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SOLUTIONS 

4 UNIT (ADDITIONAL) MATHEMATICS 

QUESTION 1 Alternatively, substituting x = 2 into * 
(a) Jl 2 1Jl 2 xe-x dx = -- - 2xe-x dx 

0 2 () 

gives 8 = 8c 
.. c = 1, 
and a = 0, b = 2 follows from <D and ®. 

(ii) f x2 + 2x d 
(x2 +4)(x-2) x 

= J - ,-2-+ _1_ dx 
x2 + 4 x- 2 

=2 x ~tan-1~+ lnlx -2 j+ C 

(b) u = ex, du = ex dx 
= tan-1 ~ + lnlx-2I+C. 

(c) 

f ex dx = f 1 du 
~ 1-e 2:' ~ 1-u ~ 

= sin - 1 u+C 

= sin-1(ex)+C. 

I 4x3- 2x2 + 1 dx = f 2x
2
(2x-1)+ 1 

2x-1 2x-1 

= J 2x2 + 2x ~ 1 d-e 

?x::! 1 = -3 + 2 In j2x-1j+ C. 

(e) J% x2 sin x dx 
() 

n: 

= J2 
x2 

· ...4_ (-cos x) dx 
0 dx 

[ ]% J% = -x2 cosx 
0

-
0 

2x(-cosx) dx 

n: 

= 0 +J
2 

2x dd (sinx) dx 
0 X 

[ ]% J1 = 2xsin x - 2sinx dx 
(I () 

n: 

= ( 2 · ~ · sin ; - 0) + 2 [ cos x ]: 

(d) (i) -:--:...;..:x_2 ....,.+-=2...;..:x_ = _a_x _+ _b + _c _ 
(x2 +4)(x - 2) x 2 +4 x - 2 = rr+2(cos t-coso) 

= rr-2. 
-I• - .. , ... 

= ax2 - 2ax + bx- 2b + cx2 + 4c QUESTION 2 

= (a+c)x 2 +x(b-2a)+4c-2b. (a) z = 3+2i, w = -l+i 

Equating coefficients: 
1 =a+ c ~ t= 1- a 

2 = b - 2a ~ b = 2 + 2a 

0 = 4c - 2b ~ 2l> = 4c 
b = 2c 

Substituting ~ into C?.l: 
2c = 2+2a 
c = 1+a 

But c = 1-a, from (j) 

:. a = 0, b = 2 ~ c; = 1. 

- (i) 

- ® 

- ® 

- ® 

(i) zw = (3+2i)(-1+i) 

= -3 + 3i- 2i + 2i2 

= -5+i. 

(ii) ~ = _2_, = _2_. X -1+~ 
lW -i+i 2 -1-l -1+t 

- -2+ 2t 
- (-1)2 - i2 

= --'-2=-::+:--:2=i 
2 

= - 1+ i . 
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(b) a= 1+ i.J3 

(c) 

(i) Ia! = ~ 12 + (.J3)2 

(ii) 

' ' ' ' 

: 

' 

=.J4 
= 2. 

Im(z) 

I 

1./3 
I 

1 Re (z) 

Let e = arga 

tane = .J3 
;rr arga = 3 . 

a 11 = 211(cos l~;rr +isin 1 ~;rr) 

. · 

= 211
[ cos(-~)+ isin(- %)] 

= 211(~-i~) 
= 21u _ iz1o.J3. 

a= 210
, b = -210 .J3. 

tim (z) 
(0,3) 
-----· ----. 

.· Re (z) 

(d) 2z3 - 3z2 + 18z+ 10 = 0 

(i) Given that 1- 3i is a root 
~ 1+ 3i is a root, since coefficients of 

the equation are real. 

2z3 - 3z2 + 18z + 10 = o (o = o) 

2z3 - 3z2 + 18z + 10 = 0 

(a ± b = a ± b 'r/ a, b E (!;) 

2:z3- 3z2+ 18z + 10 = o 
(abc = abc 'r/ a, b, C E (!;) 

z:z3-3z2 + 18z+ 10 = o 
(a = a for a E R). 

That is, z is a root of the equation. 

(ii) Let f3 be the 3rd root: 

1 + 3i + 1- 3i + f3 = ! 
(since sum of roots = - {r) 

1999 + 

2+/3= .Q. 
2 

{3 =-1 z· 
Hence the three roots are 1- 3i, 1+ 3i, -l 

OR Using the factor theorem, 

2z3
- 3z2 + 18z + 10 

= [z- (1- 3i)][z- (1+ 3i)](az+ b) 

= (z 2 - 2z+ 10)(az+ b) 

~ b= 1, a= 2. 

So the third root is z = -l 
(e) (i) Method 1 

--+ 
OA = Zt 

AP = iz1 

C5P = DA+AP 
= z 1 + iz1 

= (1+ i)z1. 

Method 2 

JOPI = jOAJ x.J2 

)

since OAP is an 

isosceles right/::,. 
arg(OP) = arg(OA)+ 7t

4 
d . Tr 1 

an sm 4 = "J2 

OP = OA x .J2 (cos~ + i sin ~) 

= Zt X .J2 ( )2 + i )2) 
= Zt(l+i). 

(ii) oQ = z2 (1- i) 
Since M is the midpoint of PQ, 

--+ --M(BM) = OP;OQ 

QUESTION 3 

(a) (i) 

Yt 

I 
I 

y_=_1_- -

0 

-1 

Page 58 

z 1 ( 1 + i) + z2 ( 1- i) 
- 2 

Y = jJ(x)j 

X 



 

._ (ii) y1. 

0 

-- - --1 

(iii) 
y~. 

Y_ =_1_-

__ _ L _ _ ___ _ L- - - - --~~~ 

I 

I 
I .•• 

--

I 1(\1 I I 

I I 
I I 

I I 

I I 
I I 
. . 

I ___ _ 

1 ',, --- -3 _____ .. .. 

P(xo, Yo) 

b2 = a 2
( 1- e2

) 

9 = 25(1-e2
) 

e2 = 1- _Q_ 
25 

e2 = 1.§_ 
25 

y = lnf(x) 

4 
e = 5' (e> o). 

(ii) Foci: (ae, 0)=(4,0) 
(- ae, 0) = (-4, 0) 

Directrices: x=+Q. - e 
5 

X= ± _± 

5 
25 

X= - 4. 

X 

4 UNIT (ADDITIONAL) MATHEMATICS 

(iii) £+ y 2 
= 1 

52 32 

(iv) 

Differentiate w.r. t. x: 

2x + 2y. dy = 0 
52 32 dx 

dy 2x 32 
- - - -x-
dx - 52 2y 

32 
X =--z ·-. 

5 y 

32 xo Gradient of tangent at P = -2 · - . 
5 Yo 

Equation of tangent at Pis 

32 xo ( ) y -yu = -2·- x-xu 
5 Yo 

2 2 
Yo Yo XoX Xu - ·y- - = --, +-
32 32 52 52 

2 2 
XuX YuY _ Xu + 1]_ 
52 +32- 52 32 

= 1, since ( x0 , Yo) lies on 'E. 

. x0x YoY L is the pomt where - 2 + -
32 

= 1 
25 5 

meetsx = 4 . 

.:":!!._X 25 + YoY ~ 1 . . 25 4 9 

YuY = 1_~ 
9 4 

Y = _2_(4 -x0 ) 
Yo 4 

(
25 9(4-xo)J 

Coordinat es of L are 4, 4Yo . 

Let grad. PF = m1 and grad. FL = m2 . 

_9 ..:....( 4,.....-_x--'-0) _ 0 
y11 - 0 4y0 

:. ml = --4, m2 = -~2~5::-_-4-
xo -

4 

%(~) 
= 9 

4 
4 - x0 = --

Yo 

Yo 4 - xo 
. . mlm2 = - - 4 x-- = - 1. 

xu- Yo 

X 
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:. PF _LLF 

That is, LPFL is a right angle. 

By symmetry, this also works for the 

d
. . 25 
uectnx x"'- 4 . 

QUESTION 4 

(a) 

ox·~·· = = ====j"l 
Let c5Vbe the volume 
of the cylindrical shell 
form ed by rotating the 
curve from x to x +ox 
about they axis. 27rx 

oV = 27rx.y .ox 

v "' lim L:ov 
5V~o 

y 

= lim L 27rxy. ox 
o.t~O 

= 27r J:xy dx 

= 27r J>(4x-x2
) dx 

3 

= 27rr4x 2 -x:) ax 

= 27r[txa - -;} x4 l: 
= 27r(36-zol-1l+l) 

4 3 4 

(b) (i) If P(x) has a double root at x =a, 

then P(x) = (x-a) 2 Q(x), wh ere Q(a) t:. 0. 

.. P'(x) = 2(x-a)Q(x)+(x-a)l!Q'(x) 

= (x - a)[ 2Q(x) + (x- a) Q'(x)] 

.. P'(a) = (a - a)[2Q(a )+(a - a)Q'(a)] 

= 0 . 

. . x =a is also a root of P'(x). 

(ii) A(x) = x4 +ax2 +bx+36 

A'(x) "' 4x3 + 2ax+ b 

A(2) = A'(2) = 0, since x"' 2 is a 

double root of A(x). 

.. 16 + 4a + 2b + 36 "' 0 
4a + 2b =-52 

2a +b = -26. 

32 +4a+b = 0 
4a+b = -32. 

®-CD: 2a = -6 
a= -3 
b = -20. 

-CD 

-® 

(iii) A(x) = x4
- 3x2 - 20x + 36 

= (x - 2)2Q(x) 

"'(x-2)
2{kx2 +l'x+m). 

By inspection, m = 9, k = 1 
~ x4 - 3x 2 - 20x + 36 

= (x-2)
2{x2 + f.x+ 9). 

Whenx= 1, 
1-3-20+36 = 1+(+9 

14 = 10+ e 
4 =e. 

~ A(x) = (x-2nx2 +4x+9)overJR.. 

N.B. Q(x) can also be found 
by polynomial division. 

(c) (i) sin -l x h as doma in -1 ~ x ~ 1, 

:. sin- 1(3x + 1) has domain -1 ~ 3x+ 1 ~ 1. 

That is, -2 ~ 3x ~ 0, that is, -j ~ x ~ 0. 

(1.1.) N B R . 7r < < 7r . . ange 1s - 2 _ y _ 2 . 

y• 

y = sin-1(3x + 1) 

' 
-1 0 X 

7l' ----- ----------- - -2 
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(iii) y 
------ - -- ---- 7r 

-1 2 1 X 

-~ 
........ 

y = sin-
1
(3x; 1 : ---- ----f -~ 

From the graph, we see that 
sin - 1(3x + 1) = cos-1 x when x = 0. 

OR sin-1(3x+ 1) = cos-Ix 

3x+1= sin(cos-Ix) 

= ~1-x2 

{ Alternatively, let 

sin-1(3x+ 1) = COS-IX= y 

3x+ 1 == siny 
x = cosy 

(3x+ 1)2 + x2 = 1.} 
10x2 + Gx = 0 

x(5x+3)=0. 

3 . . x = 0 or x = - 5 . 

Note: We must check these solutions 
since we squared in the working and may 
have introduced ur.1wanted solutions. 

At x = 0, sin -I(3 x 0 + 1) = ~ 

cos-I(o) = ~. 
This is a solution. 

At X= _.Q_ 
5' 

sin-I{sx-!+ 1) = sin-1{-f) < 0 

cos -1{- !) > 0. 

This is not a solution. 

The only solution is x = 0. 

QUESTION 5 
(a) (i) Let y = x 2 

.. X = -JY. 
Using substitution: 

( -JY)\ s( -JY)2 
+ 11 = o 

y-JY + 5y + 11 = 0 

4 UNIT (ADDITIONAL) MATHEMATICS 

y3 = 25y2 + 110y+ 121. 

.. y 3 -25y2 -110y-121= 0. 

OR a 2 + /32 + r 2 =(a+ {3+ r)2
- 2(af3 + f3r + rrx) 

= 25-0 

= 25. 

(af3y)2 = (-11)2 

= 121. 

a2 132 + a2y2 + y2 {32 

= ( a{3 + ay + r/3) 2 
- 2af3y (a + f3 + r) 

==0-2x-llx-5 

= -110. 

:. y 3 -25y2 -110y-121= 0 . 

(ii) a 2 + {32 + y2 = 25. 

This calculation is done in the second 
method above, or can be read from the 
coefficient of y2 in the result from the 
first method. 

(b) (i) Force is ma cu 2• 

(ii) Vertically, 
Tcose-mg = 0. 

(c) 

(i) 

Horizon tally, 
Tsine = macu2. 

Tsin8 maw2 

· · =r,.-co_s....,.e == rng 
acu2 

tane = --. 
g 

a 
But tane = h 

/ 

a acu2 

x=---g 

So 

I Workers Repro 

0 s 

~~ = k1w when 0 ~ t :s; s. 

dt 1 
== dw k1w 

dt = __!_ x dw 
kl w 

t=J:..jdw 
k] w 

t = -f-lnw + C 
ll] 

mg 

- CD 
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(ii) 

(iii) 

But when t = 0, w = 1. 

. . 0 == f
1

1n 1+ C 

= O+C => C= 0. 

ln w 
<D becomes t == T 

k1t = In w 

ell1t = w(t), 0 ~ t ~ s. 

w(s) = eh1.'. 

N.B. This full derivation is not required 
here. From 3 Unit work we could simply 
say: dw 

- = k1w 0 ~ t ~ s. dt I 

w = w(O)e1'1t 

= e"lt . 

w(s) = e1' 1s. 

~; = k.zw(s), t ~ s 

= k.ze"ls 

. . r = k.ze"1·'t + C. 

Substitute r(s) = 0. 

. . 0 = k.ze"1~'s+ C 

C = -k.ze"1ss 

. . r = kl.e1
' 1"t- k-Le

1
' 1·' s 

= k.ze1'I·' (t - s ), t ~ s. 

k1 = 0-04 

r(100) = k.ze 0'04s(100 - s) 

Let R = r(100) 

~~ = k2 . 0·04e1
H

14·'(100 - s)+ Jz2 e1H14s(-1) 

= h2e1H
14"(4 -0·04s-1) 

= h2(3 -0·04s)e1H14s 

Stationary points wh en ddR = 0, 
s 

that is, 3- 0·04s = 0 

S - 3 
- 0·04 

= 75. 

s < 75 75 > 75 

dR 
ds 

R 

+ 

I 

0 

\ 

-!• 
-~ ... 

N.B. The sign of ddR can be determined 
s 

from the factored form * above. 

:. s = 75 maximises r(100). 

1999 • 

QUESTION 6 
(a) (i) Step 1: 

For n= 2, LHS = (1+x)2 

= 1+2x+x2
. 

RHS = 1+2x. 

Since x2 > 0, 1+ 2x + x2 > 1+ 2x. 

:. (1+ xt > 1+ nx when n = 2. 

Step 2: 
Assume true for n = k, h ~ 2, k is 
a positive integer. 
That is, assume (1+ x)h > 1+ kx. 

Need to prove true for n = k + 1. 

That is, need to prove 

(1+x)"+1 > 1+(k+ 1)x. 

Now (1+ x)h+ 1 

= (1+ x)(1+ x)1' 
> (1+ x)(1+ kx), using assumption, 

and since x > - 1 => 1+ x > 0. 

= 1+kx+;+kx2 

> 1+ (h + 1)x, since kx2 > 0. 

Step 3: 
We have shown that if the inequality 
is true when n = k, it is also true when 
n = k + 1. Since it is true wh en n = 2, it 
is also true when n = 2+ 1 = 3, and hence 
when n = 3+ 1 = 4, and so on . By the 
principle of mathematical induction, the 
inequality is t rue for all integers n ~ 2. 

(ii) Let x = --
2
1 . If n ~ 2, then this satisfies 
IL 

(b) (i ) 

the conditions of part (i ), including x > -1. 

.. ( 1 + x )" > 1 + nx. 

.. 1-- > 1- __!!:__ ( 1 )" 
2n 2n 

1 
= 2' 

( 1 )" 1 .. 1-2n > 2 forn=2, 3, . .. 

jlw 
! 

' I ~g 
Note: m = 1, so forces 

acting are equal 
in magnitude to 
the acceleration. 

Newton's Second Law: y = g-ku. 
du 

That is, dt = g - ku. 

When t = 0, the ball is at maximum height 
so the velocity is zero. That is, u(O) == 0. 
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(ii) 

(iii) 

dt 1 
du = g-ku 

f dt du=J~ 
du g-ku · 

t = --fln(g-ku)+c. 

Note: g-ku > 0. 

Initial conditions: t = 0, u = 0. 

0 =-lin g+ c 
k 

c =-king. 

From CD, t = -fin(g -kv)+fing 

t =--kin( g~ku) 

-kt = In( g~Jw) 
-hi_ g-ku 

e ---
g 

= 1- Jw 
g 

u = ! (1- e-ld). 

- CD 

N.B. This applies fort> 0, that is, for 
the downward motion. 

du du 
dt = u dy 

du 
u dy = g- Jw 

du g -lw 
dy = -u-

dy u 
du = g-fw· 

1· -lw 
= -k· g-lw 

= _..!.. g- lw- g 
h g -lw 

dy g -k - = 1---
du g-Jw 

-ky = u +% In(g - ku)+ c:. 

When y = 0, u = 0, 

0 = 0 + gIn (g)+ c 
h 

0" 

c = - .!=...In g 
k 

-ky = u+ g ln(g -ku)- g ln g 
k ll 

= u+ gln(g-Jw). 
h g 

That is, % ln( g~ ku )+u = - lly. 

4 UNIT (ADDffiONAL) MATHEMATICS 

(iv) From (iii), u+ ky = - g ln(1- !u) 
k g . 

Using (ii), 

u~ky = -iin[ 1- ~.! (1- e-111)] 

= -iln(e-111) 

1 = -k. (-kt) 

= t. 

(v) Max. height: h = i[ U-! Iogf,( g+gkU)J. 

Time to reach h: tit= iiog.( g+:U). 

The ball reaches ground level again 
wheny=h. 
Let Th be the time taken. 
Vis the final speed. 

V+kh . 1}, =--,from (tv) 
g 

= v +! ·h 
g g 

= V +! . ..!.[u - glog (g+kU)J 
g g k k " g 

= V + U _ .!.log (g+kU). 
g g k " g 

Tis the total time in the air, 
so T = t" + 7j, 

=.!.log (g+kU)+ V + U 
k f. g g g 

- ..!.lo (g+kU) k gf, g 

v u = -+-g g 

=--
g 

(vi) If air resistance is ignored, then V0 = U. 

Also, U > V, since air resistance must 
(a) reduce height, and (b) reduce speed 
on descent, both of which reduce V. 

Therefore 11;1 > V, and so 

1(, = u + v;, 
g 

> U+V 
g 

= T. 
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QUESTION 7 
(a) (i) Y 

y =In (x) 

X 

(ii) y = Inx 

(iii) 

dy 1 
dx ="X 

dy 
At x = 1, dx = 1. 

Equation of the tangent is y = x- 1. 
:l 

Shaded area = s; In X dx 

< area of t::,ABC 

= ~ x AB xBC 

1 1 1 
=2X2X2 

1 
=8. 

:. s:lnx dx < *' 
y 

0 t k t 
: 1 k: 1 

1~-- +-
2 2 

X 

In xis concave down, so the tangent at 
x = k is above the curve y = In x for all k > 0. 

k+~ • 

J 2
1n x dx < area under the tangent 

k-~ f k 1 1 1 
2 rom x = - 2 to x = tl + 2 , 

provided k > 1~, that is, for k = 2, 3, 4, ... 

Area under the tangent 
= area of trapezium 
= area of rectangle (see diagram) 
= lnk x 1 
=Ink. 

II+~ 

Hence J 2
ln x dx <Ink for k = 2, 3, 4, ... 

11-f 

1999 • 

(iv) S:1

lnx dx 

:l 5 7 

= J~ In x dx + J: In x dx + J: In x dx 
2 2 

11-~ n 

+ .. ·+J 
2
lnxdx +J Inxdx 

3 1 /1-2 /1 -2 

1 J'l < - + ln2 + In3 + .. ·+ ln(n -1)+ ln x dx, 
8 11-~ 

2 

from (ii) and (iii ). 

f
/ 1 Ill 

Now 11 -~ ln x dx < 
11

_
1

Inn dx 
2 2 

1 
= z-lnn. 

y 

0 X 

f/1 1 
So 

1 
In x dx < 8 +In 2 +In 3 + .. · 

+ ln(n-1)+ iinn 

for n = 2, 3, 4, ... 

(v) S:1

ln x dx = nlnn-n+ 1 

Using (iv), 
1 n Inn- n + 1 < 8 + In 2 + In 3 + .. · 

+ ln {n - 1)+~Inn 

(n + 1) In n - n + 1- l . . 2 , 8 

< In 2 +In 3 + · · · + In ( n- 1) + Inn 

= In [ 2 x 3 x .. · x (n- 1) x n] 
= In (n!). 

. . Since ex is a monotoni c increasing 

fu . ln(11!) {ll+i)In n-n+k nctwn, e > e . 

IJ "t t 1 
That is, n! > eln (u lx e -11 x e~ 

II+~ ]_ = n :! x e-11 x e 11 

7 
_ B II C - It C _ 2 3 4 - e n -vne 10rn-,, , ... 

(b) (i) P(not getting four and losing) 

= P(1-70) +P(1-72 -70) 
= q + pq 

[ = q(1+ p) 
= 1- p2]. 
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(ii) P(getting four once and losing) 

= P(1~2~4~3~1~0) 

+ P( 1 ~ 2 ~ 4 ~ 3 ~ 1 ~ 2 ~ 0) 

= ppqqq + ppqqpq 
= p2q3 + p3q3. 

OR P(getting four once and losing) 

= P(l ~ 2 ~ 4 ~ 3 ~ 1) 

x P (not getting four and losing) 

= ppqqx (q+ pq), from (i) 

= p2q2(q+ pq). 

(iii) P (getting four twice and losing) 

= P(1 ~ 2 ~ 4 ~ 3 ~ 1) 

x P(getting four once and losing) 

= p2q2 x p2q2(q + pq), from (ii) 

= (p2q2 )
2 
(q + pq). 

.. P(losing) = (q + pq)[ 1+ p 2q2 + {p2q 2t 
3 J + (p2q2) + ... 

=(q+pq) x -
1
a, wherea=1, 
-r 

r = p2q2 
q+ pq 

= ~ 2. 
1- p q 1 1 

1 1 ( . ) 2+4 For p = -, q = -
2 

and P losmg = - -
1
-

2 1--

:. P(winning) = t· 
QUESTION 8 

( ) (') 2n . . 2n a 1 p = cos
7

+tsm T 

7 
p

7 
= {cos

2
; + i sin 

2
;) 

= cos 2n + i sin 2n 
=1. 

4 
= 5' 

.. pisarootofx7 - 1= 0, thatisof 

(x-l)(x6+x5+x4+x3+x2+x+l) = 0. 

Since p ;e 1, 

then p satisfies x6+ x5 + .. . + x + 1 = 0. 

That is, p6 + p 5 + p4 + .. · + p + 1 = 0. 

16 

(ii) Since coefficients of x 2 +ax+ b = 0 are real 
and a = p + p 2 + p 4 is a complex root, 

then Ci is also a root. 

.. f3 = (i = p + p'~- + p4 

= p + p'l + p4 

= p6+ p5 + p:3, 

1999 + 

4 UNIT (AOOITIONAL) MAlHEMAllCS 

since p = p6 , p 2 = p 5 and p4 = p3, 

as th e following diagram illustrates. 

Im(z) 

7 
p = 1 Re(z) 

(iii) a = - (a+ [3) 

(iv) 

= - (p+p2+p3+p4+ ps+p6), from(ii) 

= 1, from (i) . 

b = af3 
= (p+p2+p4)(p3+ p5+p6) 

= p4(1+ p+ P3)(1+ pz + P3) 

= P4(l+ pz + p3 + p + p3 + p4+ p3 + ps+ Ps) 

= P4(l+ p+ pz + p3 + p4 + ps+ ps+ 2p3) 

= P4(0 + 2p3) 

= 2p7 

= 2. 

From (iii), the quadratic equation is 
x2 +x+2 = 0. 

-1± ...[1-8 
X = 

2 

-l±i..f7 
= 2 

.J7 :. Im(a) = ±2 . 
However, a = p + p 2 + p 4 

. 

From the diagram in (ii), 

Im(p+p'~- + p4 ) > 0. 

.J7 :. Im(a) = 2 . 
Now, 

Im(a) = I~(p+p2 +p4 ) 
. 2n . 4n . Bn 

= sm 7 +sm7+sm 7 

. 2Jr . { 3n) . { n) = sm T + sm n - 7 + sm n + 7 
. 2n . 3n . n = sm

7
+sm

7
- sm7 

= ;; , as required. 
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(b) 

0 

(i) Draw a tangent to ..J from 0, touching at T. 

:. OT2 = OP x OP" {square of tangent 
= product of intercepts) 

Since 0, Tare fixed, OP x OP" is constant. 

(ii) OP" OP.OP" 
OP' = OP. OP' 

~ 
0 

OTz h' h. t . = -
2
-, w 1c 1s a cons ant smce 

k OT and k are constants. 

(iii) ~OP"CIII~OP'C' ( equianb'tllar) 

OC OP" 
.. OC' = OP' 

( corresp. sides in sim. lls 
in same ratio) 

2 
= o; ' a constant (from (ii)). 

k 
Since 0 and C are fixed, OC is a constant 

k2 
and so OC' = OT2 • OC is a constant. 

Hence C' is a fixed point. 

(iv) Since ~OP"CIII ~OP'C' 

P"C OC {corresp. sides in sim.ils 
P'C' = OC' in same ratio) 

.. P'C' = P"C . ~~. 
Now P"C =radius of ..J and so is constant. 

OC' . t t ( h . C" ')) OC 1s cons an s own m m , 

:. P'C' is a constant. 

Since C' is a fixed point, P' must lie on a 
circle with centre C'. 
To describe the locus of P' fully, we need 
to establish wh ether P' traverses th e 
whole circle. 

Also, we could find the radius of the circle 
in terms of the data. 

B 

Radius: 

Let the radius of ..J be R. 

Now P'C' = P"C. OC' oc 
= R. _£__ from (iii) 

OT2 ' 

k2R 
=-....,.---;:-

OC2- R2 . 

A 

: 

AsP moves around ..J from A to B, OP 
decreases, which means that OP' must 
increase (since OP. OP' is constant). 

Thus P' moves around its circle 
from A' to B'. 

So the locus of P' is the whole circle. 

END OF 4 UNIT (ADDITIONAL) SOLUTIONS 
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