1996 HiGHER ScHOOL CERTIFICATE
SOLUTIONS

4 UNIT (ADDITIONAL) MATHEMATICS

QUESTION 1

3 4 3
(a) J' . 5 dx =J 4(2+2)°2% dx
1 (2+x) 1

(b)

-8
15
OR
Put u=2+zx, sothat-qz-lizl.
dx
x=Lu=3
x=3, u=5

u
T
- 5 3
_—
T 15
Method 1 d
Put u = tan#8, so that 22 _ sec?o.
de
JSeczﬂ tan8 d@ = Ju du
1
= EHF‘*"C]
= -zltan29+Cl.
Method 2 2
Put u = sec#, so that -&% = secf tan®.

fsecﬁ.sece tan8 dé = '[u du
_ 12
= 2”- +Cz

1
= ;sec29+ C,.

()

Method 3

Let I,= J’sec29 tan@ dé.

Let u=tan,
du 9 7]
a8~ %% g

I, = tan®0 - I,

21, = tan8

1

Iﬂ = Et.anzﬁ + Cl‘

v = tané

= gec’d

Method 1
5¢2+3 bt+c
t(t*+ 1) t2+1
5t2+8=a(t®+ ) +t(bt+c)
ie. 5243 =(a+b)ti+ct+a.

Equating like coefficients:
. C= 0
a=3

a+b=5

s b=2

)
J 56;3 dt =J‘§-dr+J & dt
tt2+ 1) t t241

=3lnge|tl+1c}g¢ 2+ 1)

<+
t

Method 2
2 2 2
Jsx;a " =J'3:a+1d‘+J2: +2
t(t“+1) 2+t 2t
2 2
='[3;: +1dt+'[2(t +1)
.34t £(t2+ 1)
=log, [t3+1 +2loge|t|+

Method 3

2 4 2
J'5z2+3 . 5:‘.5+33t i
(24 - | P4t

=Ing,,|:5+:3|+c.




3t2+3

2 [ 2
5"';3 dt = 2; dt+| —
tE“+1) g Lt + 1) t(t“+ 1)

b t2+1 tt2+ 1)

2t 3
= df +| — dt
Jt%l J‘

dt

[ 2
[ 2 dHJa(: D

=log, (¢2+ D+ 3log,|t|+C.

(d) Let u=tan'x and dv=xdx
d—“:—l-—-— o Q:x
dx 1+ x2 S dx
.
u-zx
fxtan'lxdx
1o, 3 1| «
—2:: tan “x E{lﬂﬁ dx

]dx

1 1,
x-5x+ 5 tan Ly +Cy.

12, g 1. 1
—2:: tan "x ZJ(l T o

= by gl
2:: tan

OR  after @, proceed as follows:

Put x = tand, sothat % = sec?8,

2 2
J xzdxzj' taneg
1+x 1+ tan“@

=Jmn29 de

x sec’6 d@

=j(sec26 -1)ds

= tﬂn9—9+02
=x-tan"1x+02
.-.J.xtan‘lx dx
_ 1

x? tan‘lx-%(x— tan‘l.t+C'2)

2| b0

x? tan"lx—%:lﬁ-;l tan™! x+ C.

(e)

2= 2gind

. dx _ _
N d8_2c058‘ or dx = 2cos8 dé

x=-1, 2sin0=-1|x =43, 2sin0=.3

IRy ¢ 2 a
sinf = 5 sinf =
g

T
o

w|a mfial -E—I

x2cosd db

~ ' 4sin’e
a 2cos0

sin’0 d

RS

»
w]a

I=

»
a|m »

(1-cos28) dé8

i JE 5
]

- n
=2|6- -é-sinze]“

Ja

-3
4-2% 4

. _._1[1!4-—::2 Va-x?
-3 3

=- ‘J4-xzdx+4j
e

-1

Ja

4-x°

dzx.

The first integral can be evaluated by
considering the shaded area in the
following diagram,



QUESTION 2
(a) z=e—-i, creal
M G2) =ilc-1)

=ci+1

=1-ci.

c—i c+Ii
_ C+L
c2+1
c i
= +

c?+1 *+1

()  |z-4+5i| <3
|- @-50| <33,

i.e. circle, centre 4-5i.

b x=4

4-50

4-8i

(c) (i) To prove
(cos@+isind)™ = cosnf +isinng, nzL
When n=1, LHS = (cos8+isin8)!
RHS = cos8 +isin8d
= LHS.

Let £ be an integer for which the result is true
then (cosd +isin®)* = cos k@ + isinkd.

When n=Fk+1,

(cos®+isin8)** 1= (cos kB + isin k6)(cosd + isin
= cosk@.cos8 + cos k.sinb.i
+ cos@ sin k8.1 — sin k8.sin¢

= cos(k® + ) +isin (kO + 8)

= cos(k+ 18 +isin(k+1)6.

That is, if the result is true for n=k, then itis t
for n=k+1.

Since the result is true for n=1,andfor n =k
whenever it is true for n =k, it is therefore tru
for all positive integral values of n.

() w=+3-i

) B oup . &
W= 2cos-6- —i2sin—

6

= Z(CQS% - Esin-’é-].

(i) w® = 9P [cos%’f- - zsméﬁi]

(@ | p




(i) argz-8)=a
arg(z+1) = .
x- ﬁ =8 ’
since the exterior angle of a triangle is equal to
the sum of the interior opposite angles.
But we are told a—f = %, -8 =%.
(ii) The centre will lie on the line x=1,
since the perpendicular bisector of the chord AB
nasses through the centre.

0
i
3|3
Y
T
A 11 [N
-1 1 2 3
ZAOB= 20 (angle at the centre is twice the angle
at the circumference)
ZAOB = 2?"
& iban .
gy
g
73’
. 2
Centre is [1, —]
NE)
QUESTION 3
(a) y
1
‘u\\\ S
\
(0] 4 x
{1
P ¥:=0

(i) x+y%=0, x=-y2
~ At S, area of annulus is
rc( R -7 ),
where R=4+%% r=3.
" Area:n:{(4+y2)2—32}
16+8y% +y*-9)

=ﬂ(
= :r(y" +8y2+7).

1
(ii) Volume=rrj (y‘+3y2+7)dy
-1

1
2j - y"+3y2+7)dy
0
6 3
y 8y
x[ 5 +—'§'—+Ty]
1 8
23!('g+-§+7)
__2”(3+40+105)
a 15
_2:!5(148
15
2967
15

= 62 eubic units.

1

]
3=

1]

It

(b) (i) Method 1
_;. ) gk : ~ {anx)2h+1 K
J‘U (sinx)*" cosx dx = [——-—%4_1
. 2k+1
_(sin3) (sin 0)**+1
2k+1 2k+1
1
TS
1
T 2k+ 1
Method 2  Using integration by parts:
Let I =IE(sinx}2k cosx dx
0 .
i [ (sin x)2+1 ]i —2kI
0
(2k+DI=1-0
1
I= o

(i) (cosx)?" = (1— sinza:)n,
so (cos2)?"*! = (cos x)*" cosx

= (1— sinzx)n cosx

= [(g)-—('{]sinzx+(g)sin4x -
+(:)(—1)“ sin®"x ]cosx
2

o)) ]

+ e +[:)(—sin2:c ]cosx



1l
M=

(2)(—sin2x)k cosx

( : ){—1)'& sin?*x cosx

ar
1
o=

(cos x)*"*1 dx

[2)(— 1) J: (sinx)** cos z dx

—
1]
Mﬂ e va = EMH

=
i
=

]
il Sk

n k 1 ;
( k)(—n - g, from )

OR Let u=sinx, du=cosxdx.
1

I=J’ (1-u?)" du
0

(iii) Putting n=2 in (ii),

x 2
2 5 x 1 (2
cos”x dx = (-1 [J
Jo oot ar= 3 ot (]

-(0)-5(3)+5(2)

(i) Acceleration is greatest when
dv/dt is greatest; that is, when the tangent h:
the greatest slope. This occurs at 65 <t <7
(from the above graph).

(i1) Since the velocity-time graph
is linear between t=0 and ¢ =4, the areas
Ajand Ay, as shown, are equal.

The displacement between t=0 and =4 is

4
x=J v dt
]

2 4
=I udt+I vdt
0 2

= A1 -4

=0.
.. The particle first returns to x=0 at t=4.

(iii) Fortime £=0 to ¢=5, the graph
is parabolic; and x=0 when =0, 4.

When ¢ =2, x has a maximum value,
When ¢ =17, x has a minimum value.,

X
o 2 :
QUESTION 4
n+l_
(a) 1+x+12+13+...+xﬂ-= ‘tx 11

1+2x+3x%+ - +na"

_ (z=D+Da"- ("=
(x-1)? '

Put x=2,
then 1+2x2+8x4+4x8+--4+n.2""1

_@-D(s+n2" -1 -1
2-1?
w8
=2"(n+1-2)+1
=2"(n-1)+1.
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(b) @ y y=¢é*
1
1 y=a
'-T‘_T_i/-'r/1 1—| | — >
(ii) y

=1
A0
(-1-036)-

Ry

(iii) There will be only one solution for
m<0.

(¢) Let p be the probability that the number 20
is drawn in any game, Then p = 02.
Let g = 1-p = 08,
(i) Probability of getting 20 in exactly

5x4 2 3
- 2002 x0-8

= (-2048,
(ii) Probability of no 20s and one 20 is

(g)p"qE + [i)pq“ = 0-8%+ 5x0-2x 0-8*
= 0-327 68 + 0:4096
= 0737 28.
.. Probability of at least two 20s = 1- 0-737 28
= 026272,
(iii) There are [Zf) unordered selections

of four from twenty, and there are (i) unordered
selections of four from J,

two games is °C, p2¢3 =

J
(4) _DU=DG-2)(-3)
(20) T 20x19x18x17

4

Hence,

(iv) Since j is the largest of the four
numbers, the other three numbers must be selected
from 1,2,3,..., j-1.

This can be done in (J; 1) ways.

There are (240) ways of selecting four from twenty,
Jj-1

~. the required probability is
4

QUESTION 5
-1
(a) y¥= .

(i) The midpoint of (t, ?IJ and (St i)

3t
101, 1\ (o 4).
i (3era0.5(3455))= (205 )

2

that is, x = 2¢, y'3t'

2
Then 3xy = 3.2.!.3?

=4,
. The midpoint lies on the curve 3xy=4. —@

(i) The line joining [r, ?1) i {3¢, s_t)
has gradient

O .
Tt 3t A
t-3t -2t
—
-6¢2
- ——
32
. The equation of the line is
1 1
J""z' = —S?(x—t)
. 3
T 32 3t
x 4
¥ —-—Et'z—'l‘-a-t—. —@

Solving @ and @ simultaneously:

-xr 4
31(;{4‘5] = 4

Jx(—x +4¢) = 12¢2
~3x2 + 121t = 124
3x% - 122t +12¢2 = 0
~dxt+4t° =0
(x-2t2 =0
x=2i
-2t 4
3; 3E -
_2 4 -~

ETRET
2

= —

3t

y:

That is, only one point of contact [2: 52?]

', The line is a tangent to 3xy = 4.

1996 < Page 10

S —

N



4 Unm (aDDmionNAL) MATHEMATICS

OR 3xy=4
2
¥ 3x
Yt
3>
At x=2t, Hl= ——1—2 (gradient of the tangent).
3t

. 1
The gradient of the line passing through (t, ?)

and (3!, i) is
3t

1 1
me3 t__ 1
- 3t—t 3:2 ’
, . 1 1
. The line passing through t,-‘- and 33,§
. 2
is tangent to 3xy = 4 at (2:,5].
1
(iii) dy- S
Y -2
on ' S
o= x
1
£2
1

. The normal has gradient LA
Its equation is y - ?1= t2(x-¢)
ty—-1= 3 -4
- Pxsty-1=0.
(iv) If x=0, y=h lies on the normal,

then t* + ht - 1= 0. We want to check how many
roots this equation has.

Let P(t)=t*+ht—-1 X
P(ea) > 0,
P(-e0)> 0
P(0)=-1
P()=1+Ak-1
=h
P(-1)=1-h-1
Yy L/
P'(t)=42+h 1
=0 when t3=—-—{l—

4

—

t= —(%)3, so only one turning point.

P (t)=12t2> 0

~ minimum turning point below ¢ axis.

Hence only two real roots, so only two points with
intersection R(0,A).

OR Solving
teth-1=0
t4-1=-ht.
A quick sketch shows that the graph of the straight

line y = —ht must cross the graph of y = t* -1 in
two places.

y
_}'=t4—1
=1 1 t
-1 y=-ht
y:-»ht h>0
h<0

» t*+th-1=0 has exactly two solutions,
regardless of the value of A.

b)) z*+ol+bxlicx+d=0

(1) For polynomials with real coefficients,
complex roots occur in conjugate pairs. That is,
(a+ib)(a—ib) = a® +b® is a factor, and all roots
are either real or in conjugate pairs.

(ii) So (x—ki)(x+ ki) = x° + k% is a factor.
Px)=x*+ax®+bx? +ex+d
P(ki) = k* — ak®i— bk% + chi+d

=0
Equating imaginary parts:
~ak®+ck=0
=L
—

OR  Let the roots be ki, ki, «, f.
Ya=o+p=-a.
Y oy = kiaf — kicP + k*a+ kB
= k% (a+ )
=—c.
—ak®=—¢

B=Z

a

OR Plx)=a2*+aP+bxl+ex+d
P(x) = (a:2+ B2 )(x2+A::+ B]
Equating coefficients of x°:

Equating coefficients of x:
¢ =ak?.

a=A
c=Ak®

1996 + Page 11
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(iii) From P(ki) = 0, equating real parts:

kY- bk%+d =0.
Since B = E,
a
c? c
then —-b—+d=0
a? a
Z-abc+a?d =0
ie. ¢® +a*d = abe.

(iv) Method 1
4, 3

If b=0, the equationis x" +ax"+cx+d =0.

Let the roots be ki, —ki, 2, a.

Za =2+a=-a
a=-(a+2)
N off = B+ 20 = 0
k= -2ax

Substituting k2 =§ from (ii):

c=-2a
c=2ala+2)
.~ ¢is even (as a is an integer).

Method 2
P(2)=0 = 16+8a+4b+2c+d =0.
Since b=0: 16+8a+2c+d=0.
Now c+ad= abe,
2
Yol o . S I
32
C2
16+Ba+2c—--——2—=

a
c? - 2a% - 16a% - 823 = 0.

The quadratic formula gives
c=2p(a+2) or c=-4a.

QUESTION 6
(a)
_}'=312-2::-2 Y
6 ~==-== A
y=|3z| ;
I
B%x--43 ‘I
I \
] ]
1 2 |
— i E
’ a

OR

(b)

(e)

322 -22-2 < |3z
To find A, suppose x 2 0,
then B8x%-2c-2=3x

8x%-5x-2=0
(x-2)(8x+1) =0
x=2 or —-3!'-,

so A has x coordinate 2.

To find B, suppose x < 0,
then 8x%-2x-2=-3x

322+x2-2=0
(z+1(3x-2)=0
x=-1or %,

so B has x coordinate -1.
So the solution of the inequalityis ~1< x < 2.

If x 20, then 3x2-2x-2< 3x

ie. (z-2)(3x+1D <0
) 0sax< 2.
If x <0, then 3x2-2x-2 < -3x
ie. (x+1D(Bx-2)< 0
: -1€x<0.

Combining these gives -1 < z £ 2.

Resolving radially, N+ mgsin8 = mro®.

Resolving tangentially, F— mgcos = 0.
So N=m(ra®-gsind) and F=mgcosé,
F g cosb

N rmz—gsine.

(1) £PTQ =6 (corresponding angles, PL||Ox)
y = £LPTQ + £TPQ (exterior angle

of triangle equals sum of interior
opposite angles)

=3+¢
=26 (since ¢=0).

1996 + Poge 12




4 U (ADDMONAL) MATHEMATICS

OR ¥+ ZLPQ = m (cointerior angles, PL||TQ)
0+¢+ ZLPQ = r (adjacent angles in straight line)
- 80 ¥ =60+¢ (subtracting)

= 20, since 8=¢ (given).

(i) Gradient of PT is tanf. Also,
gradient of PT is gradient of curve at P(at?, 2af),

dy
dy ar _2a 1
de dz 2t ¢
dt
~. Gradientof PT =%
1
tan® —?.
OR y? = dax
dx
2y = da —
y = 4a e
dy _4a_4a 1
de 2y dat ¢
1
f tanB-?.
(iii) The gradient of PQ is given by
m =tany
= tan28
__2tané
1- tan’6
2
__t
1
s
_xu
i
2
= The equation of PQ is y—2at = - ¢ ] (x-at?).
: ey

That is, (2~ 1)y —(t?- 1)2at = 2¢(x-at?)
(t2- 1)y - 2at® + 2at = 2tx - 2at®
2tx = (t%- 1)y + 2at.

(iv) Substituting y =0 in the equation
of PQ, 2tx = 2at
x=a
- @ is (a, 0), the focus.
(v)

\

-
-
-
-

2
-

Since PQ = PM , the path lengthis LP+ PM which
is simply LM, because L, P, and M are collinear.
Let P’ be any other point on the parabola. Since
P'Q = P’M’, the new path length is LP'+ P'M’
which is longer, because the perpendicular LM is
the shortest distance from L to the directrix.

QUESTION 7

(a) (i)
dt?

So the particle starts from rest with positive

acceleration, and therefore moves in the positive

x direction.

. d2x  d (1 g\ 5-22
(i) ——=—-|7% .
dt dx(2 ) x°
That is, E(%ug) =5z~ 2 -2y 2
-;:92=—%x"2+2x'1+ C.

When x=1 v=0.
0=-2,2:¢ 0C=3
’ 2 ! 2

12_ =5 2 1
EU -?4‘-;4‘2

s z2+4x-5
Vm———
2x
Since x2+4x-5=(x+5)(x-1# 0 for x>1,
- p#0 for x> 1, and so v remains positive.

~J:r.2+4:c—5
x

v= for x> 1.

(iii) Forx> % the acceleration is negative
and so the particle will slow down.

As x—oo, v— 1
That is, the velocity decreases and approaches 1
as x increases,

(b) (i) f(x)=Ilnx-ax+b, x>0,
fl)=2-g
x

=0 when l=a. that is a:=-:-l-.

x a
f(x) = ~x2
=1
2

< @ for all x>0,

. The single stationary point is a maximum.

1996 # Paoge 13
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(ii) Let @, B be the x coordinates of A, B

respectively.

If y=Inx and y = @x—b intersect at A and B,
then f(x) =0 at @ and j8, and the curve y = f(x)
crosses the x axisat o and J.

Y

VRN
Since, from (i), f has a single maximum turning

point, f(x)}) >0 for x<x<f.

That is, Inx > ax~b for x in the interval from
o to B.

-~ The curve y = Inx lies above y = ax-b for
o<x<p.

That is, the chord AB lies below the curve
y=hz,

OR ¥

o
Ve
J

Since y = lnx is concave down for all x>0, ifa
straight line intersects at two distinct points A
and B, the chord AB must lie below the curve.

;dx"xr ’dI

k k k 1
we have J' 1nxd:c=[:c1nx] —J' LX— dx
1 1 N X

[l

=klnk-Inl-k+1
=klnk-k+1, since Inl=0.

(iiif) Using u=lnx i,

(iv) e

i
1 2 3

By the trapezoidal rule,

k
I Inx dx= —;—(ln 1+In2)+(In2+1In8) + -
1
+2(In(k-D+1nk]

=-2-1-1nk+1n2+1n3+--- +In(k-1)
- %1nk+1n[2x3x4x---x(k~l)]
= 2lnk+1nf(k-11].

(v) By part (ii), the trapezia lie below
the curve.

. Area of trapezia < area under the curve
+ 2ink+In(k-D!< knk-k+ 1,
Ink! < klnk—k+1+2Ink

Ink! < Ink*~k+ 1+ In &
o k<kR ekt R

B '3
ie. k' < B—J—k_ [;] .
OR
-;-m.enn(k-m.:klnk-kn
s ARGE-D < bk 7k el
5 kl< k"‘.e'h.e.ﬁ,

k k

i_.e. k! < Eﬁ(;] .
QUESTION 8
(a) G) If z=w" then

2-1=w’-1
Y

o= cia 2T tan X " 1
=| CO ) 9

2x .. [ 2x
=cos(Tx 9#)4— zsm[Txng—l

(de Moivre's theorem)
=cos2rk+isin2rk -1
=1+ix0-1
=0.

. w® is a solution of 2°- 1= 0.

2r 2r
OR = ——+isin—
w cos 9 )
w? =1 cos 28 i 2% i
B 9 9
= cos2m +isin2nx (de Moivre's theorem)

=1,
s wisarootof 22— 1=0.
EY 9\t
Now (w*)-1=(w’)-1
=1-1=0.

.. w® is also aroot of 22~ 1= 0.

1996 + Page l4
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4 Unir (ADpmonAL) MatHemaTICs

(ii) Method 1
A-w)(l+w+w?+ o +0?) =1-0°=0,
since w is a solution of 1-w?=0.
But since 1-w # 0, the other factor must be zero,
S0 l+w+w?+ - +uwf=0
wwe -+ uwl= -1,
Method 2

Roots of x?-1=0 are L w, ..., w®.

coeffof2 _ b _,

coeff. of 2° o

+ud =0

Sum of roots = —

1+ w+ -

Method 3
Consider 1+w+w?+ - +uwb
This is the sum of a GP with
a=1, r=w, n=9.

1+w+w?+ - +ub

(iii) Method 1
From (i1): w+wd+wl+w +w+wb
rwhewd=-1

-1 2 —2 3

wHw T wtrw C+w

3

+wiiwtiwt=-1 —®

By de Moivre's theorem, and the fact that
cos(-x) = cosx and sin(-x) = —sinx,

R 2nk . . 2mk
w*+w " = cos— + [5in —
9 9
+cos[— 2ﬂk)+£sin(— %)
9 9
2
= Ecosik. —®
9
Therefore, from @, we conclude that
2r dr 6r . 8=
2cus—§-+ 2cus-é—-+2ms-é—+2cos-? =-1,
Using cosA+cosB= 2casA;B cos A;B,
' 3¢ =& ™ =
2 eps— L L N ]
we get 4 cos 3 cos 3 + 4 cos 3 cos 5
4 3 T
4cos—9-(cosT+ cos-?-)— -1
Bcus%cos%a-cosz—;-—: -1,
But cos%= —cos%
sEcoszxc i ar .2
CORg St g =g

Method 2
cos X = —cos i and
9 9

cosx = %[cos:: +isinz + cos(—x) +isin (-x)]

(asin @ above)

. oS m:;s::E ca:us‘i—:|t
; 9 9 9

1 8 8z 87 -8
= —g[cosT+ !sm-?*l- CDS[T)+ ESIH(——Q—')]
2r 2m -2 —2n
X[COS 9 4 ISIH‘—Q—“‘F COS( 9 ]‘l’lSlﬂ["“g_J]
dr 47 -4 N
K[COS?+ISIH‘*9—+GOE( ) ]+ESIH[T)]

whe w5)[w+ w? )(w2+ w7)

w4+ w5 )( w3+ ww+ w8+ w15]

1
1

1]
1
co| = OOII—L | ®| o)

— —— e ———

w'+ wl w4 w2 W w04 0?0 )

wH+w+w+w+w+rw+w+w

-»+w8)

T 8 5 6 3 4 2)

Il
|

1]
0| 4=
&
E
-~
=
=

From (i),
zg-l=(z—zﬂ}(zrw](z—wa)(z—wz)(zhw?)
(s (s o=t )-?)
=(z—1)[zz—(w+ wﬁ)‘z{rl]
[zz—(w2+ w7)z+1-[ 2—(w3+ ws)z+1]
[zz—(w4+ w5)z+1_. —6
Put z=1i, sothat 22:1=0.
4 i—l:(i—l}[—i(w+ wa) [—i(mg+w'ir )]
x[—i( wl+ wt H[—i(w‘+ w5]]

so that (w+ wa)(w2+ w’ )(w3+ w® )(w“+ w® ): 1

2r 4 6 8z
(zcns—g—J(Zcos 5 )[Zco 5 )(2.‘:05?)—1 .

61 3x 1
Note that Cos?__COS?__E
and cosgf—— —cos =
9 9’
23‘7 4:?7 ]_ T
A Zcos?qu:us—g—xzx—-ix—zwsg_1,

' B ok e 1
ie. cosg COS—- COS—— = 2
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(b) T
2 Q i
QT+QR > RT  (triangle inequality)
s QT+PR-PQ>RT (QR=PR-PQ)

QT - QP> RT- RP

"(¢) (i) AK= AN
BK = BL (two tangents drawn to
CL=CM a circle from an external
= point are equal)

DM = DN
Now AB+DC = AK+KB+ DM+ MC
= AN +BL+ DN +CL
(using above results)

= AN +ND+BL+LC
= AD+BC.

(ii) B
K

A L

X

D M C

Draw perpendiculars to AB, BC, and CD from X
and call the points of intersection K, L, and M
respectively.

Now AXKB = AXLB (£KBX = £LBX,
ZXKB = £XLB = 90°,
XB common, AAS)
(corresponding sides of

congruent triangles).

and so XK =X
Similarly AXLC = AXMC
and XL = XM,
Thus a circle, centre X, passing through L also
passes through K and M, and since AB, BC, and
CD are perpendicular to XK, XL, and XM
respectively, these lines are tangents to the circle,

(iii) B

LY

‘ LY
DD D c

From (ii), there exists a circle to which AB, BC,
and CD are tangent. Let D’ be a point on DC
such that AD’ is also a tangent to this circle.

There are three possibilities:
(¢) D’'=D;
(8) D lies on CD produced;
(y) D’ lies between C and D.
Using the result in (b), we get:
Case (B): DA-DC > D'A-D'C
ie. D'A-D’'C < DA-DC
Case (y): D'‘A-D’'C > DA-DC
Using the result in (i), we get
AB+D'C=AD’+BC,
and the stated condition is
AB+CD = AD+BC.
Subtracting, we get
D'C-DC=D'A-DA
ie. D'A-D'C=DA-DC.
This is incompatible with cases (f) and (),

hence D =D’ and so AD is also a tangent to
the circle.

END OF 4 UNIT (ADDITIONAL) MATHEMATICS SOLUTIONS
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