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1995 H IGHER SCHOOL CERTIFICATE 

SoLUTIONs 

·' 4 UNIT (ADDITIONAL) MATHEMATICS 

QUESTION ONE 

(a) Let u = ln.x 
du 1 dx :. -= - ~ du=-
dx X X .. I dx =f du 

x(ln.x)2 u2 

= J u-2 du 

= -u- 1+c 

1 
=-- +c 

u 
1 

=- - +c. 
lnx 

L d du x 
(b) et u = x an dx = e 

(c) 

I xex dx = xex-I ex dx 

=xex-ex+c. 

Alternative solution: 
d 

d:r ( :rer) = ex+ xex 

xex = ;x (xex)- ex . 

Integrate both sides with respect to :r. 

Met hod 1: Partial fractions 

Let 6t+2.3 = ~+_!!_ 
(21-1)(1+6) 21-1 1+6 

:. A(t+6) + B(2t-1)=6t+23. 

Equating coefficients of like terms: 

A +2B=6} 
6A-B=23 ~ A= 4 • B=l 

I
4 6t+23 d 

.. 1 (2 t - l)(t + 6) I 

=f4_4_ dl+f~~ 
12t -l lt+6 

= [ 2ln (2t- 1)): + [In (t + 6) ]~ 
= 2ln7 + 2In 1+ In 10-In7 

= ln7+1n10 

= ln70. 

Method2: 

I
4 61+23 d 

l (2t- l)(t + 6) t 

1995 • Poge 6 

= f4 6t +23 dt 
1 2t 2+ llt - 6 

=J4 
41+11 dt+J

4 
2t+12 dt 

l,2t2 +1lt-6 1 2t2+1lt-6 

[ J 
4 I 4 2 (t + 6) 

= ln(2t
2
+ llt-6) 

1 
+ 

1 
(2.t-l)(t+G} dt 

4 2 . 
= In 70 -In 7 +J -- dt 

1 2t - 1 

= ln70-ln 7 +[ln(2t-l) J: 
= In 70 - In 7 + In 7 - In 1 

=In 70. 
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(d ) 

(e) 

=In 70. 

d ( . -1 ) 1 . -1 d X Sin .X = X X + Sln X 

x ~ 1-xz 

. -1 d ( . -1 ) X sm x = -d x sm x - ,.-;----{ 
x '1/ 1-x2 

I . - l d . -1 J X d.x 
:. sm X · .r=xsm x- ~l-x2 

= xsin- 1x-J x(l-.x2)-t dx 

. 2 l 
. - 1 (1-.x )Z = .xsm x - +c 

X 
Let t =tan-

2 
dt 1 2 X 
- =-sec -
dx 2 2 

1( 2 X ) =2 tan 2 +1 

~ = .!ct2 + 1) 
dx 2 

x=O => t = O 

(1 dx 
·· Jo 5+3sinx+4cosx 

.! x-2 
2 

= -2[-1 ]1 

t+3 0 

= -2(! -~) 
1 

=s· 

QUESTION TWO 

(a) w1+ w2 = 8-2i+(- 5 - 3i) 
= 3- 5i. 

(b) 

(c) 

(i) (1-202 = 1- 4i+4i2 

= l-4i -4 

=-3-4i . 

(ii) 5± ~25- 4(7 + i) 
Z= 2 

5± ~-3-4i 
= 2 

5±(1-2i) f (') = 
2 

rom 1 

.. z == 3-i or 2+i . 

z2 - 5z+6.!= -7-i+6.! 
4 4 OR 

( 1)2 
- 3 - 4i z -2- :::---

2 4 

Z - 2- = + 1 ~ - 3 - 4i 
2 - 4 

z- 2~ = ±~(1~ 2i) from (i) 

z = zi±i<1-2i> 
= 3 - i or 2+i. 

(i) Im (z) 

4 

(Algebraically: Let z = x + iy 

.. arg(x+iy-4) = arg(x-4+iy) 

= tan-1(_!_) 
x-4 

tan -1_Y_ = 3.1t' 
x-4 4 

_!_ = -1 
x-4 

.. y=4 - x, y>O.) 
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(d ) 

(ii) Let z = x +iy 

(i) 

Y = ~·x__,z_+_y_z_, 

y2= x2+yz 

x2 = 0 

•• X= 0, y ;<:: 0. 

l m (z) 

z 

y;:::O 

--..--------Re(z) 

R(z+w) 

Q(w 

P(z) 

0 

Any two sides of a triangle are 
together greater than the third side, 
so PQ < OQ+OP 

lz-wl<lwHzl 
If POQ is straight, then 

PQ = PO+OQ. 

I z - wl = lzHwl 
From <D and ®, 

-<D 

... ,_.,,H \.""""''""' ''.,..' •• _, ••- • 

Note: z and w are arbitrary, so· 
OQ and OP, although they must be 
perpendicular to each other, need 
not be as shown. It is possible that 

Tr 
argu = - 2 . 

Method2: 

Now, lz -wl = lz+wl can be 
rewritten : 

This can only happen if ~ lies on 

the imaginary axis so that 

Method 3: 

Let z = j zl cis B 

w=lwlcis(o+;) 

w 
-= 

lwlcis(B+%) 

2 lzl cisB 

lwl . 1r 
=-ClS-Izl 2 

. . ~ is purely imaginary. 

lz-wl ~ lzl+lwl. QUESTION THREE 

(ii) See diagram above, for point R. (a) 
OPRQ is a parallelogram. 

(iii) I z - w I = I z + w I means that the 
diagonals are equal, so that OPRQ 
is a rectangl e (or possibly a square). 

Method 1: 

Let 
w 

u=­
z 

Then J+J1:H~· 
and argu = argw-argz 

=LQOP 
_ 1r since OPRQ 
- 2 is a rectangle. 

w. . . 
. . u. = - IS 1magmary. 

z 
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(i) y = f(x) 

y 

(-x2+6x-8) = - (x2-6x+8) 
= -(x-2)(x - 4) 

(3, 1) 
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on y = I 'ex> I 
y 

(iii) 

1 2 3 4 

/ = - x 2 +6x -8 
x 2 +y2-6x = -8 
x 2-6x+ y 2 = - 8+9 
(.r -3)2+ y2 = 1. 

That is, circle, centre (3, 0) and 
radius 1 unit. 

(iv) 

1 

1 

0 

- 1 

. . 
-8 

' 
' 

y 

' ' 

(3, 1) 

(3,-1) 

y,= f( x ) 

. : 
\• .. 

(b) 

(v) y = ef<x> 

f (3) = 1 

ef<3> = e 

y ef<Z> ::;: ef<4l = e0 = 1. 

e 

1 
~==F=~~~~--~~~~~.r 

' 
' 

1 / 2 
.' 

' 
' ,' 

3 4 \, . 
. y=f(.r) 
• ! 
\ ! 
'. •· .. 
'. 

Let r , R be the inner and outer radii of the 
annulus, respectively. 

Area of annulus= rr(R2 - r 2 ) 

= rr(R-r)(R+r) 

= rrx 18x 2~16 - y 2 

area of annulus= 36 rr ~ 16 - y 2 • 

(ii) .. v = 361!'J
4 

~ 16- y 2 dy -<D 
-4 

=36rrx2 (~16-y2 dy -® 

Method 1: 

J:~ 16- y
2 

dy 

represents 
the area of 
a quadrant. 

y 

0 4 

s:~16-y 2 
dy=±xnx4

2 

= 4rr . 
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Method2: 
Let y = 4sin8 

dy = 4cos8 dB. 

y = 0, 8 = Q 
1r 

y=4, B=-
2 

4 UNfl (AOOIT~AI.) MATHEMAllCS 

Equating reals: 4k1r 
--= 2n7r 

7 

k=~. z 
Since k a positive integer, smallest 
k is when n = 2, so that k: 7. 

(ii) Method 1: 

= 4cos8. 

.. J:~16-y2 
dy 

.< 

= J:16cos
2

8d8 

=16x-
2

(1+cos2B)d8 1J!. 
2 0 

r. 

=8[B+~sin2eJ: 

= s(~ +O )-s<O+O) 
= 411:. 

(Could have also used the substitution 
y = 4cos8.) 

Using either of the above two methods, 
®becomes V = 8611: x 2 x 4Jr. 

Volume = 28811: 2 u 3 

Note also that 

f
4 
~16-y2 dy 

- 4 
represents the area 
of a semi-circle. 

.. f 4 ~ 16- y 2 dy 
-4 

: lxrrx42 

2 

= 81r. 

. . <D becomes: 

V =36nx8n 

.. Volume= :288.~t 2 u3 . 

QUESTION FOUR 

y 

(a) ()') ( 4k1r) .. ( 4h) 1 cos -
7

- +csm -
7

- = 

since zk = 1. 

4kn' .. 4k1r 
:. cos-

7
-+csm-

7
-

= cos 2 nn + isin 2n.7t, 

where n is an integer. 

(b) 
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Since w is a solution of zn = 1, then 

w" = 1 
(wn)m = 1 

Wmn = 1 

that is, ( wm )n = 1 which satisfies 
zn = 1. 

That is. wm. is a solution of zn =·1. 

Method 2: 

Let w = cos8 + isin8 where wn= 1 
2Cn . . 2£1r 

.. w = cos- -+csm--, 
n n 

where t, n are integers, 
. . wm= cosmB+isinmB 

2mf1r . . 2mbr 
= cos--+csm--

n n 

2pn .. 2p1r 
= cos--+ tsm --, 

n n 
where p =em, so 
that p is an integer, 

:. (wm)n= 1. 

wm is a solution of zn= L 

(i) x2 >2.x+1 

y 
y=2x+1 

x 2 =2x+1 

x2 -2x- 1= 0 
2±..{4+4 

x= 
2 

= 1±./2 
:. Solutions are x > 1 + {2 

or x < 1--{i. 
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(c) 

(ii) For n=5, 25 = 32 and 52 =25, 
thatis 25 >52 , 

:. true for n = 5. 

Let zk > k 2 where k is an 
integer, k ::::. 5. 
Hence prove, for k + 1, 
that zk+I>(k+l)2 . 

Method 1: 
zk+I= zkxz 

> 2k2 by assumption, k ~ 5 
.. zk+l>k2+k2. 

:. Using (b)( i ), where k > .[2 + 1, 
(true since k ~ 5), we get 
zk+l> k2 +2k+l so that • 
2k+ 1 > (k + 1) 2 ' as required. 

:. Holds true for n = k + 1 if true 
forn=k. 

:. Holds true for n = 5, n = 6, and 
so on for all integers greater than 
or equal to 5. 

Method2: 
Required to prove zk+ 1- (k+ 1)2 > 0. 

LHS = 2x 2k- k2-2k-1 

= zxzk _zk2 + k2 -2k- 1 

.. LHS = 2(2k-k2 )+k2 -2k-l. 

Note that 2k-k2 > 0 from our 

assumption, and that k 2- 2 k - 1 > 0 
. fork> .[2 + 1 from (b)(i). 

.. LHS > 0 
i.e. zk+l>(k+l)2 . 

Met.hod 3: 
Assume true for n = k, 
i.e. zk > k2 and 2k - k2 > 0. 

Then zk+ 1-(k + l)2 

= z.zk_ k2 -2k-I 

> 2k2 - k2 -2k-1 

= k2 -2k-l 
=(k- 1}2 -2 
> 0 since k?! 5 

(i) sin (2m+ l).r 
= sin(2m.r+ x) 
=sin 2mxcos:c+ cos2mx sin x 

and sin(2m-l) x 
=sin (2mx- x) 
=sin 2mxcosx- cos2mxsin x. 

(ii) 

sin(2m+l)x sin(2m-l)x 
sinx sinx 
2cos2mxsinx 

= 
sin x 

= 2cos(2mx), as required. 

Or, using sin (A+ B)- sin (A- B) 
= 2cosAsinB, 

whereA=2m.r and B=x, weget 
sin(2mx+ x)- sin(2mx - x) 

sinx 
2cos2mxsinx = sinx 

= 2cos2m:c. 

ff [ sin2mx] f 
0

cos(2mx)dx= Zm 
0 

= sinm.n: _ 0 
2m 

= 0, 

since sin m.n: = 0 for all integer m. 

(iii) From (i), 

ff sin(2_m+l)x dx-({ sin(2_m -1)x dx 

0 s1nx ) 0 smx 

= 2 foi" cos( 2mx} dx 

= 2x0 from (ii) 

= 0 . 

" .. J2 sin (2.m+ l)x dx 
0 smx 

" = (2 sin(2_m-l).r dx. 
) 0 sm .r 

(iv) Ifm = 1, 
• • 

(2 sin~2m.r} dx = (2 s~nx dx 
) 0 smx ) 0 smx 

= fof 1 dx 

• 
= [xn 

Tr . d = 2 , as requ1re . 

(v) Using (iii} with m = 2, we get 
It IC 

f2 si~5x dx = f2 si~3.r dx. 
Jo sm x ) 0 smx 
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Now, using (iii) and (iv) where m = 1, 
we get 

• • 

f2 si~3x dx =J2 s~nx dx = !:. 
0 sm.r 0 smx 2 

. J sin5.r .>- =!: 
.. sin x C.L.X 2 · 

QUESTION FIVE 

(a) (i) sin x + sin 3 .x 

(b) 

= sin(2:r-:r)+sin(2:r+x) 
= sin2.rcos.r-cos2:rsinx 

+sin 2x cosx + cos2.r sin.r 
= 2sin2x cosx. 

(ii) From (i), 

sin x +sin 3.r +sin 2:r 
= 2sin2.r cos.r + sin2x 
= sin2.r(2cos.r+ 1). 

.. Consider sin2.r(2cos:r+ 1) = 0 
for 0 ~ :r < 2n- . 

.. sin2:r=O, 0$2:r<4n-, 
1 or cos:r = - 2 , 0 ~ x < 2n. 

2n- 4n 
.. 2x=O,n,2n,3~r, or :r=a·a 

n 3n 2JC 4JC 
.. :r= 0·2·1t'·T·a·T· 

(i) t 1 + t2 + ta =sum of roots 

= 0. 

(ii) tlz+ tzz+ taz 
= (t1+ t 2+ t3 ) 2-2(t1t 2 + t2 t3 + t3 t 1 ) 

But t 1 t2 +t2 t3 +t3 t 1= c 

t12+ li2+ ts2 = o2-2c 

= - 2c. 

(iii) Method 1: 

f(t) = t 3 + ct + d has turning points 

when f'(t)=3t 2 +c=O,thatis, 

when t =±f.¥. 

Let u = {¥ and u = - u = -{¥. 
:. f(u).j(u) 

= (u3+ cu + d)(-u3
- cu +d) 

= [ u(u
2 +c)+d ]( -u(u

2+c)+d J 

(c) 
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where 3u2+c = 0, from above 

= ( u. 23c + d)(- u. 23c +d) 

=d2 _ ,2 4c
2 

"" . 9 

;;; d2-(-.:.) .!C 3 . 9 

2 4 c3 
=d + - -

27 
< 0, since f(u).f(u) < 0 

.. 27d 2+4c3 <0. 

Method 2: 

27d 2 +4c3 

2 . 3 
=27(t1 tzt3) +4c 

= 27t1
2 t 2

2 t3
2 + 4c3 

= 27( ~ tl2 lz2 ta2 r+ 4c3 

<21(t1tz+tz ts+tatiJa 3 -
3 

+4c 

= 27 (c)a + 4ca 
27 

= 5c3 . 

But from (ii),-2c > 0 
.. c < 0 

so c3 < 0 

27d2 + 4c3 < 0, as required. 

y 

p 

0 

(i) Tangent to y = x 2 at (t, t 2 ) has 

gradient 2t. 

:. Normal has gradient _ _!__ 
2t 
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:. Equation of normal is 

i.e. 

y-t 2 = _ _!_(x-t) 
2t 

2ty- 2t3 = -x+t 

2t 3 +t-2ty-x = 0 
2 t 3 +(1-2y)t-x = 0 

.. t3+( l-22y }+( -2x) = 0. 

(ii) If the normals at three distinct 
points all pass through ( xo, Yo), 
then there exist three distinct real 
roots to the equation 

ts+( 1-~Yo }+( -~o) = o. 

By part (b) (iii): 

27( -~or+ 4( l-:Yo r < 0 

.. 27( X; r < -4( l-:Yo r 
27(x: r<(2y~- l r 

·( x: t < Yo-t 
Yo> •( x: )~+i 

QUESTION SIX 

(a) (i) 

(ii) 

NO'I' TO 
SCALE 

!!:. = tan 45" 
h 

.. a = h 

(iii) 

h == tan60° 
b 

Method 1: 
,~ B 

_./ .. / 
h/ 

h 
.. b= .[3 

1'\0T TO 

SCALE 

4~ . a 

N 

P C A ................................................. h ........................................... .. 

h h 
In 6BPC , PC= .{3 cos45, = .{6 = BC . 

.. In oBCA, CA= +- }s l 
AC 

tan a == CA 

= }s·h[ 1-}s l 
1 

= .{6-1 

:. a = 35" (to nearest degree). 

:. Bearing is 305° (or N55°W). 

Method 2 : 
Using the Cosine Rule: 

X 

45° 

h 

x
2 

= h
2+[ ..ia r- 2 X h X ..ia '"45' 

2 h2 .f6h2 
=h +- - - -

3 3 

= h 2 (
4-[6) (~ 0·5168h2 ) 

.. X = ~4 -3.[6 h (" 0 ·7189h) 

N 
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(b) 

'·. 

:. Using the Sine Rule: 
h 

X .J3 
sin 45° = sin a 

~ x sin45° 
"'3 sin a == ....:._ __ _ 

X 

= 0 5679 

:. Bearing is 305° or (N55°W). 

Method 3: 

a 

sin 9 sin (135°- 9) 
-b-= a 

sin 9 sin 135° cos 9- cos 135° sin 9 
--= .. h h 

.J3 
.[3 sine= A cos9+ fi sin9 

.[6 sine= cos8 + sinB 

.. <.[6 -l)sin9 = cose 
1 

. . tan e = rc ~ e == 35° (nearest 
v 6 - 1 degree) 

:. Bearing is 305° or (N55°W). 

T 

(i) t:.OVP = t:.OWP (SSS), since OP 
common, OV = OW (equal radii) 
and PV = PW (equal radii). 

4 UNJT (ADOITIONAI.) MATHEMATICS 

Hence, LPOV = LPOW (corresp. 
angles equal in congruent triangles). 

:. t:.OVM = 60WM (SAS) since 
OM common, OV = OW (equal radii), 
LMOV= LMOW. 
:. OP and VW are perpendicular. 

Hence LVMO = LWMO. 
But LVMW= 180° 

LVMO = LWMO = 90°. 

(ii) Using Pythagoras' Theorem in 
t:.OTU and 6PTU: 

TU 2 = OT2-0U2 = PT2 -PU 2 

Hence OT 2- PT 2 = OU 2 -PU 2• 

Similarly in t:..s OVM, PVM, 
OMz-PMz= OV2_py2= rz-sz. 

(iii) If T is on VW, then U = M, so that 

OT2- PT2 = OM 2 - PM2 = r 2- s2 . 

To show T lies on VW if 

OT2-PT2= r2-s2: 

From(ii), OT2 -PT2 =0U2-PU 2 

and OM2 -PM2 = r2-s2 

:. ou2 -PU2 = 0M2-PM2 -@ 

Let OP= d 
OU = x => PU = d-x 
OM= y => PM~ d- y 

.. From <D, x 2 - (d - x)2 

= y2-(d- y)2 

.. x 2-d2+2dx-x2 

= y2 - d2+2dy- y2 
2dx = 2dy 

x = y, i.e. U = M 
.. T lies on VW. 

(iv) A point T lies on AB when 
OT 2-PT2 = r2-s2. 

T also lies on CD when 
PT2-TQ2= sz-tz. 

:. When T lies on both AB and CD, 
(OTz- PT2) + (PT2- TQ2) 

= (rz- s2)+(s2-t2) 

OT2 -TQ2 = r 2 -t 2 

which is the condition for T to lie on 
EF. 
:. AB, CD, EF are concurrent. 
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QUESTION SEVEN 

(a) (i) Using integration by parts: 
• 

In = r: sin n-1 
X • sin X d:t 

• 
= I:sinn-lx ;!<-cosx)d.x 

• 
= [ -cosx.sinn-lx J: 

n 

- (n -1)I: sinn - Z x.cos x.-cosx d± 

= 0 +(n -1) I: sinn-2 X (1-sin2 x) 

In= (n-1)ln-2-(n-1}ln 

In +(n-1)In = (n - 1)In-2 

. . ni,~ = (n -1)In-2 

( 
n-1) . 111 = --;- In-2• as reqwred. 

(ii) From (i), 

• 
Note that I0 =I: (sin.r)0 dx 

and 

and 

Also, 

and 

and 

~ 

=I: 1 dx 

7C =z 
1 7t 

lz=2x2, 
3 1 7C 

I4 = "4 x 2 x 
2 

, from (i) 

2n-1 2n-3 
I2n = ~x 2n-2 X··· 

3 1 7C 
x4x2x2. 

• 
11 =I: sinx dx 

• 
= -[ COSX ]~ = 1 

2 2 
13 =-x/1 =-X 1 

3 3 
4 4 2 

Is=- /3 = -x-x 1 
5 5 3 

1995 

etc 

• 

2n 2n-2 
:. I2n+l=-2--x-2 lx··· n+1 n-

4 2 
x 5 x 3 xl. 

(iii) For 0 < x < ~, 0 < sin x < 1. 

:. 0 < (sinx)k+l < (sin.r)k < 1, for 

0 < x < ~ and k ~ 0 and an integer, 

:. J: (sin x)k+ 1 dx < Ioi (sin.r)k dx 

that is, lk > Ik+ 1· 

(iv) Given that lzn > lzn+ 1 : 

2n-1 2n-3 3 1 n 
--x--x ··· x-x-x-

2n 2n-2 4 2 2 
2n Zn-2 4 2 

>--X--X ···X-X-X1 
2n+1 2n-1 5 3 

n (2n)2(2n - 2)2x ... x4 2x22 
. > __ ____; _ ___; __ ~----~--:--.,-. 

.. 2 (2n+ 1)(2n-1)2 (2n- 3)2 x ··· x 52 x32 x 12 

-(l) 
Given that Iz,1- 1 > lzn : 

2n-2 2n-4 4 2 
--x--x ··· x-x-x 1 
2n-l 2n - 3 5 3 

2n-1 · Zn-3 3 1 n 
>--x--X···x-x-x -

2n 2n- 2 4 2 2 
(2n)(2n-2h2n-4)2 x ... x42 x2_2 n 
--~~-~--~~-=---=- > -2 -® 

.. (2n- 1)2 (2n-3)2 x···x52x3 2x12 

2n 
®x2n+1: 

(2n)2 (2n-2)2 (2n-4)2x ... x4 2 x22 

(2 n+ 1)(2n-1)2 (2n- 3)2 x · ·· x 5 2 x 32 x 12 

>i(z!:l) -® 

From <D and ®, we get: 

7t( 2n) 2
2
x4

2
x···X(2n)

2 

2 2n+l <12 x32 xs2 x ···x(2n - 1)2 (2n+l) 

1f • d < 2, as reqmre . 

(b) (i) Method 1: 

ekn) where k = 0,1, 2, ... , 2n 

represents a line in Pascal's 6. 

The largest value for 

( 2kn) 
on this line is the middle term. 
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There are 2 n + 1 terms, so the 
middle term is the (n + 1) th term, 
that is where k = n. 

Method 2: 

. pk+l ( k2+\) 

Cons1.der T = ( Zkn) 

(2n)! 
(k+ 1)!(2n - k-1)! 

(2n)! 
k! (2n - k)! 

k!(2n-k)! = -...,.--....,:..,...,-~_...,,..,. 
(k+ 1)!(2n- k - 1)! 

2n - k 
=k+T. 

If k < n, then 2n - k >nand k+ 1 ~ n, 
p 

so ~: 1 
> 1, while if k 2: n, then 

2n- k ~nand k+ 1> n, so that 

pk+ l p;-<1. 
This shows that Pk increases in 
size until P,., and then decreases, 
and hence it follows that Pk is 
biggest when k = n. 

(ii) P,. = enn) ( -i rn 
(2n)! 1 

=--x-­
n !n! z2n 

(2n)! . d = 
2 2 

, as reqmre . 
2 n (n!) 

(iii) Method 1: From (b)(ii), 

P. = 1. 2. 3. 4 x · · · x (2 n - 2)(2 n - 1)(2 n) 

n 22".(n!).1.2.3 ... (n-l)n 

= 

= 

= 

1.2.3.4 ... (2n-2)(2n - 1)(2n) 

2" n! 2 . 4 .6 ... (2n - 2)(2n) 

1.3.5 .. . (2n - 3)(2n- 1) 

2" n! 

1.3.5 .. . (2n - 3){2n - 1) 
2 .4.6 .. . (2n-2)(2n) 

.4 .6 ... (2n - 2 (2n 
[ 

22 2 2 )2 )2]-t 

1995 • 
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1.3.5 ... (2n - 3)(2n - 1) 
=~-..,~~~~~---~ 

2.4. 6 ... (2n-2)(2n) 
I 

_ [ 22.42.62 .. . (2n - 2)2(2n) 2 ] -
2 

- 2 2 2 2 1.3 .5 ... (2n-3) (2n-1) 

Using the result of part (a), it follows that 

(;rt 

[ 
2 2 .42 .62 

... (2n-2)2 (2n)2 l-f 
< 1.3 2 .52 .. . (2n - 3)2 (2n - 1)2 (2n+ 1)2 

<[;(z~:~f 
and[ ~here:ore]i [ 2 ( 2 1 )( 1 )]i 

n'21i+l < Pn < ; · ~: 2ri+l 

[ •( :+ t t P. < [ n~ t 
Method 2: From (a)(iv), 

~ 2.4 ... (2n) rn 
fz·~ < 1.3.5 ... (2n-1)~2n+ 1 < "{2 

2(2n+ 1) 1.3.5 ... (2n - l).j2n+ 1 ~ 
---> > -

1f .2n 2".1.2.3 ... n 1f 

2(2n+l) 1.2.3.4.5-··(2n - 1)2n.~2n+1 --->---------,:...._ __ 
1f.2n 2".n!.2.4.6 ... 2n 

2(2n+l) (2n)!.j2n+1 
>----'----

2".n!.2".1.2.3 ... n 1r .2n 

2(2n+ 1) (2n:)! ~ 
~-=-~ > -v2n+ 1 

1f.2n 22n (n!)2 
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2(2n+1) > P. > ~ 
1t.2n(2n+ 1) n f7r(Zn+1) . 

_1_>P. >--1 __ 

F n ~n(n+f). 

QUESTION EIGHT 

(a) (p- q)2 ~ 0 where p and q are real numbers. 

.. . p2 - 2pq+q2 ~ 0 

.. 2pq s; p2+q2 
p2+q2 

pq s; 2 

(b) 'Method 1: 
Suppose P(x 1, y 1 ) is any point on the line 
t. Th~n, using the equation of t, 

xxo + YYO _ 1 a2 b2 - , 

we see that 

X1 Xo + Y1 YO = 1 
a2 b2 

1 1 . 
= -z<x1 xo>+-r<Yl Yo> 

a b 

xo2 Yo2 
--+-- < 1 a2 b2 . 

since 

.!_ < _!_( x1
2 

+ Y1
2

) 
2 2 a2 b2 

2 2 
1 < ~+!..!._ 

a2 b2 . 

Hence P(x 1o y 1) lies outside the ellipse, 
and hence so does t. 

Method 2 : 
To show that t lies outside the ellipse Z, it 
suffices to show that e and Z never meet. 

1995 • 

So consider the simultaneous equations: 

xo x + Yo Y = 1 -<D 
a2 . b2 

x2 y2 
and - +-= 1 -® 

a2 b2 

From CD, xo X= 1- Yo y 
a2 b2 

.. ;r; = a
2 

( 1_ Yo Y) 
.ro bz 

Substituting in ®: 

_1 [~(1-2::Q2.)]
2

+L= 1 
a 2 .xo b2 b2 

.. a
2 

[ 1- 2yo Y.+ Yo
2
Y

2 )+ £_ = 1 
xo b2 b4 b2 

.. a
2(b 4 -2b2YoY+Yo2Y2

) 

+xo2b2y2 = xo2b4 

.. Y2[a2Yo2+xo2b2]+y[-2a2b2Yo] 

+a2b4-xo2b4 = 0 - ® 

For this equation, the discriminant A is 
given by: 

A= [ -za2b2Yo r- 4[ a2 Yo2+xo2 b2] 

x[ a2b4-xo2b4] 

= 4a4 b4 Yo2 -4b"( a2 Yo2+.ro2 b2) 

x ( a2- Xo2) 

= 4b4[ a4 Yo2-( a2 Yo2+xo2 b2) 

x( a 2
- x0

2
)] 

= 4b4[ a" Yoz_ a4 Yo2+a2 Yo2xo2 

-a2b2.xo2+xo4b2] 

= 4b4[ a2yo2 xo2+xo4b2-a2xo2b2 J 

= 4a2 bG :r.o2 [ Yo2 + xo2 -1]. 
b2 a2 

X 2 2 
and 6. < 0 since-0 - + ~ < 1 

a2 b2 . 

This means that the equation ® has no real 
roots, so the simultaneous equations CD and 
®have no real solutions, that is, l and Z 
do not meet, as required. 
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(ii) 

(c) 

If Q (xz , yz) lies on the line t, then its 
coordinates satisfy th e equation of l, 

th t
. xz xo YzYo _

1 a 1s, 
2 

+ 2 - . 
a b 

If this is true, then it also means that the 
point (xo, Yo> lies on the line 

XX2 + YY2 = 1. 
az bz 

Thatis,M(x0,y0 ) lies on the chord of 
contact to Z from any point on C. 

Note: In this part , it is. essential not to 
confuse the coordinates of the flxed point 
M(xo,Yo), the coordinates ofthe point 
Q (xz, yz), and the variables x andy, which 
can take infinitely many values in both the 
equation of t and the equation of the 
chords of contact. 

N F 

mg 

y• 

(i) Resolving forces in the directions 
shown: 
Vertically: 

my= mg-Ncos8-Fsin8 

Radially :: 
.. mu2 . 

mx =--= Nsm8- Fcos8 
R 

As there is no movement ver tically, 
y=O, 

mg = Ncos8-Fsin8 

mu2 . . . 
and ~ = NsmfJ-FcosfJ 

B d
. . . u2 Nsin8-Fcos() 

y lVtSlOn, -R = N . f) F 9 . 
g sm + cos 

(ii) 

4 UNn (AOD!IIONA!.) MA!HEMAncs 

If the particle is on the verge of 
slipping up the track, then F attains 
its maximum value acting down the 
hill. 

That is, F = -p.N 

uri ax N sin 8 + j1N cose 
Rg = N cos8- pN sine 

N(sin8 +J.I.~) 
cos8 cosB 

=--:-----~ N( cos8 _ J.l~) 
cos8 cosB 

_ tanfJ+ J.1. 

-l-J.L tan8' 

(iii) ~et Umin be the minimum speed 
that the particle can travel without 
sliding down the track. 

So, if u = Umin , the particle is on the 
point of sliding down the track. 

2 
u min N sin 8 -·J.LN cos 8 

and Rcr = "' N cos fJ + j1N sin 8 

- tan8-J.L 
- l+J.LtanfJ' 

If f.1. ~ tanfJ 
u ~ 

~~<0 
Rg -

Umin= 0. 

:. The particle will not slide down 
the track for any value of u. 
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