Whenx =2, u=1.
When x =3, u - '\E

Therefore

dx

J: 1

=x-1

3 2
LrX gx= J’ 2[:12 +2) due
1

ng—l

b
= 2|5 yon
3 \

]

= 2[[1‘?— fzﬁ} = (% +2)]

= %(HJE -7)

5x% - 3x+1 - ax+1

(x2 + 1)(: - 2) B

(e) ()

(ax + 1](1:

5]

x"+1 x-

b

Therefore (ux + 1)(: - 2) + b(12 + 1)

= 5xt-3x+1.
Substitute x = 2

; 4
CoefTicient of x™:  a+

Gy Sf-u-:h:kl e
(x“ + 1)(.:—

21, 3 ) 4
-'41 I"2 :

2
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3 ]
+ dx
J[x 1 el x-2
= In

15
3.
5
2,

[by )]

I rl)&tm rrdln(x-2)re x>2

2
2) + b(;\:2 l—l).

(: + 1){:: -2)
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. 1n(x2+1}(x—2)3+ tan'xre x»2.
Note that for x <2,
2
5.1 -dx+1 dx
(x* + 1](x -2)
= ln(::2 4 1)(2-— x)“-l tan~! x+c.
QUESTION 2
(a) zw = (2+ 314 0)
=2+26+3-3
= —1+5i
1_ 1 1-i
w 14+i 11
_ 1=
1+1
) P 1
St
) & |1 = ( [J‘) =
Jf P
arL(l+\f—:) = tan~ (T =3
1+-ur§£ = 2(::05% + 255:1-_’15)
= 2::&5%-.
I 210
(ii) (1+ '}x) = [ (cns,?+1mn F)J
= 2‘D(c05]—0ﬂ— + isin -"—g—ﬂ),

using de Moivre's theorem,

2”’[4:05%’5 +isin i})

—2'“(605% + isin %)
-1+ i)

_512-512431.

i

It

{c) ¥

\ L3
gz = o

v
4
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(d) z'= -1
= cosm kising
= cisn.
z = cis(z + :JEE) nan integer
4 4 )

5y ol i) o 2)

(@) (i) BA = zy--2zy and HC = z;-z,.

Rotating BC anticlockwise by 90° gives
HA, Hence, z) -2y = i(z;, - 22).

Squaring both sides gives
]

O R

(i) OD = OA+AD. But AD = G,

Therefore (}I) = ()Al HC

So D is represented by the complex
number z; - 2. + 2.

QUESTION 3

a) (1 tion - o,
(a) 1115 equation 5 T
(i) xintercepls:

When y =0, x* = 9. Therclore 20
intersects the x axis at (3, 0) and (-3, 0).
Eccentricity;
bt = u?'(u."— ]) wherea® = 9, b% = 16,

Therefore 16 = '}(e - 1}

4 2 _ 16
Henee e* 1= B
2 _ 256
et = T

5
[

3

Faci of 2 are (F e, U)
thal is, (-5, 0Y and (4, 0).

(i} Dircctrices are x = 2%
i

; . i

thatis, x = % and x = 2.
9 [

Asymploles are y = 4 i’-\
4]

that is, y = -- —': xand y « = x

T
M
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Martemaiks Exibnsion 2

(iii)

(b) We have

)

(ii)

o

i)
=

a+ff+y =3 —®
et pteyt=1 —@
; L R | .
—d =t = =2 —
a fr

v it eyt
P
= (arfry) -2cpefirs yor).
Thal is, L= (3)2-2(ef + fiy + ).
Therefore off + By 4y = 4.
aff + fy +yx

— + — 4 mme————

That is, 2= —,

Therefore offy = 2.
If e, f, y are Lthe roots of
2 -dxftdx-2 = 0,

then a+f+y = -—? = 4,
afl + fiy +yx = % = 4,
efly = —%: 2,

This is substantiated by the above
working, and thus e, fi, y are indeed
Lhe roots of the given cubic.
Alternatively, a pelynemial with roots
a, B,y is (x-alz- filx-7)
=2 (o ff et
+{afi 4 Py + pdx - ofly

= 2P 3rt rdx -2,

Lot Px) = 2% =% ¢ dx -2,
P = 0.

r=lisaroolofx® ~dx? v dx-2 =0

METIION 1
(=1 is a factor ol IXx).
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The quadratic factor can be found
by inspection:

Plx) = {x- 1)(.\:"’ -2x +2)

L3}

(x- 1)[(1: 1t 1]
(x=1)x—1-i)x-- 1+

By =1, 145 L-iL
METIION 2
Put & =1 into @ and @«
By =2 —@
Pyt =0 —®
From @, y =2-4

Substitute into ®:

(c)

Bre2-pr =0
248 +4 = 0
pE-20+2 =0
_ —2+4-8
B = =
= 1#i

o, fy =1, 1+ 1-1

¥

Volume of shell = 8V = 2rxy 6x

2nxsinx dx.

Sx - r’, e S U T
”

h = sinx

Volume of solid:

n
V= lin ¥ Zrxsinx Sc

Pagye -149

[

B0 S

Ld
'.).JTJ- xsinx dx
]

n

2:{[—1 cos x]:: -J' eus Y (!xj, by parts
i

:’_:r([n:u:; :r:](‘lK + [.siu ::]: )

240+ ) + (0 -]

“ 7 g
2= cubic units,
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QUESTION 4

(a) ()

The turning puinls are at x = -1, 1, 3,
where f(x) = 0.
At x = ~1, f'(x) is decreasing,

so this is a maximum,

At x =1, f'(x)isincreasing,
so this is a minimum.
Atx =3, f'(x)isincreasing,
so this is a minimum.
(ii) ¥ .
Asymptote with gradient =1
Turning
puint,

(b) (i)

-1/ :.\ ‘\

Note:

1. Gradients are %1 at the point of
inflection, both sides of the cusp,
and on the asymptote.

2. The turning points are {~1, 0-G),
(1, -0-6) and (3, =0-4), where the
stated x values are exact and the
y values are approximnate.

Let a be the ovuter radius of the shaded
annulus.
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<

(i K, rand b e rotalal constanls, sowe e
eliminate B and r from this formala and
write it in terms of 0 wnd the varable 4,

J"r;/
o i
/

Nt g
Area = .'r(b“' —~ hz)
b
Velume = EJ n (hz-- hu] dh
u
- b
K]
= '.’J{If""h - }f—
b 1}
i
= bt 2=
J
= %nb:'.

Comument:

Since this volume ecan be written in terms
uf & it does not depend on the values of r
and £, This figure can be a small sphueve
with a skinny hole, or a large sphere with
afat hole. [fyou notice this, then there is
a simple check on the answer.

Tale the limit as r — 0.

The volume doesn’ L change,

The disgram becomes a sphere of radios b,
with a zero velume hole and Lthe correct.

volume of % nb®,

(©) —[Lun'l —=— i tan™! ‘EQJ
dx 2ril
= L o x {xrl) -x

(x+ 1)*
1+ [,,’L] *
x+1
1 -2
+
o (2xe1)?
1+ [— _1.__,)
2xk 1l
o 1 2
(z+ ¥+ x* (24 D41
1 2
Sx? o 2xa 1 et
=0,

Sinee the derivative is zero, Hhe original

function is a constanl. However it is

discontinuvus abx = -1, (x+ 1 = 0) and

1

= -5, (2x+ 1 = 0), and s0 may have

different values on the domaing x < -1,
g : : ey 1

1< x < "y amd x> 5
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Mangmaries Exrension 2

2

For 2x+( > Oorx = —%, we can find the
constant by substiluling a suitable value.

For example, al x = O:

tan™! —=E— + tan! ——
+ 2x il
= tan" 104 tan~t L
=0+ &
4
L
1

Thus the constant is ;; :

Although it is not required, it can be shown

that tan™! —Z— + tan~!
x+1 2r11
T 1
1 x>y
= ’;F;E l<x< -5
Ei' x< -1

QUESTION 5

(a) () ‘Ecun be represented parametrically by
z=acas0 and y = bsind,

dy
’ || NS
Then . = A _ Acos@
dx dx ~a sinl
do
Equation of tangenl at, P
beosl
~bsing = ————{x-acosl
% wsind { )
yasind -absin? 0 = ~ xbeos +abeos® 0

xbeos® + yasind = ab (r:o:;2 0 +sin® (})
xhcost + yasint = ab.
xcos8 i ysin 0 1.

[+

Therelore

(i1)
Mgr
bsint0 =) - binl0 +9)
acos(d - ¢) - a cos(l + §)
blsinBeos - costsing - sinfeosd - cos 0 sin @)
alcosOcos P + sin @ sin g — cos U cos ¢ - sin O sin )

-2hcosOsin

2a sinOsing
sheosd
wsinf

[hy [‘)I.

i

Plyagent at i

Therefore chord QR is pavallel to the tangent al P
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(i) Let M= (IM ) J’M‘] be the midpoint of QR.
Then, xy = é—[a. cos(0 + ¢) +a cos(d —¢)]

= ?—J (cos O cos g —sin  sin @
+cos@cos ¢ + sin 8 5in ¢)
= acostcosy,

and  yy = }—’[I: sin(@ + ¢) + bsin() - sp}l

= i)-(.‘;in fcosg+ cosOsing

2
+ 5in Hcos ¢ — cos U sin ¢)
= bsintcosg.
The equation of OP isy = —Q—Sﬂq-x and
acost
since m—q—x = Mrz cosfcosg
acost acosd
= bsintcos¢
= Y

M lies on OP and thercfore OF bisects QR.

Note that parts (3i) and (iii) can be done
using auxiliary circle methods. In the
transformation from ellipse to auxiliary
circle, x values and changes in x values
are preserved. y values and changes in
¥ values are both multiplied by % f
Hence gradients are multiplied by %,
and so parallelism is preserved.

Also, ratios of intervals an the same line
are preserved.

@

OF hisects ZQFOR’, therclore OF°
bisects R’ and hence OP bisects QR,
since ralios are preserved (part iii),

Also since OF isccls ZQFOR', OF is
perpendicular Lo ¢R. Hence QI is
parallel to the tangent at P, since it is
also perpendicular to OF’.

Hence Q12 is parallel to the tangent at P,
since parallelisim is preserved (part ii).

Paga 51
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(b) (i)

(i)

(@ @

Net force = E-nuirm - Fr-mialim

= I~k (k>0)
Therefore
rn%% = F- kvt (Newton's law)
dvi i(F—kv"'].
dt m
& l(ﬁ‘ ‘Akvz).
dx m
dv Rk
dx my
dc _ __my
dv ~ F-mt

Xy vy
dx =j 2,
,[,, v F - kv?
where x = x; when v = v,
and x = x; when v = vy,
- 2 2k
2k v F - k?
.. Distance travelled
R i e i 2
= [lng,(F kv )]ﬂ assuming F > kv®,
= M op (F - k2]
o [IQLE{F Jev ]]vz
- m v ) - o
ey [lug'(f' kvl) ]ng,(}' kt.l)]
o mp [F2RR)
2k F -k
Note:
The assumptien that & > kv? is reasonable

L= X) = v,

since it is likely that ié-li > 0 under full
power.

However, if by some chance the submarine
is poing faster than its normal full speed,
then this assumption might be wrong.

A similar working, with lagz(»&w2 - F)

as the integral, would lead to the same
result.

METIION 1

There are [242) ways to choese Lhe group

of 4.

Then there are (13
. 5

group of 5.

Then there are G‘:’] witys Lo choose the

group of 6. !

) ways to choose the

Then there are ("} = | ways lo choese Lthe
final proup of 7.
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Therelore Lhe mumber of ways ol choosing
the four groups is

oo\ 18Y1a) L 22 18l 1
(4)(5IGJ TR TR

ol

e
METHOD 2
There are 22! ways to arrange the
students. Bul those in the group of 4
can be rearranged in 4! ways, those in
the group of § can be rearranged in 51
witys, Lthose in the geoup of 6 can be
rearranged i 6! ways, and those in Lhe
group of 7 can be rearvanged in 7! ways.
Therefore there are I wiys.

45t al

(ii) The students in the group of 4 can be
arranged in 4! ways, the students in Lhe
group of § ¢an be arranged in 5! ways,
the students in the group of 6 can bo
arranged in 6! ways, the students in the
group of 7 ean be arrangred in 7! ways,
while the groups can be arranged in
(4- 1) = I ways,
Therefore, there are 31415 617 ways,

QUESTION 6
(a) (i)

A\
mg
Using Z & = ma (Newlon’s law), we have:

Horizontal components:

2
- my
Nsino + Feosoe = —,

X r
Vertical companents:

Nesa—- Fsino-myg = 0.
Rearranping:

Fsine = Nceoso -mg 1)
4
. v . o
Frose = —- - N sin . --(2)
.

(i) D xsina:
Fsin?a = Nsin e cos i - mgsin ex.
@ x eos o

u

o 4 my :

Fros®™a = —==-cos - N sin ¢ cos .
x

Adding gives:

S C0S O = TILET SEn O

" [T
= et - grian tz) m--:'--li_
r

Page 52



Man nanics Cxrension 2

(iii) Por no sideways friction, sel I = 0 at
vy = 100 kin b
= l;}(ﬂ m sl
AV
v - gritanea = 0.

: i’
N.B. cosx # 0 since ¢« < 3 J

2
100
REH

200 % Y-8
@ 3 ulaye (= 210 2).

tan e =

(L)

() ZAET = ZADB (Corresponding, CT|DR)

ZADR = 2 FAT (£ between chord and
tangent equals £ in
alternale segmunt),

o ZAET = 2ZFAT (Both = ZADD).

Also,
ZATF = £ETA (Common).

So ATFA'BATAE {Sume angles).

i TA _ TF  [Sculervatios of
(i TE 1A similurAsin (D).
s TE.TF = TA%
Bul TA = TR (Tangents from an
exteraal point
are equal).
TE.TF = TB*
(i1i) ZBTE = £FIB (Common)
I E, from (ii),
o T
AEHT!HA BFT (2 pairs of corresponding
sites are in propurtion
and their included Zs
ure aepual).

(iv) 21Dl = 2 IPBT (£ between chord and
tangent equals £ in
alternale segment),

LNT = £ BET (Correaporuding,
aknt||a sy
ZBET = ZEBD (Alternate, CT{|DI)

s LEDR = £BBD

- ADEY is isosceles (Buse £ equal),

2001
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(a) z =

QUESTION 7

%(cusﬂ b E8in 0) where 01s real.

: 1.4 .
i) |z] = = since |cosP+ising@f = 1.
@ |2| 5 |cosg +i |
1
G e
1-2 1—%(uost)+isiu())
2]

2-cos0~isind
2-cosfd +isind
_ 2A2-cosf+isinf)
(2-cos @) +sin 0
2(2—cos8) + 2isin @
4-4cos0+cos?d +5int 0
_ A2-cos)+2isind
- 5-4cosd ’
1 ]7 2sin 0
T 5—4cos0

()

Therefore, Im[
1-2

= l4+z+zie 274

(iii)
=1+ %(cnsﬂ +isin )
+ o (cos 20+ isin 20)
+ L (cos30 + isin 30) + - i
o !
(tle Moivre's theorem)
|
= (11- %cnsl}d— ;lfcusﬂﬂ

+ LcosBO b | +i .lsiuf)
2 2

+ L‘,siu 20 + l_sin 30 + J
2* o

1+ L ioso+ i,cus?fn -lfcus:ww-
9 ot ]

L)

- A2zeosh) gt in i)
5-dcosl

! -3x-1= 0. *

Ifx = —f]i isarvotof ax?~3x+ b = 0,

3
p of 2 -«
then KI(E] _J(F) rh =0

apt-dpg® v byt = 0.

(b) (i)

and

This can be written as either
ap” = q(!lpq*qu}

or  by' = p(Sq"" r:p"").
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(i)

In @, 3pg ~ bg? is an integer and g has no
factors in common with p, so ¢ divides a.
In @, 84* —up® is an iuteger and p has no
factors in common with ¢, so p divides b,
ifx = £ isu rational roat of (*), then p
divides —1 and g divides 1.

The only possibilities arex = 1,
Substituting into (*) gives

=1 LHS =1-3-1=0

x=-1: LIS =-14+3-1%«0.

Since neither possibilily works, (*) does
not have a rational root.

1f r+svd is a root of (%),
4 -
then (r+svg] -3(1‘1 s\"z_i]—l = (.
A4 8rsd + 3rsid + SV d - 3r — 3sd -1

= 0,
(r:’ A~ G — ]_) + (:‘ir"'x + 5%l - :i::)wf;
= 0.

The first term is rational so the second
term must be too, Since Vd is irrational,
the only way this can happen is fur the
second term to be zero,
Now d '+ 0, since \fci is irrational.
Hence  3ris+ 6% -3s = 0.
Now since the sceond term is zero,
the first term must also be zero.
e 3rstd -dr -1 = 0.

—@®

—@
Now substitute r - S'JE into (*).
LHS = (r = sJE)'L or - sﬂ] -1

P sV + 3rsPd - Sdd
=dri :isﬂ— 1

(r“ +3rs?d - 3r - 1]

- (3:'25 + 5% —3.\;)\{1;

= 0-0xVd, using®and @
0 = RHS.

Therefore r - svd is also a root of (*).
Now consider r + si'(.! where r, s,

are rational and Vi may or may nol
be rational.

It"ft; is rational, then r+ 5\I'E is
rational. By (i) this is not possible.

Ir \fd is irralional, then r - .\'J:[ is also
aroot. Lel the third root be « and
consider the sum of Lhe rouls.

Since there is no x* Lerm in (),

(=) ofr=sdid) var = 0

o=

I

-2r.,

2001
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(iii)

In this cast W ANi0d voul @ s valional, |
By (i) this is not possible.

Hence (*) cannot have any rool of the fora
r+svd where r, 5 and d are rational.

Substitute x = 2(:115{-} inte (*).

1 :
LHS = {Et:us g—} . Ji[‘.:uu:;%] 1

Beos' X _ Geos T 1
9 ]

anm s
= 2(4“)546 - .h:usl-) -1

9

dr :

= ‘.2cm,~gi =1, using the given
idenlity,

= Zeus= -1

J

1
=axl_
X 5 1

= 0 = RIIS.

o T,
Therelore 2 eos S 5 a roul of (*).

QUESTION 8

() ()

(i1)

Page b

u 3
a~—Zab + b~

)

2 U, since a - 0 is real.
a+ 0% 2 2ub
Jub < w02

et b re)* - dab+ be v en)

= a? 1 6% ket Hub 1 be ea)
- Mab + be v eu)

= a? bt = (b be i)

= %((l2 Fb"’] I %(ln"‘ #-(_"‘!)l %{(:2

= {ab + be v ca)

%(:mb) + ;“5(2.%) 1 %(Zuu)

~{ab 1 be i ew)

= 0.

Thatis, (e+b+e) 2

or Hub v be b ca) <

v

Jeed o+ be o+ ca)
(e tbe).

METHOD 1

Ifa, b and ¢ are the three sides of 2
triangle, thenh <€ a + ¢ (since the length
of any vae side is not greater than the
sum of the other twa).

Therufore, b-c % . —(
Similarly, ¢ s arh
and therefore b -c¢ = 0. et

Combining (0 and @ pives
et bee S oa

|h - «." < .,

Squaring buth sides pives (b - o) < o2



(b) (i)

{ii)

- -

METHOD 2

In the cosine rule, a® = 0% + ¢® - 2becos A,

Now 2be = 20ccos A (since 5 >0, ¢ >0
and cos A £1).

Therefore, -20¢ £ -2bceos A,

Thus b%+e?-2hc < b%+ e? - 2becos A
bty et -2hc £ a?
(h-e)? < a*
Similarly, (e-—-c) = 0®
(0% < A

Therelore

b2 -2be rc* 5 at

2 9caict s bt "\

a?-2ub+b* <
Adding gives

‘.2(.’1"" + b (:2) ~ 2(ab+ be + ca)

s a2+ b+ c?,
and thus o2+ 8%+ c* € ab + be+ca).
But a®+ 6%+ ¢? .

= (e +b+c) —2abq be+ea).
Therefore (z+ b+ ) ~2ab+ be + ca)
< 2(ad v be + ca),

or {a+b+c) s dleb +be+ ca)

e* is monatonic increasing, so
when0<x<1, efse' <d

1 1
So J x%et dx < J- x*3 dx

i 0
_ ql’irzn]l
a+l])
__3
a+l’
21 .]
That is,J x%e¢* dx < ——,
° okl

Consider n = 0:

1 1
J xet dx = J e® dx

[}] 0
= cr]

= g=
So ay = ~1 and b, = 1, both integers,
as required,

Assume the property is true forn =,
B=0,1,2, ...

¢
1
]
1.

END OF MATHEMATICS
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1
Then J e dx

0 L
= J x"“[ie“J dx
0 ox
A

[,:l:‘i Hex r --J’ (k+ Dx*e” dx

¢ (NB. k+1>0)
(e-0)-(k+ 1)((1,, + bke}.

by assumption,

—(k e Dy [1- (et Dby e.
Since k, a; and b, are integers,
so are @ty .1 = ~(k+1)ay and
Bur = 1=k + 1) by

Hence by mathemalical induction
the property is proven.

[}

(iii) o+ br| = a-|-b-§-|

%]qc + b[){. since q > 0.
But ga + &p is an integer and thus

lqa + bpl =0 or |qa+ bpl 2 1.
Hence,
%'qrx + hpI =0 or (—}Iqa + PJpI 2

D=

That is, |u + brl =0 or Ia + brl =

{iv}) Suppose, by way of contradiction, thate
P

is rational so that e = T where p and g

are positive integers.

1
J’ xe® dx= a,t b,e [a,“ by, integers,
v from (ii)]

l"" + h"r,-l, since the integral
is positive, since
Me*>0on0<x<l1

0, % , by assumption

of rationality

2 7‘}, from (iii).
Now consider the case whenn = 3¢

(or larger).
1

'e® dx < Bl .
0 Jg+1 Iy
=
q

This is a contradiction, su the assumption
is false. Therelore e 15 irrational,

EXTENSION 2 SOLUTIONS

+  Page 55

STANDARD INTEGRA.

J-_r" dx
Jg_-dx
J‘u“’ dx

qus axdx
J sinax dx
Jsc:""a.r dx

jscc ax tanaxdx

1
J’u.2 v x? gz
R S
Ja?-x?
1
j-—-—x_z = dx

J—l—(fx
Jxt +a?

NOTE:

T+l

=sin”

1 Illll.

ne-1, x20, ifn<i

=lnx, >0

ax

:lu , a#l
[

1.
—sinax, a#0
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