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SOLUTIONS 

4 UNIT (ADDITIONAL) MATHEMATICS 

QUESTION 1 Method3 

(a) 

(b) 

OR 
du 

Put u = 2 + x, so that dx = 1. 

x=1,u=3 
x= 3, u = 5 

J
3 4 

.. 1 (2+:c)2 

Method 1 

i 5 4 
dx = - du 

3 u2 

= [ -u4 J: 
4 4 

= --+-
5 3 

8 
=15. 

du 2 
Put u = tan8, so that dB =sec 8. 

. . J sec28 tan() dO = J u du 

Method2 

1 2 = 2u +C1 

1 2 
=2tan 8+C1. 

du 
Put u = sec8, so that dO = sec8 tan B. 

:. J sec8.sec8 tan8 d8 = J u du 

1 2 = 2u +C2 

1 2 c =-sec 8+ 2 . 
?. 

(c) 

Let In= J sec28 tan() dB. 

Let u = tan6, u = tan6 
du 2 du 2 
de =sec 8, de = sec 9 

.. In= tan28 -In. 

2In = tan28 
1 2 

In=2tan 8+C1. 

Method 1 

i.e. 

5t2+ 3 a bt+c ---=-+--
t(t2+1) t t 2+1 

5t2 + 3 = a(t2 + 1) + t(bt+c) 

5t2 + 3 =(a+ b)t2 + ct +a. 

Equating like coefficients: 
c=O 
a=3 

a+b=5 
:. b = 2 

= -dt+ - - dt f3 f 2t 
t t2+ 1 

= 3loge It I+ loge (t2 + 1) 



 

=J~dt+J~dt t2 + 1 t 

=loge (t 2 + 1) + 3loge I t I+ C. 

(d) Let u ·= tan-1x and du = x dx. 
du 1 du -=-- . -=x 
dx 1+x2 .. dx 

u= ixz. 

:. I xtan-1x dx 

= -x tan x- - -- dx 1 2 -1 1f x
2 

2 2 1+x2 

=-x an x-- x 1 2 t -1 1J 1 + x
2 

- 1 d 
2 2 1+ x2 

= ..!.x2 tan-1.r- .!J(1- - 1-) dx 
2 2 1+.r2 
1 2 - 1 1 1 t -1 c = 2x tan x - -zx+ Z an x + 1· 

OR after <!>, proceed as follows: 

dx 2 Put X= tan8, so that dB= sec e. 

f x
2 f tan

2
e -~ dx = 
2 

x sec26 dB 
. 1+x2 1+tan 8 

=I tan
2e de 

=I (sec2e- 1) de 

= tane-8+ C2 

= x - tan-1x + Cz 

:. I x tan- 1x dx 

1 2 ta -1 1 ( t -1 c ) =-zx n x- 2 x- an x+ 2 

1 2 ta -1 1 1 -1 c =-zx n x - -zx+ -ztan x+ 1· 

(e) x = 2sin9 
dx :. de = 2cos9 or dx = 2cosB de 

X= - 1. 2sin8 = - 1 X= .[3, 2sin8 = .[3 

· e 1 sine= .[3 sm = --z . 2 

B=-; B=~ 

.. J-13 xz dx 

- 1 ..J 4- xz 

J
f 4sin2e 2 e dB -

2 8
xcos 

- -i cos 

.. 

={: ,m'B dB 

6 

• 

= {: (1- ""' 28) dB 

6 
11 

=2[8- .!sin2e]
3

,. 
2 --

6 

= 2 ( ~ -isin 2; )-2(( -;)-ism(-~)) 
2n- .J3 1C .J3 

=a--z-+3-2 
=n- --13. 

The first integral can be evaluated by 
considering the shaded area in the 
following diagram. 

dx. 



 

QUESTION2 

(a) z = c-i, creal. 

(b) 

(i) (iz) = i(c-i) 

= ci+l 

=l-ei. 

(ii) 1 1 c+i 
-== --x-
z c-i c+i 

c+i 
= c2 + 1 

c i 
=--+--. 

c2 + 1 c2 + 1 

lz-4+5il ~ 3 

lz- (4-5i)l ~ 3, 

i.e. circle, centre 4-5i. 

y x=4 

4 

0 

-5 

X 

X 

(c) (i) To prove 

(cosB+isinB)n = cosn9+isinn9, n~ 1. 

When n = 1, LHS =(cosO+ isin0)1 

RHS =cosO+ isin9 
=LHS. 

Let k be an integer for which the result is true 
then (cos9+isin9)k= cosk8+isink8. 

When n = k+l, 

(cos O+ isin8)hl = (coskO + isin k9)(cos0 +ish 
= cos k8. cose + coskO .sinO .i 

+cosO sink9 .i- sinkO .sini 
= cos(ke+O)+isin(ke+O) . 
= cos (k + 1)9 + isin (k + 1)9. 

That is, if the result is true for n = k, then it is t 
for n == k+ 1. 

Since the result is true for n = 1, and for n = k 
whenever it is true for n = k, it is therefore tru 
for all positive integral values of n. 

(d ) 

(ii) w = ..[3- i 

(iii) 

. 2 TO ·z . n w= cos6 - ~ sm6 

2( 
n .. n) = cos6 - tsm6 . 

=+ ~ -i.~l 
= - 16.{3 -16i. 



 

(i) arg(z - 3);,. a 
arg (z + 1) = fJ . 

a-f3=9, 
since the exterior angle of a triangle is equal to 
the sum of the interior opposite angles. 

1r 1r 
But we are told a-/3 = 3, :.fJ = 3 . 

(ii) The centre will lie on the line x = 1, 
since the perpendicular bisector of the chord AB 
~asses through the centre. 

0 

LAOB = 2(} (angle at tbe centre is twice the angle 
at the circumference) 

LAOB= 
2

'" 
3 

y 1r 

2=tan6 
2 

Y=.J3. 

Centre is ( 1, }a). 

QUESTION3 
(~) y 

1 

~ s 
\ 

0 

/~ ! 

! -1 : 

~ 2 = x+y 0 

(i ) x+y2 =0, x=-y2 

. . At S, area of annulus is 

rr(R2-r2 ), 

where R=4+y2, r=3. 

.. Area= rr{(4+y2 t-32
} 

= 1r ( 16 + 8y2 + i - 9) 

= n(y4 +8i+7). 

4 X 

(ii) Volume =rrJ
1 

(y4 +8y2 +7) dy 
-1 

=2frr(i+8y2 +7) dy 

[i Bi r =21r 6 +-3-+7y 0 

= 2n(~+~+7) 
= z~r( 3+4~; 105) 

2~rx 148 
= 15 

2961r 
=--

15 

"' 62 cubic units. 

(b) (i) Methocl1 

(.!!. · [ (sinx)2k+1 ]~ 
Jo

2 
(sin x)

2
k cos x dx = 2k + 1 

0 

( 
. 1f)2k+l sm2 

= ..:.._-=2~k.:..+_,.1-

1 
= 2k+ 1 - 0 

1 
= 2k+ 1' 

(sin 0)2k+l 

2k+l 

Method 2 Using integration by parts: 

• 
Let I = J

0

2 
(sinx)2

k cosx dx. 

• 
I= [ (sin x)2k+l J:- 2kl 

.. (2k+l) I =l- 0 
1 

.. I= 2k+1' 

(ii) (cosx)2
n = ( 1- sin2x r' 

so (cosx)2n +l =(cos x)2n cosx 

-;_ ( 1- sin2x r COSX 

= [(~)-(~) sin2x+(~)sin4x- ... 
+ (: )<-1)n sin2nx J cosx 

= [ 1+ ( ~ )( -sin2x )+( ~ )( -sin
2
x )

2 

+ ... +(:)(-sin
2
x r Jcosx 



 

(c) 

== ± ( ~ )( -sin
2
x J cosx 

k=O 

== i ( n )< - l )k sin2kx cos x 
k=O k 

" 
. . I = fo2 (cos x)2n+l dx 

n. .!!.. 

== L (~}-1)11 1 2 (sinx)2kcos xdx 
k~o o 

= kto (~)<-1)k- 2k~1' from(i). 

OR Let u =sinx, du=cosx dx. 

. . I= (( 1-u2 r du 

= ([ 1-(~)u2+(~)u4- ... 
+ (-1)n(:)u2n J du 

=f),(~)( -u
2 

)' du 

=f 1 ± (n) (-1)ku2k du 
0 k=O k . 

= ~o ( ~ ) ( -l)k fo 1 u2k du 

= [ i (n)~u2k+ll 1 

k=O k 2k+l O 

= i (-l)k (n) 
k202k + 1 k . 

(iii) Putting n"" 2 in (ii), 

u 

rt cos5x dx = ± (-l)k -
1-(!) 

Jo k=O 2k+ 1 

= (~)-j(D+tG) 
=1- ~+..! 

3 5 
15-10+3 

15 

t 

(i) Acceleration is greatest when 
dv/ dt is greatest; that is, when the tangent h: 
the greatest slope. This occi:trs at 6·5 ~ t < 7 
(from the above graph). 

(ii) Since the velocity-time graph 
is linear between t = 0 and t = 4, the areas 
A1 and Az, as shown, are equal. 

The displacement between t = 0 and t = 4 is 

x = J
0

4
v dt 

= J
0

2

v dt + J
2

4

u dt 

= Al- Az 
= 0. 

.·. The particle first returns to x = 0 at t = 4. 

(iii) For time t = 0 to t = 5, the gTaph 
is parabolic; and x = 0 when t = 0, 4. 

When t = 2, x has a maximum value. 

When t = 7, x has a minimum value. 

X 

QUESTION4 

(a) 

1+ 2x+3x2 + ··· +nxn-l 

(x-l)(n+ 1)~- ( xn+l_ l) 

(x -1)2 

Put x = 2, 

t 

then 1+2x2+ 3x4 +4x8 + ... + n.2n-l 

(2-l)(n+ 1)2n- (2n+1 -1) 
= 

(2 -1)2 

= 2n(n+ 1-2)+ 1 

= 2n (n -1) + 1. 
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(b) (i) 

1 
----Y = X3 

X 

(iii) There will be only one solution for 
m ~0. 

(c) Let p be the probability that the number 20 
is drawn in any game. Then p = 0·2. 
Let q = 1- p = 0·8. 

(i) Probability of getting 20 in exactly 

two games is 5C2 p
2 q3 = 5 x 4 0·022 x 0·89 

1x2 
= 0·2048. 

(ii) Probability of no 20s and one 20 is 

( ~)p0q5 +(Dpq4 = 0·85 +5x0·2x0·84 

= 0·327 68 + 0·4096 
= 0·737 28. 

:. Probability of at least two 20s = 1- (}737 28. 

= 0·26272. 

(iii) There are ( ~) unorde~ed selections 

of four from twenty, and there are ( ~) Wlordered 
selections of four from j, 

Hence, 
(;4' ) 

(j)(j- 1) (j- 2)(j - 3} 

(2
4
0) = 20x19 x l8x17 

(iv) Since j is the largest of the four 
numbers, the other three numbers must be selected 
from 1, 2, 3, ... , j- 1 . 

Th~s can be done in ( j; 1) ways. 

There are ( 
2
4°) ways of selecting four from twenty, 

(j-1) 
th . d b b'l' . 

3 
:. e requne pro a 1 1ty lS . 

. (2~) 

QUESTION 5 
1 

(a} Y = -
X 

(i) The midpoint of ( t, f) and ( 3t, ~ ) 

is (~<t+3t), ;(T+ 3~)) = (2t, ~} 
2 

that is, x = 2t, y =at· 
2 

Then 3xy = 3.2t.3t 

= 4. 

. . The midpoint lies on the curve 3xy = 4. - <D 

(ii) The line joining ( t, f) and ( 3t, 3~) 
has gradient 

3 1 1 1 -
,-ii 3t 

t-3t = -2t 
2 

= -6t2 

1 
=- 3t2 • 

:. The equation of the line is 
1 1 y--= - -(x-t) 
t 3t2 

X 1 =--+-
3t2 3t 

X 4 
:;=--+-. 

3t2 3t 

Solving <D and ® simultaneously: 

ax(..:=...+ i.) = 4 
3t2 3t 

3x(-x+4t) = 12t2 

-3x2 + 12xt = 12t2 

3.x2 - 12xt + 12t2 = 0 
x2 - 4xt + 4t2 = 0 

(x-2t)2 =0 
X= 2t. 

That is, only one point of contact ( 2t, :t} 
. . The line is a tangent to. 3xy = 4. 

- ® 
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OR 3xy= 4 
4 

y=-
3x 
-4 

y'=--
3x2 · 

At X = 2t, y ' = -~ (gradient of the tangent). 
3t 

The gradient of the line passing through ( t, T) 
and ( 3t, :e) is 1 1 

3t t 1 
m=--=--

3t-t 3t2. 

. . The Jine passing through ( t, T) and ( 3t, ~) 

is tangent to 3xy = 4 at ( 2t, :t ). 

(iii) 1 -1 y=-=x 
X 

dy = -lx-2 
dx 

1 
=-7 
= - t; at ( t, T). 

. . The normal has gradient t2• 

1 2 Its equation is y - - = t (x- t) 
t 

ty- 1 = t3x- t 4 

t4 -t3x+ty-1= 0. 

(iv) If x= 0, y= h lies on the normal, 
then t4 + ht - 1 = 0. We want to check how many 
roots this equation has. 

Let P(t) = t 4 + ht -1 
:. P(oo) > 0. 

P(-oo) > 0 

P(0)=-1 
P(l) = l+h-1 

=h 
P(-1) = 1-h-1 

=-h. 

P'(t)= 4t3 +h -1 

= 0 when t 3 = _!!:_ 
4 

1 

(h)3 1 . 't t = - 4 , so on y one tummg pom . 

P"(t) = 12t2 > 0 

:. minimum turning point below t axis. 

Hence only two real roots, so only two points with 
intersection R(O, h). 

4 Ur.;rr (ADDiliONAS.) MATHEMAncs 

OR Solving 

t 4 +th-1= 0 

t 4 -1= -ht. 

A quick sketch shows that the graph of the straight 
line y = - ht must cross the graph of y = t4 - 1 in 
two places. 

y=-ht 
h<O 

:. t4 + th - 1 = 0 has exactly two solutions, 
regardless of the value of h. 

(b ) x4 + ax3 +bx2 +cx+d = 0 

(i) Forpolynomi~ls with real coefficients, 
complex roots occur in conjugate pairs. That is, 
(a+ib)(a-ib) = a2 +b2 is a factor, and all roots 
are either real or in conjugate pairs . 

(ii) So (x- ki)(x + ki) = x2 + k2 is a factor. 

P(x) = x4 + ax3 + bx2 + ex+ d 
P(ki) = k 4 - ak3 i - bk2 + cki + d 

=0 

Equating imaginary parts: 

-ak3 +ck = 0 

OR Let the roots be ki, -ki, a, fJ. 
2:C~= a+f3 =-a. 

OR 

'Laf3r = kiaf3- kiaf3 + k2a + k2f3 

= k2 (a+ {3) 
=-c. 

-ak2 = -c 

k2 =E.. 
a 

P(x) = x4 + ax3 + bx2 +ex + d 

P(x)=(x2+k2 )(x2+Ax+B) 

Equating coefficients of x3: a=A 
Equating coefficients of x: c = Ak2 

.. c = ak2. 

1996 + Page 11 
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(iii) From P(ki) = 0, equating real parts: 

k4 ·- bk2 + d = 0. 

Since k2 - .£ - ' a 

then 
c2 c 
- -b- +d= 0 
a2 a 

c2 - abc+ a2d = 0 

i.e. c2 + a2d = abc. 

(iv ) Method 1 

If b = 0, the equa.tion is x4 + ax3 +ex+ d = 0. 

Let the roots be ki, -ki, 2, a. 

L,a=2 +a =-a 
a= -(a+2} 

L, a{3 = k2 + 2a = 0 

Substituting 

k2 = -2aa 

k2 = !:.. from (ii): 
a 
c = -2et 

c = 2a(a+2) 

. . cis even (as a is an integer). 

Method 2 

P(2) = 0 ~ 16 + Ba + 4b + 2c + d = 0. 

Since b = 0: 16 + Ba + 2c + d = 0. 

The quadratic formula gives 
c=2a(a+2) or c=- 4a. 

QUESTIONS 

(a) 

\ 

X 

3x2
- 2x- 2 ~ lax I 

To find A, suppose x ~ 0, 

then 3x2-2x- 2 = 3x 
3x2 -5x - 2 = 0 

(x- 2)(3x+l) = 0 
1 x = 2 or - 3 , 

so A has x coordinate 2. 

To find B, suppose x < 0, 

then 3x2 - 2x - 2 = -3x 

3x2+x-2= 0 
(x+ 1)(3x-2) = 0 

2 x = - 1 or 3 , 

soB has x coordinate -1. 

So the solution of the inequality is -1 ~ x S: 2. 

OR If x ~ 0, then 3x2- 2x- 2 S: 3x 

(b) 

(c) 

i.e. (x- 2)(3x + 1) S 0 

0 S X S 2. 

If x < 0, then 3x2- 2x - 2 S -3x 
i.e. (x+ 1)(3x-2) S: 0 

-1 S: X < 0. 

Combining these gives -1 ~ x S: 2. 

F 

\ 
\ 

"' / \ 
mgs.in O 

\ 

Resolving radially, N + mgsin8 = mrw2 • 

Resolving tangentially, F - mgcos 8 = 0. 

So N = m(rOJ2
- gsin8) and F = mg cos8, 

F gcose 

· · N = rw2 - gsin8 

(i) LPTQ = e (corresponding angles, PLIIOx) 

y = LPTQ + LTPQ (exterior angle 

of triangle equals sum of interior 

opposite an61es) 

=8 +~ 

= 28 (since ¢ = 9). 
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OR y + LLPQ = 1r (cainterior aogles,PL!ITQ) 

8 + ¢ + LLPQ = 1r (adjacent e.Dgles in straight line) 

so r = 8 + ¢ (subtracting) 

= 28, since 8 =' (given). 

(ii) Gradient of PT is tan 8. Also, 
gradient of PT is gradient of curve at P(at2

, 2at), 
dy 

dy dt 2a 1 

OR 

(iii) 

·· dx=dx = 2at=t 
dt 

. . Gradient of PT = .! 
t 
1 

tan8 =T· 

y 2 = 4ax 
dx 

2y = 4a­
dy 

dy 4a 4a 1 
'dx = 2y = 4at = t 

1 .. tane = 7. 

The gradient of PQ is given by 

m = tanr 

= tan28 

= 
2tan8 

1- tan2 8 
2 
t 

= 1- 1 
t2 

2t 
= t2 - 1· 

:. The eq~ation of PQ is y- 2at = ~ (x- at2). 
t2 -1 

That is, (t2 -l)y - (t 2 -1)2at"' 2t(x-at2 ) 

(t 2 - l)y - 2at3 + 2at = 2tx- 2at3 

2tx = (t 2-l)y+ 2at. 

(iv) Substituting y = 0 in the equation 
of PQ, 2tx = 2at 

x=a 
:. Q is (a, 0), the focus.-

(v ) 
I y 

Mtr .. · ... L 

X 

. I I . , 4 UNIT (ADDITIONAl) MAlHEMAliCS 

Since PQ = PM, the path length is LP + PM which 
is simply LM, because L, P, and M are collinear. 
Let P' be any other point on the parabola. Since 
P 'Q = P'M', the new path length is LP' + P'M' 
which is longer, because the perpendicular LM is 
the shortest distance from L to the directrix. 

QUESTION7 

d2x 
At X = 1, -- = 3. 

dt2 
(a) (i) 

So the particle starts from rest with positive 
acceleration, and therefore moves in the positive 
x direction. 

(ii) d2x = !:..-(lu2) = 5-2x. 
dt2 dx 2 xs 

That is, :x ( t u2 ) = 5x-9
- zx-2 

. . t u2 = -tx-2 + zx-1+ c. 

When x= 1; v=O. 
5 1 

.. 0 = -2 + 2 + C; C = 2 
1 2 - 5 2 1 
- u =--+-+-
2 zx2 X 2 

2 x2 +4x-5 
v =----

2x2 

Since x2 +4x-5 = (.x+5)(x-1) * 0 for x> 1, 
. . u * 0 for x > 1, and so v rema.ins positive. 

~ x2+ 4x -5 
u = for x ~ 1. 

X 

(iii) For x > % the acceleration is negative 

and so the particle will slow down. 

Now v = ~ 1+ 
4

-
5 

. 
X Xz 

:. AB x-t oo, u-t 1. 
That is, the velocity decreases and approaches 1 
as x increases. 

(b) (i) f(x) = lnx - ax+ b, 

f'(x) = ..!. -a 
X 

1 
= 0 when x =a, 

f"(x) = -x-2 

1 
=-7 
< 0· for all x >O. 

x>O. 

that is x = ..!. . 
a 

.. The single stationary point is a maximum. 

I 
I 
I 
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(ii) Let a, /3 be the x coordinates of A, B 
respectively. 

If y = lnx and y = ax- b intersect at A and B, 
then f(x) = 0 at a and {3, and the curve y = f(x) 
crosses the x axis at a and {3. 

y 

X 

Since, from (i), f has a single maximum turning 
point, f(x) > 0 for a< x < {3. 

That is, lnx > ax- b for x in the interval from 
a to f3. 
:. The curve y = ln x lies above y = ax- b for 
a< x<f3. 

That is, the chord AB lies below the curve 
y = ln x. 

OR y y = ax-b 
y = lnx 

X 

Since y = lnx is concave down for all x > 0, if a 
straight line intersects at two distinct points A 
and B, the chord AB must lie below the curve. 

. du 1 du (iii) Usmg u=lnx -=- u=x, - =1, 
'dx x' dx 

we have J
1
\ nx dx = [ xlnx ]: - J

1
kx x~ dx 

=[xlnxJ: - [xJ: 

= kIn k - ln 1- k + 1 

= kInk- k + 1, since In 1 = 0. 

(iv) 

By the trapezoidal rule, 

J
1
klnx dx "' -}<In 1+ In2)+ (ln2+ln3) + ... 

+ f[ln (k-1) +Ink] 

1996 

=link+ ln2 + ln3 + .. . + ln(k-1) 
2 

= iink + In[2x3x4x ... x(k-1)] 

= iink +In[ (k-1)!]. 

(v) By part (ii), the trapezia lie below 
the curve. 

:. Area of trapezia < area under the curve 

:. flnk+ ln(k-1)! <kink- k + 1. 

Ink!< klnk- k+ 1+flnk 

Ink!< lnkk- k+ 1+ In.{k 
k! < kk. e-k. e1 . .[k 

i.e. k! < e.[k (~ r 
OR 

iink + ln(k-1)! < klnk- k+ 1 

.. ../k(k-1)! < kk .e-k. e1 

.. k! < kk. e -k. e . ..fk, 

i.e. k! < e.Jk(: r 
QUESTIONS 

(a) (i ) If ~ = w1t, then 

z9 -1 = (wk)9- 1 
= w9k _1 

21t . . 21t 
( J

9k 

= cosg-+ tsmg- -1 

( 
21t ) . . ( 21t ) =cos 9 x9k +Lsm g-x9k -1 

= cos 21tk + i sin 21tk - 1 

=l+tx0- 1 

= 0. 

: . wk is a solution of z9 - 1 = 0. 

OR 21t . . 21t 
w = cosg-+Lsmg-

9 
9 ( 21t . . 21t) .. w = cosg-+tsm-g 

= cos2n + isin 2n 

= 1. 

:. w is a root of z9
- 1 = 0. 

9 k 
Now. (wk)-1=(w9)-1 

= 1-1 = 0. 

(de Moivre's theorem) 

(de Moivre's theorem) 

.. wk is also a root of z9 - 1 = 0. 
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(ii) Method 1 

(1-w)(1+w+w2+ · ··+w8) = 1-w9 = 0, 
since w is a solution of 1- w9 = 0. 

But since 1- w * 0, the other factor must be zero, 
so 1+w+w2+ ... +w8 =0 

Method2 

Roots of x 9- 1 = 0 are 1, w, ... , w8. 

coeff. of z8 b Sum of roots= = -- = 0. 
coeff. of z9 a 

1+w+···+w8 =0. 

Method 3 

Consider 1+w+w2+ ... +wa. 

This is the sum of a GP with 
a=1, r=w, n=9. 

9 
.. 1+w+w2 + ···+w8 = w -

1
= 0 (w*l). 

w-1 

(iii) Method 1 

From (ii): w+w8 +w2+ w1 + w3 + w6 

+W
4 +w5 =-1 

.. w+w-1+w2+w-2+w3 

+ w-3+w4+w-4 = -1 -® 

By de Moivre's theorem, and the fact that 
cos(-x) = cosx and sin(-x) = -sinx, 

k -k 2nk . . 2nk 
w +w = cos--+zsm--

9 9 

( 
2nk ) . . ( 2nk ) + cos - -

9
- + z sm - -

9
-

2nk 
= 2cos-

9
-. -® 

Therefore, from <D, we conclude that 

2n 4tr 6n 8n 
2cos--g+ 2cosg-+2cos--g+2cos--g = -1. 

. A+B A-B Usmg cosA+cosB= 2cos -
2
-cos-

2
-, 

3n n 7n n 
weget 4cos-cos-+4cos-cos-= -1 

9 9 9 9 

4 cos ; (cos 
3
; + cos 

7
; ) = .:.. 1 

n 5tr 2n 
8cos-cos-+cos-= -1 9. 9 9 . 

5tr 4tr 
cos9 = -cos--g But 

1r 2tr 4tr 1 
cos-g cosg- COST= a· 
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Method 2 
1r 8tr 

cos- = - cos- and 9 9 , 

cosx = j[ cosx + isinx + cos(- x) + isin (-x)] 

(as in ® above)' 
1r 2n 4n 

. . cosg cos--g cos-g 

1 [ 8n . . 81r ( -Bn) . . ( - 8n )] =-s cosT+tsm-g+cos -
9
- +tsm -

9
-

[ 
2tr . . 2n ( -2n ) . ( -2n )] x cos--g+zsm-g+ cos -

9
- +zsin -

9
-

[ 
4n .. 4n (-4n) .. ( -4n)] x cos--g+tsm9 +cos -

9
- +tsm T 

= -~( w4+ w5 )( w+ wa )( w2+ w7) 

= -~{ w4+ w5 )( wa+ w10+ wB+ wl5) 

= -~ ( w7 + w8+ w14+ wl5+ wl2+ wl3+ w19+ w20) 

= -~( w7 + w8+ w5+ w6+ w3+ w4+w+ w2 ) 

1( 2 3 8) =-a W+W +W + ·· ·+W 

= ~, from (ii). 

Method 3 

From (i), 

z9-1: ( z-z0 )(z- w )( z - w8 
)( z - w2

)( z - w7
) 

( z- w3 ){ z- w
6 

)( z- w4 
)( z- w5

) 

= (z-1)[z2 -(w+ w8 )z+1] 

[ z2
- ( w 2 + w 7 

) z + 1] [ z2
- ( w3 + w6 

) z + 1) 
[z2 -(w4 +w5 )z+1]. -® 

Put z=i, so that z 2 + 1 = 0. 

:. i-1=(i-1)[-i(w+w8 ))[-i{w2+w7
) ) 

x [ -i ( w3 + w6
) )[ -i ( w4 + w5)] 

so that ( w+ w8 )( w2+ w7 
)( w3+ w6 )( w4+ w5 )= 1 

.. (zcos 
2
; )( 2cos ~ )(zcos 

6
; )( 2cos 

8
; )= 1 

6n 3n 1 
Note that cosT= -cos--g = -2 

Bn 1r 
and cos--g = - cos9, 

2n 4n 1 n 
.. 2cos-x2cos- x2x--x-2cos-=1 9 9 2 9 , 

n 2n 4n 1 
i.e. cos-g cos--g cos--g =a· 
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(b ) 

. (c) 

• p Q R 

QT + QR > RT (triangle inequality) 
:. QT+PR-PQ> RT (QR= PR-PQ) 
.. . QT- QP > RT-RP 

(i) ~ : : ) (two tangents drawn to 
CL = CM a ~ircle from an external 

pomt are equal) 
DM=DN 

Now AB+DC = AK +KB+ DM +MC 
= AN+BL+ DN+CL 

(using above results) 

= AN+ND+BL+LC 
= AD+BC. 

(ii) B 

A 

Draw perpendiculars to AB, BC, and CD from X 
and call the points of intersection K, L, and M 
respectively. 

Now llXKB a t..XLB (LKBX • LLBX, 

and so XK=XL 

Similarly 6XLC a 6XMC 
and XL = XM. 

LXKB = LXLB = 90•, 
XB common, AAS) 

(corresponding sides of 

congruent triangles). 

Thus a circle, cen tr e X, passing through L also 
passes through K and M, and since AB, BC, and 
CD are perpendicular to XK, XL, and XM 
respectively, these lines are tangents to the circle. 

(iii) 

From (ii), there exists a circle to which AB, BC, 
and CD are tangent. Let n~ be a point on DC 
such that AD I is arso a tangent to this circle. 
There are three possibilities: 
(a) D1 = D; 
(fJ) D' lies on CD produced; 
(y) D 1 lies between C and D. 

Using the result in (b), we get: 

Case (fJ): DA -DC > D 1A-D'C 
i.e. D 1A-D'C < DA- DC 

Case (y): D 1A-D'C > DA-DC 

Using the result in (i), we get 
AB+D 1C = AD'+BC, 

and the stated condition is 
AB+CD = AD+BC. 

Subtracting, we get 
v~c -DC = D ~A-DA 

i.e. D 1A-D 1C = DA-DC. 

This is incompatible with cases (/3) and (y), 
hence D = D 1, and so AD is also a tangent to 
the circle. 

END OF 4 UNIT (ADDI'riONAL) MATHEMATICS SOLUTIONS 
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