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SOLUTIONS 

4 UNIT (ADDITIONAL) MATHEMATICS 

QUESTION 1 (d) u2 = 4-x2. 

(a) 

(c) 

(3 6 dx 6 [t -1 x]s 
J o 9 + x 2 = 3 an 3 o 

= 2[tan-t 1- tan-1 o] 

=2[~-o] 

Jsin3 x dx =J (1-cos2 x)sin x dx 
cos2 x cos2 x 

J sinx J . = --2 - dx- smx dx 
COS X 

1 = --+ cosx+C. 
cosx 

OR Put u = cosx. 
du . 
dx = -smx. 

f sin3 x dx = J sin2 x. sin x dx 
cos2 x cos2 x 

= J (1-u2).(-1) du 
u2 

-J u2-1 d - -- u u2 

=J1-....!.. du u2 

= u+.!+c 
u 

= cosx+secx+C. 

2u du = -2x dx. 

J\s~4- x2 dx = Ju c
0
(4 -u2)..Ju2.c-u du) 

0 u =2 

= s:u2(4-u2
) du 

== J:4u2-u4 
du 

== [4u3 - us]2 
3 5 0 

32 32 == - - - -0 3 5 
64 

= 15' 

(e) (i) x2+6 = 1(x2+x -6)-x+12. 

:. Remainder is -x+ 12. 
OR 1 
x2+x-6)x2+0x+ 6 

x2+ x- 6 
-x+12 

:. Remainder is -x + 12. 

(ii) J xZ+ 6 dx 
x 2+x-6 

=f(x2
+x-6 + -x+ 12) dx 

x 2+x-6 x2+ x -6 

::: f ( 1+ %~::~26) dx. 

Let -x+12 = ~+....!L_ 
x 2+x-6 - x+3 x-2 ' 

Then -x+12;! A(x-2)+B(x+3). 

Put x = 2, 10 = 5B 
.. B =2. 
Putx = - 3, 
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f x2+6 
•. 2 dx 

x +x - 6 

= J(1- -
3 
+-

2 
) dx x+3 x-2 

= x-3lnlx+3l+2lnlx-2I+C. 

QUESTION2 

(a) 

(b) 

(i) 

(ii) 

(iii) 

1998 = 4 X 499 + 2 

·1998 (•4)499 ·2 t = t X t 

= -1. 

18+4i 
z = 3-i . 

(18+4i)(3-i) = (18+4i)(3+i) 

= 54+ 12i+ 18i- 4 

= 50+30i. 

z= (18+4i)x(3+i) 
(3- i) (3+i) 

= .::.50::....+:-:S::..:O~i 
10 

= 5+3i. 

lzl = ~52+32 

= 34. 

argz = tan-1(~) 
:i= 0·540 radians. 

y • 

3 z 

5 X 

(c) Im(z) 

1 

-1 

-2 
' ' 

-3 

-4 

' 

/··Required region --=--
•c2, -1) 

.... ____ ~ / 
/ 

I 
/ 

(d) 

Q 

4 UNIT (AoomoNAL) MATHEMATICS 

LPOQ = 90° and OP = OQ 

i.e. 

w = iz 
w2 = i2z2 

w2 = -z2 

z2+w2 = 0. 

p 

(e) (i) z3+ 1 = 0 

i.e. (z+ 1)(z2 - z + 1) = 0. 

z = - 1 or l±./H z = 2 

=.! + .f3l. 
2- 2 . 

(ii) The two non-real cube roots of -1 are 

the numbers z = ~ ± .Jf i, 
that is, these roots satisfy the equation 

z2-z+ 1 = 0. 

Since A. is a non-real cube root of -1, 
A. satisfies the equation. 
• • A-2 - A.+ 1 = 0 
i.e. A.2 = A. - 1. 

OR If A.= .!+i../3 
2 2 

A.2 = .! -..?. + 2x.! x .J3 i 
4 4 2 2 

1 .f3. 
= -2 + z-t 
= .! +.f3i- 1 

2 2 
=A. - 1. 

If A. = .! - .f3 i . 2 2 

A.2 = ..!. - ..?_ - 2 X_! X .J3 i 
4 4 2 2 

1 .f3. 
= -2- z-t 
= _!_ .f3 i- 1 

2 2 
= A. -1. 
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(iii) (1- ).)6 = (-.l.2t 
= ).l2 

QUESTIONS 
(a) (i) 

----
-6 -4 

/ 
/ 

= (.l.a)' 
= (-1)4 

=1. 

y 

, ' -2 
/ 

,' -4 

/ 
/ 

(ii) 

/ 
/ 

/ 

-6 

/ 

(iii) 

/ 

/ 

-4 
I 

I 
I 

I 
I 

-6 -4 

I 
I 

I 
I 

I 
I 

/ 
/ 

/ 

/-2 

/-2 

-6 

y 

p 
I 
I 
14 

-2 

-4 

-6 

y 
6 , 
I 

-2 

-4 

-6 

/ 
" / 

/ 

y=f(x) 

_4.--- B- X 

Y =f(x)' 
/ 

/ 

,2 4 6 

I 
I 

I 
I 
I 

,'2 
I 

I 
I 

I 

I 

I j(x) 
y=e 

/ 
/ 

/ 

/ 

I 

4 

/y=f(x) 

6 X 

(b) (i) 

(ii) 

(c) (i) 

(ii) 
X 

In= J:{lnxt dx 

= [x.(lnx)"J:-J:x.n(lnxr-1.~ dx 

= [e(lnet -l(ln l)n ]- n{ (In xr-1 d.t 

= e-nln_1 

provided n ~ 1. 

/ 4 = e-4/3 

= e-4(e-312 ) 

= e-4e+12/2 

= -3e+ 12(e -211) 

= 9e-24/1 

= 9e- 24(e -110 ) 

= -15e+24/0. 

10 =I: dx 

= [x ]~ 
= e-1. 

.. / 4 = -15e +24(e-1) 
= 9e - 24. 

P = 1000+Ae-kt 

dP = 0- k· Ae-kt 
dt 

= -k(P- 1000). 

Att = 0, p = 2500 
.. 2500 = 1000 + Ae0 

.. A= 1500 . 

At t = 10, P = 1900 
.. 1900 = 1000+ 150oe-1ok 

.. 900 = 1500e- 10k 

.. e-lOk = 0·6 
-10k = ln0·6 

1 k = -
10 

ln0·6. 

At P = 1500, t = ? 
1500 = 1000+ 150oe-kt 

e-kt = 500 
1500 

ekt = 3 
1 

t = kln3 

ln3 

= 21-506 60103. 
:. The population will be 1500 after 

approximately 21-5 years. 
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(iii) P = 1000+ 150oe-k1
• 

As t -7 oo, 1500e-k1 -7 0 

.. p -7 1000. 

:. The population will approach 1000. 

QUESTION 4 

(a) (i) Since k is a double root of the 
polynomial equation f(x) = 0, then f(x) 

can be expressed as f(x) = (x-k)2xQ(x), 
where Q(x) is a polynomial expression. 

f'(x) = 2(x-k)xQ(x)+(x-k)2xQ'(x) 

= (x-k)[2Q(x)+(x-k)xQ'(x)] 

.. f'(k) = (k-k)x[2Q(k)+(k-k)Q'(k)] 
= 0. 

(ii) There is a stationary point at the root. 

If the root is atx = k, the graph touches 
. the x axis at the point (k, 0). 

YA 

y 

k 

OR 

(iii) P(x) = ax7 +b:c6 +1 

P'(x) = 7ax6 + 6bx5• 

X 

X 

Since x = 1 is a double root, P(x) = 0 
and P'(x) = 0. 

.. a+b+l=O 
and 7a+6b = 0. 

Solving simultaneously, a= 6 and b = -7. 

x2 x3 x4 
(iv) E(x) = l+x+ 2 +6 + 

24
. 

E(O) = 1. 

:. x = 0 is not a root of E(x) = 0. 
x2 x3 

E'(.x) = l+x+ 2 + 6 . 

If k is a double root of E(x) = 0, 

then E(k) = 0 and E'(k) = 0. 

. . E(k)- E'(k) = 0. 

(b ) (i) 

4 UNIT (ADotllONAl) MATHEMAnCS 

That is, 

That is, 

But x = 0 is not a root, 
:. there are no double roots. 

.x = Rcos 2nt 
T 

x = - Zn Rcos Znt 
T T 

.. (2n)2 2rrt x=- T Rcosy 

R . 2nt 
y= smy 

. 2n 2nt 
y= yRcosy 

.. (2n)2 
. 2nt 

y =- T Rsmy. 

F= ma 
lr-·. 2::--·.-=-2 = mvx +y 

( 
2Jt ) 2 l,---2 ~2-1ft--. - 2-2=-Jtt­

= m T R~cos T+sm T 

= m( ~ r R, which is a constant. 

Note that x = -(~Yx andY= -(~YY· 
This means that the force is in the 
opposite direction to SP, that is, it is 
directed towards the origin (S). 

OR We could resolve the accelerations in 
the radial and tangential directions. 

y 

6 = 2nt 
T 

ar = -%sin8+ ycosO 

(2~t)
2 

. 2m 2m =- T Rsmycosy 

( 2n )2 
2m . 21ft -(-1)- Rcos-sm-

T T T 
= 0. 
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an= icosB+ jsin9 

( 
21r )

2 
2nt 2m 

=- T RcosTcosT 

(2TC)2 
• 2nt . 2nt +(-1)- Rsm - sm -T T T 

2n z 2m . z 2m 
( )

2 ( ) = - T R cos. T +Sin T 

= -(~)\. 
Since aT = 0, a = I anJ and so the force is 

F = ma 

= m( ~ r R, which is a constant. 

Note that the minus sign in the formula 
for an indicates that the force is directed 
towards the centre of the circle. 

(ii) F = GMm and F = m 41r
2
R 

Rz Tz 

GMm m4n2R 
.. Ji2 = T2 

(c) Sue: P(same colour) 

Bill: 

3 2 W W - 1 =--x--+--x - -
3+W 2+W 3+ W 2+W 

- W 2 -W +6 
- (3 + WX2 + W)" 

If this is -!. then 

2(W2- W +6) = (3+ W)(2+ W) 

2W2-2W+12 = W2+5W+6 

w2 - 7W +6 = o 
(W-6)(W- 1) = 0 

W = 1 or W = 6. 

P(same colour ) 

( 
3 )2 ( w )2 = 3+ w + 3+ w 

- 9+ W 2 

- (3+ W)2 . 

If this is %, then 

8(9+W2
) = 5(9+6W+W2

) 

8W2 + 72 = 5W2+ 30W + 45 

3W2 -30W +27 = 0 

1998 • 

W2-10W+9 = o 
(W- 9)(W- 1) = 0 

. . W = 9 or W = 1. 

Since·both conditions must be true, 
W = 1 is the only solution. 

QUESTION 5 

c 

X 

(a) (i) Pis the point of intersection ofy = mx+ b 
and (x+a)2+ y 2 = a2 +b2. 

.. (x+a)2 +(mx +b)2 = a 2+b2 

x2+2ax+a2+m2x2+2mbx+b2 = a 2 +b2 

x2(l+m2 ) + x(2a+2mb) = 0 

x[x(l+m2)+2{a+mb)] = 0 

:. x = 0 2(a + mb) 
or x=- (l +m2). 

At R, x=O, 
2(a+ mb) 

:. at P, x =- (l+ m 2). 

(ii) Q is the point of intersection of y = mx + b 
and (x - a)2+ y 2 = a2+b2. 

.. (x -a)2+ (mx+b)2 = a 2 +b2 

x2 -2ax +a2+m2x2+2mbx+b 2 = a 2+b2 

x2(1+m2 ) - 2x(a - mb) = 0 

2(a - mb) 
:. x=O atR or x= ( 2) atQ. 

l+m 

(iii) The midpoint of PQ has x value 

l[-2(a + mb) + 2(a - mb)J 
2 l + m 2 l +m2 

= 1[-a-mb+a- mb] 
2 l + m2 

-2mb 
= l+m2 · 

Since P, Q lie on y = mx + b, the 
midpoint of PQ lies on y = mx +b. 

Th I . - 2m2b b e y va ue 1s 2 + , 
l +m 

-2m2b+b+bm2 
that is, ....;:.;.;.;;_.::.....:.....:....,;,..=~ 

l+m2 

Poge68 



 

(b ) (i) 

b(1-m2
) 

thatis, 2 • l+m 
:. x = - 2mb and y = b(l-m2). 

1+m2 1+m2 

To eliminate m, square both x andy 
and add. 2 

2 2 (-2mb )2 [b(l-m
2
)] 

x +y = 1+m2 + 1+m2 

4m2b2 + b2- 2m2b + b2m4 

= 
(l+m2t 

b2(1+2m2 +m4
) 

= 
(1+m2)2 

= b2(1+ m2)2 

(l+m2)2 . 

. . x2+ y 2 = b2 is the required locus. 
This is a circle, centre the origin, with 
radius equal to b. If the line PRQ has 
the form y = mx + b as given in the 
question, then the point S(O, -b) is 
excluded from the locus. This is because 
when P = S, Q = S, and so the line PRQ 
is vertical, with equation x = 0. This 
equation does not match the given form. 

If the line PRQ is any line through R, 
then this exclusion would not apply and 
the locus would be the complete circle. 

h2 = a2.:.(%r 
3a2 

=4 

.. h "' 1a. 
(ii) x and b are the altitudes of similar 

triangles CYZ and CRS. 

(iii) 

YZ SR .. x = b and SR =a. 

YZ= ax 
b' 

~a h a 
2 

14 ....... . ... ........ %······ ................ 1 
............................................. b ......................................... ..j 

Side view 

(iv) 

4 UNIT (AOOfTJONAl) MATHEMATICS 

Using similar triangles, 

h - .J3 a 
2 X 

-Ji-;:.3~ = b 
a- -

2
- a 

h- .J3 a = ~ - .J3ax 2 b 2b 
h = .J3 a+ ax_ ..f3ax 

2 b 2b 
= ~(.J3 + 2x _ .J3x) 

2 b b 

= %[ .J3 +(2-.J3)~]. 

a 
Cross-section 

Area= i( abx +a )xh 

= i( abx +a )x%[ .J3 +(2-.JaH] 

= a42 (~+ 1)[ .J3 +(2-.J3)~] 

= :b2

2 (x+b)[.J3b+(2-.J3)x]. 

(v) Volume 

=I: ::2 (x+b) [.J3b +(2-.J3)x] dx 

= ::2 J:[x2(2-.J3) 
+ x( .Jab+ 2b- .J3b )+ .J3b2

] dx 
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QUESTIONS 

(a) (i) If Q(x) is even, then terms are of the 

form anx2n, where n is an integer. 

:. Q'(x) has terms of the form 2nanx2n-l, 
that is, all odd powers of x, 
that is, Q'(x) is odd. 

:. The statement is true. 

OR The symmetric property of even functions 
implies that tangents at equal distances 
from they axis a re also symmetric, 

OR 

that is, they have gradients which are 
equal in magnitude but opposite in sign. 
Hence if Q(x) is even, then Q'(x) is odd. 

-3 - 2 

y 

4 

2 

Q'(x) = lim Q(x+h)-Q(x) 
h-tO h 

Q'(-x) = lim Q(- x+ h)- Q(-x) 
. . ll--+0 h 

= lim Q(x- h)- Q(x) 
!I-tO h 

since Q(x) is even, 

=- lim Q(x)-Q(x - h) 
h-tO h 

= -Q'(x). 

. . If Q(x) is even, then Q'(x) is odd. 

3 X 

(ii) If Q'(x) is even, then Q'(x) contains terms 

of the for m anx2n, where n is an integer. 

Then Q(x) contains terms 
2
:: 

1 
x2n+l, 

which ar e odd powers ofx, but Q(x) also 
possibly contains a constant. 

Hence Q(x) is not necessarily odd. 

:. The statement is false. 

OR A similar argument to that given 
in part (i) applies if Q(x) is odd. 

That is, tangents at equal distances from 
they axis will be symmetric, in this case 
with gradients equal in magnitude 
and sign. 
However this argument is just as valid if 
Q(x) is an odd polynomial plus a constant. 

Hence if Q'(x) is even, Q(x) may or 
may not be odd. 

y 

-3 3 X 

OR A single counter-example will suffice. 

(b) 

(i) 

Q(x) = x3+x+ 3 is not odd, 

but Q'(x) = 3x2+ 1 is even. 

:. If Q'(x) is even, then Q(x) is not 
necessarily odd. 

P. -2·6 (2·6f 
n= e --, -, n. 

n = 0, 1, 2, 3, ... 

R 
-2·6 (2·6)0 

o = e ----or-
= e-2·6 

= 0·074 27 000 

.. 0·074 correct to three decimal places. 

(ii) This is a binomial distribution based on 
(p+q)10

, wherep = e-2-G = 0·074 
and q = 1- e-2·6 = 0·926. 

P(at least 2 years) 
= 1-P(1 year or 0 years) 

= 1-1°C1(0·926)
9 

x 0·074 - 10C0 (0·926)
10 

= 0·165 98 ... 
.. 0·166, correct to 3 dec. places. 
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OR Using the exact values: 
P(at least 2 years) 

At (xh Yt) ~: = .!!.. 
tMo Yt 

= 1- toct( 1- e-Ht x e-2·6_ toco( 1- e-2·6)to Hence tangent is y- y1 = ~(x-x1), 
Y1 

(iii) 

(c) 

(i) 

= 0·166 970 ... 
.. 0·167 correct to 3 dec. places. 

e-2·G(2·6t + 1 

p11+l (n+ 1)! 2·6 
--= 

pll e-2'6(2·6)". n+ 1' 

n! 

But Pn+l > 1 P. - 0 

n 

.. ...!.§_ ~ 1 
n+1 

0 0 n+1~2·6 

0 0 n $ 1-6. 
P. 

Hence for 'Ft to be greater than 1, 
II 

n must equal 1. 

That is, if n. ~ 2, 

p;tl < 1. 
II 

.. Pn > Pn+l 

.. P2 > P3 > P4, etc . 

If n= 1, .&1 
PI > 

.. P2 >Pt. 

Hence the greatest probability occurs 
whenn=2. 

That is, the most likely number of 
accidents is 2. 

y . 

.. ·············!·',' 
:··············... ..··· . . ... 

0', / 
·-,_, ,' 

............. ······ ... 

............. 

x2- y2 = a2 

.. 2x-2y~~ = 0 

that is, yy1 - Y~ = XXt- X~, 
that is, XXt - YYt = Xf- Yr. 

But since (x1, y 1) lies on x2 - y 2 = a 2, 

x~-y[=a2 . 

:. Equation of tangent is x:c:1 - yy1 = a2
. 

(ii) U lies on tangent xx1 - yy1 = a2 and on 
asymptotey = - x. 

0 2 
. . x1xu + y 1xu = a 

a2 
. . xu= 

X1 + Y1 

. . U is the point ( a
2 

, -=-L). 
x1 + Yt Xt + Y1 

2 
0+-a-

.. Gradient of SU = _-=.x!.-1 +:....;Y~lL 
a2 

ae - -­
x1+ Yt 

(iii) T lies on y = x and on xx1- yy1 = a 2 . 

a2 
.. xr= 

Xt- Yt 

·· Tis(xt~
2

Yt' X1~
2

YJ 
a2 

0 
. . Gradient of ST = Xt- Yt 

a2 
-ae 

Xt - Yl 
a 

= a-e(xt- Yt)' 

Angle between US and ST is given by 
m2-ml 

tan8 = , 
1+m2m 1 

where m1 is the slope of ST 
and m2 is the slope of SU. 
(N.B. Note the anticlockwise order.) 

a a 
e(xl + y 1)-a a-e(xt- Yt) :. tan 8 = -~;.......:~ ___ _.!..,..;_~:...._ 

1+ a x a 
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= a(2a- 2ex1) 

ae(xl + Yl)+ae(xl- y1)-e2(x~- yi) -a2 + a2 

2a(a-ex1} 
= , since xr- y~ = a 2 

2aex1- e2a 2 

2a{a-ex1} . 2 12 = 2 , smce e = 1 + 2 = 1 + 1 = 2, 
2aex1-2a 1 

_ 2a(a-ex1) 

- 2a(ex1-a) 

= -1 as required. 

QUESTION7 

(a) (i) P(z) = z8
- %z4 + 1. 

w is a root of P(z) = 0 

.. w8 -%w4+1 = 0 

P(iw) = {iw)8
- !(iw)4 + 1 

= i8w8 - Q. i4w4 + 1 
2 

= w8 -Q.w4+1 
'2 

= 0. 

P(~) = (~t- ~(~)\1 
= ..1..(1- Q.w4 + w8 ) 

wB 2 

= .l xO 
w8 

= 0 . 

. . iw and ~ are also roots o(P(z) = 0. 

(ii) z8
- !z4+ 1 = 0. 

.. 2z8- 5z4 + 2 = 0, 

that is, (2z4- 1)(z4-2) = 0 

• 4 1 2 .. z = 2' or . 

:. One root of P{z) = 0 is z = ~. 

(iii) Roots are ±W., ±W. i, 
+ 1 + 1 . 
-1)2· -w.t. 

(b) (i) y = sin-1 (u)-~1-u2 

(defined for -1 !> u $ 1). 

dy = 1 - .!(1-u2)-:l x -2u 
du ~1-uz 2 

{defined for - 1 < u < 1). 

- 1 + u 
- ~1- u2 ~1-u2 

= -,.;;l.;.+,;;;u_ 
.J1- u2 

= ~~~~. 
(This result is also valid when u = -1.) 

(ii) (a p+u du 
j 0 1-u 

(c) (i) 

= [sin-1 u-.Jl-u2 J: 
= sin-1a-~1-a2 -(sin-1 0- .JI) 
= sin-1a-~1-a2 +1. 

This result is valid for -1S a< 1 and 
therefore for 0 < a < 1. 

y = l x%, 0 ::; x ~ 1 1~ 11 ( 1, ~) .... , u 
imxz+ ~my2+mgy =E. 1 x 

t = 0, X = 0, y = 0, X = 1, y = l 
1 1 3 .. 2mx0+ 2mx0+ mg. 2 = E 

E = 3mg 
2 . 

.. ~m.xiyz+~my2+mgy = 3~g 
2. 

x3y2 +y2+2gy=3g 

.Y{xi+ 1) = 3g-2gy 

Y
·2= g(3-2y) (. 2y !) 

2 
SlOCe- = X 

_1+1 3 
3 

- 3g(3-2y) 
- 3+2y . 

(ii) At. t1, (x, y) = (0, 0), 

±(t1) = o-l x y(t1} 

(iii) 

so 

= 0. 

and [.Y(tt) t = 3g. 

.Y(tt) = -$i since y(t1) < 0. 

dt - -=l_p +2y 
dy- .J3i 3-2y 

t- 1 3+2y d fo~ -- .J3i i 3-2y y 

1 ri p +2y d 
= .J3i J

0 
3-2y .y 
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3 4 3+3u . 2 .l~ 
= 2:j3; fo 3- 3u du ( usmg u = 3 Y) 

- 3 • 1+u du .l~ - 2J3i fo 1-u 

3 ( . -1 1 1 1.11 1 J = 2..j3g sm 4 + - V ~- 16 

3 ( . - 1 1 1 .ff5) = zJ3i sm 4 + - - 4- · 

QUESTION 8 

(a) p> 1, q> 1, p = _q_. 
q-1 

(i) f(t) = .§!__ + £:- st 
p q 

tq-1 f'(t) = 0+ _q __ s. 
q 

That is, f'(t) = tq-t_ s. 

f"(t) = (q-1)tq - Z > 0, 
(since q > 1 and t > o). 

Therefore the curve is concave up 
and so any stationary point must be 
an absolute minimum. 
If f'(t) = 0, tq- l = s, 

....1.... 
:. t = sq- l minimises the expression. 

(ii) Since t( sq~l) is the minimum value of 

the expression, f(t) ~ t( sq~l) for all t > 0. 

t( sq~l) = s; .+ s:' -S· sq~l 
sP sP 1+_.1_. 

= -+-' -s q-1 
p q 
p p q 

= !.._ + !.._ - sq:J 
p q 

sP sP . q 
=-+- -sP smcep= --

p q J q-1' 

= sP(~+%-1) 

= sP(! + l~q) 

= sP(q- 1 + 1-q) sincep= _q_' 
q q J q-1 

= sPx 0 

= 0. 
:. Minimum value of expression is 0. 

:. f(t) ~ 0. 

4 UNn (AoomoNAt) MATHEMAllcs 

sP tq 
-+--st ~0 
p q 

sP tq 
-+-~st . 
p q 

{)·,·,·) T ( ).! ..- Xt + Xz+ ... + Xn o prove x 1x2 ... Xn " "' n 
by induction. 

Step 1 (GroW\ding) 
1 

When n = 1, LHS = xf = xl> RHS = ;s;f = x1, 

so the statement is true when n = 1, 
(in this case equality). 

Step2 
Assume the statement is true when n = k, 

( ) 
I Xt + x2 + ... + xk 

that is, assume x1x2 ... xk I ~ k 

for xvx2, .. . , x,. > 0. 

Required to prove 

) 
I Xt+X2+ .. ·+Xk+l 

(xtx2 ... xkxk+l 1+I ~ k + 1 
I 

Now LHS = (x1x2 ... xkxk+l)l+I 

Step3 

1 I 

= {r1x2 ... xk)l+Ix.t;i 

• I 

= [(x1x2 ... xk)f Jl+I x::l 

k I 

< (Xt+X2+ .. · +Xk)r.T 1+I 
- k xk+l 

by assumption, 

. (Xt+~+ .. ·+Xk)k Ih = st, 1f s = k , t = xk;l 

.hl s"- tk+l 
~ k+I + k+1' 

k 

N.B. This is the inequality in (ii), 

withp= k;l, q=k+l. 

q k+l 
N.B. -- = -- =p, 

q-1 k 
as required by this inequality. 

k (x1+x2+ .. ·+xk) 1 ( ) 
= k + 1 k + k + 1 Xk+ l 

= Xt+X2+ .. ·+Xk + Xk+l 
k+ 1 k+ 1 

- Xt+X2+ .. ·+xk+Xk+t asrequired. 
- k+1 

We have shown in Step 2 that if the result is true 
for n = k, it is also true for n = k+ 1. 

In Step 1 we showed it was true for n = 1. 

Therefore it is true for n = 1 + 1= 2, and hence 
for n = 2 + 1 = 3, and so on for all n. 
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Comments on this question 
The notion that for positive numbers the 
arithmetic mean is greater than the geometric 
mean might be al)proached from the point of 
yjew of wejghted means. 
If two p_ositive numbers x andy are averaged 
with weightings a and b, we have 

AM= ax+ by GM == (xo b)ah 
a+b ' Y ' 

a b a b 
thus AM-GM == --x+--y-xQ;J;ya+b. 

a+b a+b 
0 b 

By substituting s = x~, t = ya+b, 

P = a+b q = a+b 
a ' b 

(
N.B. _q_= a+b +£ = a+b =p) 

q-1 b b a ' 

sP til 
we have AM - GM =-+--st. 

p q 

Thus parts (i) and (ii) of this problem prove that 
the weighted arithmetic mean of two positive 
numbers is greater than their weighted 
geometric mean for any weightings. 
The inductive proofin (iii) essenti~lly uses 
the weightings a= n applied to the mean 
of the first n numbers and b = 1 applied to 
the extra number. 

Z!_+ Y2 + Ya + ... + Yn-1 + Yn 
(iv) Y2 Ya Y4 Yu Y1 

n I 

~ (Yt x Yz x Y3 x ... x Yu-1 X Yn )~from (iii), 
Y2 Ya Y4 Yn Yt 

1. 
= 1n 

=1. 

. . Y1 + Y2 + Y3 + ... + Yn-1 + Yn ~ n. 
Y2 Y3 Y4 Y,. Y1 

(b) (i) LDAB and LBCD are opposite angles 
in the cyclic quadrilateralABCD, and 
are supplementary. 
That is, LDAB+ LBCD == 180•. 
Similarly, LABC and LCDA are opposite 
angles in the same cyclic quadrilatera~ 
and so also sum to 180°. 
:. LDAB+LBCD = LABC+LCDA {=lao•). 

(ii) As in (i), both pairs of angles are opposite 
angles in the same cycHc quadrilateral 
(in this caseADEF), and so 
LFAD+LDEF = LEFA+LADE (= Iso•). 

(iii) 'Adding' equations in (i) and (ii) gives 
LDAB+LBCD+LFAD+LDEF 
= LABC+LCDA+LEFA+LADE, 

but LFAB = LFAD+ LDAB, 
and LCDE = LCDA +LADE. 
.. LFAB+LBCD+LDEF 

= LABC+LCDE+LEFA. 

.. LABC -LBCD+ LCDE-LDEF 
+LEFA-LFAB == 0. 

(iv) and (v) Any even-sided cyclic polygon 
(including the octagon) can: 
(A) have its vertices labelled 

sequentially { +) or (-); 
(B) be divided into quadrilaterals. 

The division into quadrilaterals can be 
done in many ways, but a simple approach 
is to have a common vertex (A in the 
diag-ram) for each quadrilateral, as shown 
for the octagon. 

A(+) 

The A{+) point connects only to (-) points, 

so the sequential labelling of{+) and{-) 
points applies to each quadrilateral, as 
well as to the whole polygon. Each 
quadrilateral is cyclic, so within each 
quadrilateral the sum of the two{+) angles 

equals the sum of the two(-) angles (which 
are both 180°). 
Applying this to the whole polygon, the 
sum of all ( +) angles equals the sum of all 

(-) angles (which equals 180° times the 
number of quadrilaterals). 

After combining angles at the vertices, 
this means that the sum of the angles 
at the(+) vertices equals the sum of the 

angles at the(- ) vertices, and therefore 
that alternately adding and subtracting 
angles as you move around an even-sided 
polygon results in zero. 

For the octagon as shown, the argument 
proceeds as follows: 

LBAD+LBCD = LABC+LCDA 
LDAF+LDEF = LADE+LEFA 
LFAH +LHGF = LAFG+LFGH. 
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:. (LBAD+LDAF+LFAH)+LBCD 
+LDEF+LFGH 

= LABC+(LCDA+LADE) 

+ (LEFA + LAFG) + LFGH 
(The brackets indicate angles 
to be combined at a vertex.) 

That is, 
L BAH+LBCD+LDEF+LFGH 
= LABC+LCDE+LEFG+LGHA. 

That is, 
LABC- LBCD+LCDE -LDEF+LEFG 

-LFGH+LGHA-LHAB = 0. 
Note that the angles are presented 
sequentially with alternating signs, the 
pattern that generalises for even-sided 
cyclic polygons. 
Does the pattern apply to odd-sided cyclic 
polygons? 
With odd-sided polygons we cannot label 
the vertices { +) and (-) sequentially 
without finishing with a double ( +) 
[or double(-) if you start with a minus]. 

So the pattern does not apply. 

4 UNIT (ADDITIONAl) MATHEMATICS 

However, we might consider going around 
the polygon twice. Every vertex would 
have both a(+) and a(-), and so would 
cancel itself out. In this sense the result 
would be true (in a trivial way) and the 
pattern would include odd polygons as 
well. For example, for a triangle: 

A 

LABC-LBCA+LCAB-LABC 

+LBCA-LCAB = 0. 

END OF 4 UNIT (ADDITIONAL) SOLUTIONS 
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