1999 HiGHER ScHooL CERTIFICATE
SOLUTIONS

4 UNIT (ADDITIONAL) MATHEMATICS

QUESTION 1
1 1
(a) J' xe™** dx = —% —2xe~%° dx
0 0
-]
7
__1r-a_ 0
= 2(e e )
- 1f{4_1
- 2(1 e)
_e—-1
T 2
(b) u=e*, du=e"dx
e~ 1
E dxzj_— B
J\:‘l—e?‘r A 1=?
=sin"'u+C

= sin“](e") +C.

R | ?(2x - 1)+
© j “Zrl g, o J e
EZT 1ln|21 1]+ C.
. 2i9x ax+b ¢
(d) () —2— == .
(x2+4)(x—2) xf+d4 x-2
= x?+92¢ = (ax+b)(xﬂ2)+c(x2+4) —

= ax? - 2ax+bx - 20+ cx’ + 4c
= (a+c)x*+x(b-2a)+4c—2b.

Equating coefficients:

l=a+¢ = c¢=1-a —®D
2=b-20a = b=2+2a —®
0=4c-2b = 2b=4c

b= 2¢c —®
Substituting @ into @:

2v0=2+2a '

¢c=1+a —®
But ¢c=1-a, fromdD

La=0 0=2 =c=1.

Alternatively, substituting x =2 into %

gives 8 =8¢
c=1,
and a=0, b=2follows from @ and @,

2.9
Gi) xt+2x
! [(xz + 4)(:c—2) *

= 0+[ 2222 (si
O+J-u 2x (sinx) dx

r I
= [2xsinx]d—J£25inx dx
Q0 0 &
(9. E. g _ 2
(.. ) 51112 0)+2[cc>s:c]u
= H+2(cos%—cosﬂ)
=r-2.
QUESTION 2
(a) z=3+2, w=-1+i

(i) zw = (3+2i)(-1+1)

= =34 B — 21421
=-5+1.
o D 2 2 . =1¥i
W 0= e T T T
__=2+2i
(-1 -2
_ =2+2i
2
= —1+i.
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(b) a=1+iy3
2
@ ol =41%+({3)
Vi
=2,
A Im (z)

Let 6 =
iﬁ tan@ =
| o =

- : X arg

'1 Re(z)
g 11 _ 9ll1f o 117 1lrx
(ii) o 2 (cos 3 +isin 5 )

(e)

Re(z)

(d 2z3-322+182+10=0

(i) Given that 1-3{ is a root

= 1+ 3i is a root, since coefficients of
the equation are real.

22%-32%+182+10=0 (0=0)

223324182410 = 0
(E:aiEVa,bem)

2z3-33%2+182+10=0
(E: Eq.\‘fabce(l])

273-332+187+10 =0

(a =a forace R).
That is, z is a root of the equation.
(i) Let 3 be the 3rd root:
143i+1-3i+f =%

(since sum of roots = —%)

1999
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-3
2+f = 5
)
5"
Hence the three roots are 1-3i, 1+ 3, —-%—.
OR Using the factor theorem,
223 — 322 + 182+ 10
= [2-(1-8i)][z— (1+8)|(az + b)
= (22 - 2z+ 10)(az+ b)
= b=1a=2
So the third rootisz = —-21-
(e} (i) Method 1
-O_A} =2z
E = f:zl
OB = DA+ AP
= Z]_+ i21
= (1+i)zl
Method 2
|OP]= |OA|><-\/§ since OAP is an
x (isoscelesright A
arg(OP) = arg(OA)+ 2 o 1
4 Jandsin— = ——
J2
—_— _ £ - E
OP = OAX«/E(cosLi +£sm4)
- 28y i)
= z(1+1).

0 = zy(1-i)

Since M is the midpoint of PQ,

(ii)

11/.{(57‘?) = in;ﬂ
_ 21(1+i)+22(1-i)
= 5 i
| QUESTION 3
(a} (i)
yl
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,
i
3
Y - - -
;
X

I
"
@] 1%
=0 : ;
I I
; :
Y i
4
2 2 '
(b) ;—A‘*‘g—_{ =1, P(xlh }’u)
(i) a=5, b=3
b2 = a2(1~e2)
9 =25(1-¢?)
§ o B
- 25
2_ 16
¢ =25
e = % (e>0)
(ii) Foci:  (ae, 0) = (4, 0)
(—ae, 0) = (-4, 0)
Directrices: =x = i%
.5
X = iz—
5
L ox=25 . _ _25
Lx=, X 1

1999

2 2
(iii) %+§7 =1
Differentiate w.r.t. x:
2x 2y dy _
52 32 dx
dy _ _2x 3%
dx 527 2y
= B s
il
Gradient of tangent at P = — 3—2;—"
0
Equation of tangent at P is
32 X
=2 S =——e—|X—-X
Y—=>2u 55 y(}( U)
o, K Fmex x
32 Y 32 - 52 52
nE Y H K0
52 32 - 52 32
= 1, since (xu, yu) lies on E.
(iv) Y ' _ 25
T = P(I'U,yu) :x_ T
7
I
1 >
0 F(4,0) : x
|
|
1
L is the point where %“;+-J§’Ty =1
tsx = 2-_@,
mee =g
o 25 Y
%54 9
Ny _ 4 X
9 s 4
L B 4“960]
g yu( 4
9(d-=x
Coordinates of LL are E, —L——(l)— :
4 4_’)’0
Let grad. PF = m; and grad. FL = m,.
9(4-1:0) —.0
g _ -8 _ dyg
" ?T.',]— ‘—xu‘_4, !’.'12- —'_"'—M
4
2(4:—1:(]]
_ 40
)
4
_ 4—1() .
Yo
Yo 4-xg
oy = ——— X ——— = =1,
i 2 xp—4 Yo

+ Page 59



1999 HicHER School CERTIFICATE

. PF1LF
That is, ZPFL is a right angle,
By symmetry, this also works for the

25
directrix x = — T
QUESTION 4
y A
(a) o b
SRS
3 2
2- %
1 :?E:i
—r i —
""" 91"“"1’ 2 3 4
31';-,
‘ | Let §Vbe the volume
of the cylindrical shell
Y formed by rotating the
curve from x to x + dx
S about the y axis.
6V = 2rx.y.0x
Vo fiom 20V
= I .0
5.:1 A Z L
3
= QEJ xy dx
1
3
= ZJ'L'J x(4x—:c2) dx
1

8
= 27rj dx% - 2% dx

a
3

_ 3_1 4
2:r[3'c 4”CL
& _opgl_q1.1
= 27(36- 201 13+4)
_ 88z

o,

(b) (i) If P(x) has a double root atx = ¢,

then P(x) = (x—a)?Q(x), where Q(a) #
P()*-‘Z(1E 0‘)()( )'Q ('C)
(x-a) [2@( -a)@ (1:)]
Pa) = (- a)[2Q(e J o) Q0]
= 0.
. x = o is also a root of P’(x).
1999
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(i)  A(x) = x* +ax® + bx+ 36
A'(x) = 42® + 2ax+ b
A(2) = A'(2) =0, sincex=21isa
double root of A(x),
» 16+4a+2b6+36 =0
4a+2b = -52
2a+b = -26. —@
32+4a+b=0
da+b = -32. —3
@- 2a = -6
a=-3
b =-20.

(iii) A(x) = x*-32% -20x+36
= (x-2)°Q(x)
= (x- 2)2(12.1:2 +lx+ m).
By inspection, m=9, k=1
x4 - 3x% -20x+36

=
= (x—2)2(x2+€x+9).
Whenx=1,
1-3-20+36 = 1+(+9
14 = 10+ /¢
o

= A(x) = (x- 2)2(.1:2 +dx+ 9) over R

N.B. @(x) can also be found
by polynomial division.

(¢) (i) sin"'xhas domain -1< x < 1,
=~ sin”!(8x+1) has domain -1< 3x+1< 1.

That is, -2 < 3x < 0, that is, -—% <x<0.

(ii) N.B. Rangeis-Z <y< L,
2 2
yj

T
2

y = sin"X3x+ 1)

(ST
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(iii)

¥y = co s Hx)

y = sin”!

From the graph, we see that
sin}(3x+ 1) = cos™'x whenx=0.

OR sin”!(3x+1) = cos™lx
3x+1= sin(cos'lx)

= 1-x?

(3x+1)% = 1-x%.

{ Alternatively, let

1

sin™'(8x+1) = cos'x = y

3x+1=siny

x=cosy

(Bx+ 1) +x%= 1,}
1022 +6x = 0
x(5x+3) = 0.

e o

cox=0 or x= =E
Note: We must check these solutions
since we squared in the working and may
have introduced unwanted solutions.

Atx=0, sin”}(3x0+1) = -725
cos™(0) = Z.

This is a solution.

At x=-3

5
sin'l(3x—%+ 1) = sin‘l(—%) <0
cos'l(—%) > 0.

This is not a solution.
The only solution is x = 0.

QUESTION 5
(@) (i) Let y=x?

- -

Using substitution:f
(Vo) +5(7) +11= 0

Yy +5y+11=0

1999
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OR

(ii)

(b) (i)
(ii)

{c)

(i)

2
(37) = (-57-11)’
y® = 25y%+ 110y + 121,
. 93 —25y% ~110y-121= 0.
2
a?+ B+ y? = (o+ B+7)-2(af+ By +yox)
=25-0
= 25.
(oBy)? = (-11)?
=121.
C(zﬁz-’r ().’2}’2 + ,},2[32
2
= (of +ay +yB) —2aBy(oc+ B +7)
=0-2x-11x-5
=-110.
. y3-255% -110y-121= 0.
a?+ f%+y% =25
This calculation is done in the second
method above, or can be read from the

coefficient of y? in the result from the
first method.

Force is maw?.
Vertically,
Tcos~-mg = 0.
Horizontally,
Tsinf = maw?.

. Tsinf _
" TcosB

ma*
mg

tan @

It

IL"N()rkmrsI Repro |

0 5

dw
dt
de_ 1
dw ~ kw

dw

dt =—1><—
w

ky
B iJ..d_w
k] w

=

= kw when0<¢<s

—llnw +C
kl

—@
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But whent=0, w=1.

-1
0= k11n1+C
=0+C = C=0.
@ becomes ¢ = Inw
ky
kit=1lnw
et = w(t), 0st<s
w(s) = e,

N.B. This full derivation is not required
here. From 3 Unit work we could simply

say: dw

_— = < <58
T kw, 0<t<s.
w = w(0)ek’
= e!':lt_
w(s) = eM*
G) L= kuls), 125
- kze}.'ls
r= he"t+ C.

Substitute r(s) = 0.
0= kel®s+ C
C= —hpe™¥s
r ia;_e"'l“'t - kde"’l“'s
= hpe"(t-5), t2s.

k= 004
r(100) = kye""4(100-5)
Let R = r(100)

il

(iii)

9B — by 0046"44(1005) + ye"47(-1)
= kye"* (4 - 0045 - 1)
= ky(3-0-045)e? 04 -
Stationary points when % =,
thatis, 3-004s =0
§= "
0-04
= 175.
s |<75| 75 |>75
dR
9 | T
R /TN

N.B. The sign of %% can be determined

from the factored form s above.

. § = 75 maximises r(100).

1999 ¢

QUESTION 6
(a) (i) StepI:
Forn=2,  LHS = (1+x)*
= 1+2x+x2.
RHS = 1+ 2x.

Since x%>0, 1+2x+x2> 1+2x.

& (1+x)" > 14+nx whenn=2.
Step 2:
Assume true forn==%k, k22, kis
a positive integer.
That is, assume (1+ x)k > 1+ kx.
Need to prove true forn=k+ 1.
That is, need to prove

(1+2)* 1> 14 (k+1)x.

Now (1+2)**!

= (1+x)(1+ )"
(1+ x)(1+ kx), using assumption,
andsincex>-1= 1+x>0.
1+ kx+x+ kx?
1+ (k+ 1)x, since kx> 0.

A\

A%

Step 3:

We have shown that if the inequality

is true when n = &, it is also true when
n=k+1, Sinceitistrue whenn=2, it
is also true when n = 2+ 1= 3, and hence
when n =3+ 1=4, and so on. By the
principle of mathematical induetion, the
inequality is true for all integersn = 2.

(i) Letx = ~§}t-. If n > 2, then this satisfies

the conditions of part (i), including x > -1,

(1+x)" > 1+ nx.

1Y n
(1_ 211) T 2n
=
=5
O G
[ —2”) > 2 forn=23,
(b) (1) T;w Note: m =1, so forces
' i acting are equal
J : in magnitude to
| g the acceleration.
Y
Newton’s Second Law:  § = g-ku.
.odv
That is, e g-ku.

When ¢ =0, the ball is at maximum height
so the velocity is zero. That is, v(0) = 0.
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" dt 1
(i) ey : (iv) From (iii), v+ ky = —%]n(l— ?u] |
dt p j dv Using (ii),
— dv = :
du g—-kv vtky _ _lln[l— -k*'g(l— e_kﬂ
1 g k g k
t=-<In(g-kv)+c —®
k = ———ln(e"k‘)
Note: g—kv > 0.
Initial conditions: ¢=0, v=0. = —%- (—kt)
0= —%lng+ ¢ . =t
c= llng.
k1 1 (v) Max height: k= 1|~ £10g,[EX2Y
From®, t = ~¢In(g~kv)+2Ing vy ax. nelghk k= Pl
t= —%In(‘g;kuj Time toreach h: ¢, = %logg(g+gku).
g—hv The ball reaches ground level again
=kt = In P when y = h.
O Let T), be the time taken.
= P ' _ Vis the final speed.
-1- kv T, = V+kh, from (iv)
¢ vV k
= ﬁ. = ~kt = — 4 = h
v = 7 (1 e ) g g
N.B. This applies for ¢ > 0, that is, for ” KJ,EE[ - Eloge(g+kUJ]
the downward motion. g & k k g
V.U 1 + kU
(iid) b b E’Lghzlog”(g g ]
J o Tis the total time in the air,
GBY. g Bis so T=¢+T)
dy I I
dv _g-hv =;10g“(g+w]+z+g
dy v k g &
dy _ _wv 1 g+kU
dv g—kv kR
__1 —kv Y U
k g-kv T g g
__1 g-hkv-g _V+U
k g-kv i T g
v g-r (vi) If air resistance is ignored, then V= U.
g :
—ky=v+ ;—61“(3_ kv)+ c. Also, U >V, since air resistance must
Wheny=0, v=0, (a) reduce height, and (b) reduce speed
on descent, both of which reduce V.

0=0+LIn(g)+c |

gk | Therefore V,, > V, and so
¢=-glne | 7, - UtV
g
—ky = v+ En(g—kv)-Ein
5 In(g-kv)-Sng _uev
= v+£ln(-——-gkku} &
RN =7
That is, %ln(g—;kg]+v = - ky. & THyET.
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QUESTION 7
(@) (i) Y

Equation of the tangentisy = x— 1.

3
Shaded area = j > Inx dx
1

< area of AABC
x ABxBC

X

2| =
X
[a]

0= 0] b= b=

3
lenx dx < =,
1

(iii)

In x is concave down, so the tangent at
x =k is above the curvey = Inx for all £> 0.

k+l

2
"

7

Inx dx < area under the tangent
from x = fe--zl- tox = k+§1,

provided & > 1%, that is, for k=2, 3, 4, ...

Area under the tangent

= area of trapezium

= area of rectangle (see diagram)
=Inkx1

= Ink.

Hence j

hed

flnx dx < Inkfor k=2 8,4,...
53
2

1999

n
(iv) j Inx dx
1

i 5 1
=J.2 Inx dx +Jz Inx dx +J21nx dx
1 3 5
2 2

/[
_l
n 2

(n- 1)-1-_[

i

n-=
+---+J .2 Inx dx + Inx dx

i} —
n

<l+]n2+]n3+---+ln Inx dx,

8

from (ii) and (iii).

113 n
Now J Inx dx <J Inn dx
n-i n-1
2 2
= %h‘m.
y -
Inn
i T x

’

|
I P}

n
SoJ Inx dx < §1+]n2+]n3+---
1
+ln(n~1)+%]nn
for n=2 3,4, ...

n
(v) j Inxde=nlnn-n+1
1

Using (iv),
nlnn-n+1l< §1+1112+]n3+---

+In(n- 1)+%1nn

8
<In2+In3+--+In(n-1)+Inn

= 1n[2><3>< cex(n- 1)><n]
= In(n!).
" Since e* is a monotonic increasing

In(n) . e(n+ :}:)].nn—n+ 2

2 (n+§1_)lnu—n+1—

function, e 8

i
]

1
n+e
That is, n! > ™ Ixexe

ol w

1
n+ -
=n Zxe'xe

= e%n"ﬁe‘” forn=2,3,4,...
(b) (i) P(not getting four and losing)
= P(1-0)+P(1-2-0)
=g+ pq
q(1+p)
1- p%l.
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(ii) P(getting four once and losing)
=P(1-22-54-53-51-0)
+P(152-54-53-51-52-0)
= ppqqq+ ppaqpq
= p*¢®+ pigd.
P(getting four once and losing)
=P(l-2-34-3-1)
x P(not getting four and losing)

ppga % (q+ pq),
p*a*(q+ pq).

OR

from (i)

(iii) P(getting four twice and losing)

=P(1-52-54-53-1)
x P(getting four once and losing)

= p%g?x p2q2(q+ pg), from (ii)

= (p%?)’(a+ pa).

. P(losing) = (g + pq)[l-# plg+ (p2q2)2
+(p2q2)3+--}

where a =1,

r=p2q?

a
(a+pg)x 17

_ _a+pg
1- piq®

[ ] [
i
NG

For p = %, q= % and P(losing)

(S ,]_.
&l

(3, 3=

. P(winning) =

QUESTION 8

(a) (i) 2 n

P = COS—;Y—"FES]H—?—'

7_ 2r ;. 2\
P —(cos,? +isin 7)

= cos2m +isin2mw

= 1.
. pisarootof x”-1= 0, thatis of
(x- 1)(x6+x5+ ot 2t 1) =0.
Since p# 1,
then p satisfies x®+x°+- - +2+1=0.

Thatis, pP+pP+p+ - +p+1=0.

(ii) Since coefficients of x>+ ax+b = 0 are real
and & = p+p? + p* is a complex root,
then & is also a root.

v B=0=p+p+pt
=p+ptept
= pb+pB+ p?,

1999 +

since p = P&, EE = p® and ETI = p
as the follewing diagram illustrates.
Im(z)

(iii) @ = - (a+ B)
—(p+p2+p5+p4+p5+p5), from (ii)
1, from (i).
b=off
= (p+p2+p*) (" + 0%+ p%)
= p4(1+ p+ ps)(1+ p* +p3)
= pH(1+ p2+ PP+ p+p?+ pt+ PP+ pBa pf)
= p4(1+ p+pt+p? +p4+p5+p5+2p3)
= p*(0+2p°)
=2p’
=2,

(iv) From (iii), the quadratic equation is
x+x+2 = 0.

X =

o Im(a) = £
However, a = p+p?+p*.
From the diagram in (ii),
1m(p+p2+p4) > 0.

. Im(a) = iz_l
Now,
Im(a) = Im(p+ p*+ p*)
= gin 2% 4 5in 4T 1 sin 82
= sin 7 + S1n 7 +sin 7
= sin2E v gin(m—SE) ¢ o il
= 8l 7 +Sl[1(ﬂ.' 7)+Slﬂ(ﬂ'+ 7)
= §in 2% 45in ST —gin X
= sin 7 + s1n 7 Sll’lI7
V1

= — ired.
5+ @s require
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(b) E Radius:
” Let the radius of .4 be R.

v _ popn OC
Now PC—PC-OC

R L from (iii)
= -W, To1m (111

__kR
OC*- R%’

(i) Draw a tangent to .4 from O, touching at 7.

. OT%= OPxOP” (square of tangent -
= product of intercepts)

Since O, T are fixed, OP x OP” is constant.

. OP” OP- OP” /
(ii) = °

OF’ ~ OP.OP O

or? = - :
A which is a constant since

OT and k are constants.

I

(1i1) AOP"C|||AOP'C’ (equiangu]ar)
OC  OP”  (corresp. sidesin sim. As

. oc’ ~ OP' in sameratio)

As P moves around .4 from A to B, OP

2 s 3
_ O’l: , a constant (from (ii)). decreases, which means that OP’ must
k increase (since OP . OP’ is constant).
Since O and C are fixed, OC is a constant Thiis P*inoves arotnd its alicls
2
and so OC' = O%Fz .0OC is a constant. from A’ to B’,

So the locus of P’ is the whole circle.
Hence C’ is a fixed point.

(iv) Since AOP"C||AOP’C”
P"C _ OC (corresp. sides in sim. As
Pcr T oo in same ratio)
oc’
. Pl L ” .
C'=pPC 0C
Now P”C = radius of .4 and so is constant,

’

% is constant (shown in (iii)),

.~ P’C’is a constant.

Since C’ is a fixed point, P’ must lie on a
circle with centre C’.

To describe the locus of P’ fully, we need
to establish whether P’ traverses the
whole circle,

Also, we could find the radius of the circle
in terms of the data.

END OF 4 UNIT (ADDITIONAL) SOLUTIONS
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