1995 HicHER ScHooL CERTIFICATE
SOLUTIONS

. 4 UNIT (ADDITIONAL) MATHEMATICS

QUESTION ONE
(a) Let u=Inx
du 1 dx
Vo —== = du=—
dx x

3 el
x(ln x)? u?

=—y t+e
1
S=—iC
u
B
" Ilnx
(b) Let u=x and %=e‘
.%=1 p=e*
Jxe’cb:=xe‘—Je’dx
=xe*—e*+c.

Alternative solution:

d Ty _ X x
E(IB )'-ed-f'IE
- y_ X
xe dx{xe )=-e”,

Integrate both sides with respect to x.

J’xe't dx=e*-xe*+¢

(¢) Method 1: Partial fractions
6¢+23 A B
Lot -G +6)  2t-1 146
oo A(R+6)+ B(2t-1) =61 +23.
Equating coefficients of like terms:
A+2B=6
6A-B =23

J 6¢t+23
(2:—1)(:+6)

*
‘L 21007}, 148

} = A=4, B=1

4 4
=[2]n(2£-— 1)]l+[1nu+e)]1
=2In7+2In1+In10-1n7

=In7+In10
=In70.
Method 2:
4 6t+23

T [T

4
=f 6t+23 ”

1 2t2+11¢-6
4 4
=J :s+11 dH'[ 22:+12 dt
1262411t -8 2t24+ 11t -6
4 r4 2(t+6)
9 Pt e
['“( el BJ] T (T

dt

4
=1n?o-1n7+L i

= 1n70-1n7+[In(2¢- D]}
=In70-1n7+In7-In1
= In70.

Method 3: Completing the square

4
J 6t+23 dt

1 2¢2+11t-6
~4
= 6t+5.;3 di
11 169
J1 2[1'?-;“} —-s—
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4
11 13
3_13 1[ T
F X X In
6 2x-;~§-l 42l g B
4
1
== In35-1n +—1- In-- - In-L
2 20 14
= In70,
d . -1 -
(d) -d—--(xsm £)=2xx +sin™" x
x 2
1-x
sin"lx = -j—(xsin'lx}— 2!
* 1-x°

.'.jsin"lx dx = xsin"'x —J -3 dx
-Jl x?

= rsin " tx J’x(l— 2y 'de

1
.1 (1-x2)?
= Xsmn x -1_+L‘
-2—x—2

= xsin'l:c - -,J 1-x% +c.

dx 2 2
- tan?Z+1
i 2
dt _'_1‘ 2
e (t=+1)
2&2 =dx
1+¢
n
r=— = ta-tanz._

z=0 = (=0
dx

0 5+3sinx+4cosx
1

) 24t
p) 21 1- 82
o (1+¢ ]{54— 3[-—--—1+=2 J+4(-—41”2 J]
:J’l 2dt
0 5+56%+6¢+4-4¢12

zr 9dt
0 (E+3}2

]
~{i3)

QUESTION TWO
(a)

f-]r-

g
=

Wi+ W =8-2i+(-5-31)
= 3-5i.

() (1-20)%=1-4i+4i*
=1-4i-4
wFoit

5+ .[25-4(T+10)
2
5+ [-3-4i
e
2
z=3-i or 2+I.

(b)

(ii)

2=

from (i)

OR z2-57+46<= —?—E+le

(e) @)

Rel(z)

(Algebraically: Let z= x+iy
arg(x+iy—-4)=arg(x-4+iy)

= -1 __2'.._
tan (x-4)

1. 'y 3x

t ———

an x-4 4
2

—=-1
x—-4
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(ii) Let z=x+iy

y:,':2+y2, yz0

y2=x24y?
x%=0
&=, p20.
Im(2)
A
z
Re(z)
(d) (1)
R(z+w)
Q(w
-l |
P(z)
&
||
0]

Any two sides of a triangle are
together greater than the third side,

Note: z and w are arbitrary, so'
0Q and OP, although they must be
perpendicular to each other, need
not be as shown, It is possible that

argu“-—f—
5

Method 2:

Now, |z—w| = |z+w| can be
rewritten:

w w
1I-—|=|1+—
F4 3 F1

This can only happen if %— lies on
the imaginary axis so that

R[E’—]G

Method 3:
Let = ‘zl cisg

w= |w|cis[9+-’—£—]

lecis(9+%)

[}

w
z

so PQ < 0Q + OP |z|cise
|z—w|c|w|+|z| —® —!f—lcisf.
If POQ is straight, then B z’ 2
PQ = PO +0Q.
lz-—w|=|z|+|w, —Q 5 -tg- is purely imaginary.
From @ and @,
|z-w| < |z|+|w} QUESTION THREE
(11) See diagram above, for point R. (a) (i) y=f(x
OPRQ isa paralle]ugram. (_I2+ 6x-8) = _(x'z_ 6x+8)
(iii) Iz—w|=|z+w|means that the =-lz-2)z-4)
diagonals are equal, so that OPRQ Y
is a rectangle (or possibly a square). 3, 1)

Method 1:
Let. u=%

wi_ O
Then |u | .—-H:O—g,

and argu = argw-argz
= ZQOP

_ & since OPRQ
T 9 is arectangle.

w ., . i
~ 4 =— isimaginary.

1-_
/‘\ .

T
1 2 3 4
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y
\
6_
4 =
2

T I T = | X
0 1 2 3 4

Gii)  y%=f(x)
; y": -22+6x-8
x2+yz—6x =-8
x2—6x+y2= -8+9
(x-3)%+ yz =],

That is, circle, centre (3,0) and

radius 1 unit .

4
(3,1
1 =~ /0—\
=2 T x
g
(3,-1)
. 1
(iv) = }"(I—)
y
I 1
1 i
I
:
1
;
19 R E )
*“.—.' 13_

LY

I

[
e e e e . B et

et

=
-
-

(b)

(V) y___.e.f(r}
f@=1
A eﬂ3)= e
y J@_ L fW 0 _q

Let r, R be the inner and outer radii of the
annulus, respectively.

& F=9-416-y% and R=9+416-y%.

P

Area of annulus = n(R%-r?)

=g(R-=r)(R+r)

= A x 18X 2,16~ 2
area of annulus = 36:«:1} 16—y2 .

4
(1) - V=36rrJ- 1]16—3;2 dy =0
-4
4
=36:r><2j Jlﬁ—yz dy —@
0

Method 1: ¥

4 i
[ f16-57 ey 4

represents
the area of
aquadrant.

>

0]

4
J. ,’lﬁhyz dy:—lx:rrx42
0 4

4
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Method 2:

Let y=4sinf

dy = 4cos8 d6.
8=0

==

2
J16-% = 16(1-sin?6)

= 4cos8,

J‘:q/lﬁ—yz dy

B
= 16xlj2(1+{:0529}d8
2Jo

y=0,
y=4,

? 16cos0 do
1]

2

= B|:B+lsin29:|
2 1]
ZEp

s

47,

JPB(G+(})

{Could have also used the substitution
y = dcosb.)

Using either of the above two methods,
@ becomes V=36nrx2x4r.

Volume = 28872 u’
Note also that

j.:../ 16-y2 dy

represents the area
of a semi-circle.

¥
T
4

(i)

(b)

J:/ 16-32 dy

0
=§1-xrcx42 '
=8nr.

~4

.. @ becomes:
V=36zx8rn

Volume = 28872 u®.

QUESTION FOUR
(a) {i} cos Akz +isin m =1
7 7
since 2* = 1,
cos X + :Jsinii-k—?r
7 T

=cos2Znn+isin2nnm,
where n is an integer.

4 Unir (anomonaL) MAaTHEMATICS

Equating reals: dkn =2nmw
Tn
k= -

Since k a positive integer, smallest
kis when n=2, so that k=7.

Method 1:
Since w is a solution of 2™ = 1, then
wh=1
(w™™ =1
wmu ) 1
that is, (w™)" = 1 which satisfies
2"=1.
That is, w™ is a solution of 2" ="1,
Method 2:
Let w = cos@+isinf wherew"=1

2 .. 2¢fn
+asm-—;——,

W = cos
n
where £, n are integers,

= cosmB+isinmB

. 2mirn
in

wm

n .
= C0s +1s

2‘!m+isin 2‘!”:,
n n

= C0s

where p={m, so
that p is an integer,

(w™)"= 1.

w™ is a solution of z"= 1.

() x%>2x+1
-4 y=2x+1
y=x*
1
Vg ¥
:n:2 =2x+1
22-9x-1= 0
o+ (474
Ry

= 1+.f2
.~ Solutions are x > 1+.J§

or x < 1-ﬁ.
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(c)

(i1)

()

For n=5, 2°=32 and 5%=25,
thatis 25> 52,

true for n=5.
Let 2*> k% where kis an
integer, k= 5.
Hence prove, for k+1,
that 2k+15 (k+1)2,

Method 1:
2k+ 1. 2k %2
> 2k? by assumption, £2 5
ohtly p2, 32
<. Using (b)(i), where k> {2 +1,
(true since k> 5), we get
215 k24 9k +1, so that
28415 (h+ 1)?, as required.

. Holds true forn = 2+ 1 if true
forn==4k.

*. Holds trueforn =5, n =6, and
so on for all integers greater than
or equal to 5.

Method 2:;

Required to prove 28+*1-(k+ 12> 0.

LHS =2x2*-k2-2k-1
=ox2k_2p24 p2-2k-1
LHS = 2(2*— k) + k2 -2k -1.
Note that Ek—kz > 0 from our
assumption, and that k2-2k-1>0

for k> 4f2 +1 from (b)(i).

LHS>0
ie. 2¥1ls (re1)2. ..

Method 3:

Assume true for n=k,

ie. 2%> k2 and 2%-2%> 0.

Then 2**1-(k+1)?

9k 3 gk-1

>2k%-k%-2k-1
=k2-2k-1
=(k-12%-2
>0 since k25 ...

sin(Zm+ 1) x
=sin(2mz+ x)
=sin2mxcosx+cos2mxsinx
and sin(Zm-1)x
= sin{2mx - x)
=sin2mxcosx—cos2mxsinx.

sin(2m-1Dx
sinx

sin(Zm+ 1) x
sinx -
_ 2cos2mxsinx
- sin x
= 2cos(2max), as required.
Or, using sin(A+ B)-sin(4-B)
= 2cos Asin B,
where A=2mx and B=1x, we get
sin(2mx+ x)-sin(Zmx-1)
sinx
_ 2cos2masinx
- sin x
= 2cos2mx.

: nzme 15
(i) J g cos(2mx) dx = [ smzmx:I
0 2m
SINInT
“T2m ¢
=0,
since sinmn = 0 for all integer m.

0

(iii) From (1),
J‘z sin(2m+ Dz sin@m+zx '[2 sin(2m - 1}::
0 sanx sinx
= f cos(2mzx) dx
0
=2x0 from (ii)
=0,
J’“Ri sin(2m+ Dx
—_— e dx
0 sinx
=IE 51:1(2.m— Dx dx
0 sinx
(iv) Hm=1,
J"z sm{b2mx} o ='[2 s¥nx dx
0 sinx o Sinx
=J’ 1dx
0

(<]

= % as required.

(v) Using (iii) with m = 2, we get

M X

2 sinbzx 7 smn3dx
[y, [ gt
o Sinx Jy sinx

1995
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4 Unm (ADDmonaL) MaTkemai.ls

Now, using (iii) and (iv) where m = 1,
we get

X
2 sindx
o sinx

QUESTION FIVE
(a) (i)

sinSx
sinx

sinx+sindzx
=sin(@r—-x)+sin(2x+x)

=sin2xcosx—cos2xsinx
+sin2xcosx+cos2xsinx
=2sin2xcosx.
{(i1) From (i),
sinx+sin3x+sin2x
=2sin2xcosx+sin2x
=s5in2x(2cosx+ 1).
-. Consider sin2x(2cosx+1) =0
for 0<x<2nm.
. sin2x=0, 0<2x<4nm,
O<sx<2rm.

oo 22=0,7,27,3%, 0r = 2—“,4—?':-

3 3
Onxs;: 2r 4dnx
!2l)2l3l3'

1
Or COSX = -3

s or=

(b)

(1) ty+ty+tz=sum of roots
= 0.

] (i)

where 3u?+¢ =0, fromabove

!
= u.£+d][—u.£+d]

<0, since f(u).f(v) <0
. 21d%+4c%<0.

Method 2:
27d%+ 4¢3
= 27(t1tpts)+ 463
= 27t2 t5% tg? + 43

3
- 27[?} t12 to2 t5° J +4c°

23
t1bo+lgtg+iEgly ] + 403

< 27[ 3

_27, 3 ,.3
—27(c)+4c _

= 5¢d.

But from (ii),~2¢ > 0

(i1) t12+f22+f32 g{(;
= (8y+ tg+ t3)2=2(2 ty+ tots+taty) . 2747 4"3 = . -
But tyfp+byts+taty=c +4c" < 0, as required.
S TR (SR
L%+t + 13 =0=-2¢
=—2C—‘. h
(i11) Method I1:
3 Ny~ p
f(¢) = t° + ct + d has turning points }
when f'(t) = 3£2+c=0,thatis, y=x2
‘—c
R
when t =% 3 N,
Let.u:’_?cand p=—-u=- _Tc Ny 5
0
= flw). f(v)
=i+ cu+d)~u-cu+d) (i) Tangentto y=x® at (¢, t2) has
: adient 2t.
= [u(u3+c}+d][-u(u2+c]+d] B . 1
~» Normal has gradient T
1995 < Page 12
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.. Equation of normal is

y-t?=—oi(e-1)
ie. Oty—2t3 = —x+¢
263 4¢-2ty-x=0
2t34+(1-29)t-x=0

. 3 1-2y X
5 [ 7 ]£+(2]—0.

If the normals at three distinct
points all pass through (xg, yq),
then there exist three distinct real
roots to the equation

3 [1-2y -xo | _
14{ 5 JH-[ 5 ]—U.

By part (b) (iii):

2 3

27(_1" ] + 4[ 1_2""] <0
2

3

(ii)

QUESTION SIX
(a) )

NOT TO
SCALE

(iii)
h
—_— 60°
k " %
: Pl
T3
60°
P 5 B
Method I: N
~B A
h __.-'" E NOT TO
4_5 SCALE
# 45° r.:' «
P
< - HA
h
InABPC, PC=—c0545° = — =
g
. InABCA, CA= h[l %]
tan o =
LY
J6
J— -1
. o =35° (to nearest degree).
.. Bearing is 305° (or N55°W).
Method 2:
Using the Cosine Rule: N

h

2
2= hl4 i -2xhxi-cos45°
(i) V3 V3
45° 2 2
a _ . _p2 b ﬁfl
) = tand5 he+ ey 3
a=h dos
2 f} (=051684h2)
45° .
A _
F " x= . 3’f§ h  (=07189h)
1965 « Poge 13 o
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» Using the Sine Rule:

a = 35°.
. Bearing is 305° or (N55°W).

Method 3:

sinf _ sin (135°-8)

b a
sinf _ sin 135°cos B8 —cos135°siné
L R

J3

ﬁsinﬂ =%cus€+-—j’§-sin9
J—gsin9= cos @ +sin b
(y6 - Dsin® = cosd

1 = 8 =35° (nearest
8=1 degree)

.. Bearing is 305° or (N55°W).

t tan@ =

(b) T

¥

Ve

)

Y4

(i) AOVP=AOWP (888), since OP
common, OV = OW (equal radii)
and PV = PW (equal radii).

4 Unim (apomonaL) MATHEMATICS

Hence, ZPOV = ZPOW (corresp.
angles equal in congruent triangles).

s AOVM = AOWM (SAS)since
OM common, OV = OW (equal radii),
ZMOV = ZMOW .

. OP and VW are perpendicular,
Hence £VMO= £WMO.

But VMW = 180°
LVMO = ZWMO = 90°.

(i) Using Pythagoras’ Theorem in
AOTU and APTU :

TU?= 0T%-0U%= PT2-PU?
Hence OT2-Pr?=0U%-PU%.
Similarly in As OVM, PVM,

OM?- PM?%=0V2-PV2= r2-52,

(iii) IfTison VW, then U= M, so that
0T%- PT?=0M?- PM?=r%-52.
To show T lies on VW if
OT%- PT?=r2- 5%
From (i), 0T%~ PT%= QU?- PU?
and  OM2%-PM?%=r%-s*
~ OU%-PU%=0OM*-PM? —@
Let OP=d
OU=x2 = PU=d-z
OM=y = PM=d-y
s From @, 22— (d-2)?
=y?-(d-y)’
 x2-d?+2dx-x?
= y2-d2+2dy-y?
2dx =2dy
k. x=y, le. U=sM
o T lieson VW.

(iv) A point T lies on AB when
0T2-pPT2%=r2-52
T also lies on CD when
Pri-1g%=5%-¢2,
.. When T lies on both AB and CD,
(0T2- PT?) +(PT%-TQ?)
= (r2-s%)+(s%-t2)
OT2-TQ%=r2-+*
which is the condition for T to lie on
EF.
.. AB, CD, EF are concurrent.

1995
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QUESTION SEVEN

(a) (i) Using integration by parts:

B o 3
I";f sin® lx.sinx dx
0

= I:sin““lx%(—cosx) dx

=

T K
=[—cosx.sm"‘ lx]

0

XIEY

-(n- 1}'[ sin® % x.cos x.~cosx dt

1]

=0+(n- I}J‘ *sin® 2 x(1-sin%x) dd
0

Li=(n=-DI, ¢~(n=-11I,
Li+(n-1DI,=(n- 1)1,1_2
nl,=n-0DI,
I [Ei—l]f,,_z, as required.
(i) From (i),
2n
In=—5; = Y
2n- 1 2n-3
l TR S
7, ]
Note that quj (sinx)” dx
0
=J’21dx
0
i
2
1 =
a.nd Ig—-ix-z—,
3 1 =
and I,;:ZxEX“Q-, from (i)
I _2n*1x2n—3
"~ "2n " 2n-2
g Sutnk
4 2 2
o 2n
Similarly, I,.,,= mfzn—l
2n-2
Ion-1= 37 l2n-3, ete.
Also, Il=Izsinx dx
0
e R
= [cosx]n 1
2 2
and I3=§xrl ='§><1
4 4 2
and Iﬁ'—'gfg ='5—X*§X1

2n x2n-2x
2n+1 2n-1
4 2

x5x3x1

Ipss1=

(i11) For0<x< O<sinz< 1

2 ’
o | <(sim:) e sinn < 1, for

O{x«cg and £20 and an integer,

'. Jz(siruc)k+1 dx<f2[55n1}h dx
o 0

thatis, Iy > I}, ;.

(iv) Giventhat Iy, > Ig,, 1!

2n—1x2n-3x 3 1 T
2n 2n-2 2 2
2n 2:1—-2

>211{-1x2m 1
(2n)*(2n-2)%x

4 2
hgHgHl
xd2x2?

B>
9 -~ x52x3%x 12

—Q@

2n+ 1}(2n-1}2(2n-3]2x

Gi\-’ﬂn that Lan l:‘ LGi
2n—-2 * 2n-4 W XN —x1
2n-1 2n-3 5 3
> 2”."'1)‘;_2'1—3 X”‘XEXEXE
2n 2n-2 4 2 2
2n)2n-2%(2n~4)%x ... x42x 22 -
" 2n-1%2n-3)%x .- x5%2x3%x 12
S 2n
In+l’
(2n)%(2n-2)%(2n-4)%x
@Cn+12n-1%(2n-3)%x

;-,E 2n
21 2n+1

From ©® and @, we get:
2n ]{ 22x 4%x ... x(2n)?
2n+1 2 x3%x5%% - x(2n-1%(2n+1)
n »
{E’ as required.

ST

. x42x2?
- x52x32x1?

—0

o

Method I:

2n
k

represents a line in Pascal's A.

(b) ()

) where k=0,1,2,...,2n
The largest value for

(%)

on this line is the middle term,

1995 <+ Poage 5



(if)

(iii)

Pa

There are 2n+ 1 terms, so the
middle term is the (n+ Dth term,
that is where 2=n.

Method 2;

Zn
Pk+1 k+1

Consider =

B, [2;}

(2n)
et DI@n-k-1)
B (2n)
El(2n-k)!
_ El2n -k}
T+ D2n-k-D!
_2n-k
TR+l
If k<n,then 2n—k>nand k+1<n,
P
so—+L 51 whileif k2 n, then
By
2n—-k<n and k+ 1> n, so that
Pk+1
B, <1.

This shows that P, increases in
size until B, and then decreases,
and hence it follows that P, is
biggest when £ =n.

2n
ne (3 )3)
(2n) 1
nin! _2-2_1'1'
(2n)!

= W, as required.

Method 1: From (b)(ii),
1.2.8.4x . x(2n-2)2n - 1}{2n)

22" (n1).1.2.3...(n-Dn
1.2.3.4 ... 2n-22n-1)(2Rn)

2" n!12.4.6...(2n-2)2n)
1.3.5...(2rn-3X2n-1)

2% nt
1.3.5...2n-3)2n-1)
2.4.8...(2n-2)2n)

o
| 22.4%.6%.. 2n-2%@20)° | °
1.32.52... 2n-3%@2n-1?

4 Un (aDDmIONAL) MAIHEI-M:TICG

22,42 62 .. (2n-2)%(2n)? T
1.32.52 .. @2n-3)2@2n-D2@2n+1)

1 ]

& 2n+l)
1.3.5..(2n-3)2n-1)
2.4.6...(2r-2)2n)

7 ==k
| 2%.42.6%.. 22-2202m)2 | °
i 1.32.5% .. (2n-3)2(2n-1)°

B e

| 2246 en-2%en? |
1.32.52... 2n-3)2(2n-D%*(2n+ 1)

1

1 2
“N2n+1)

Using the result of part (a), it follows that
b ]

5 |

. [ 224262 (2n-2)%@2n)? [
| 1.3%.5% . 2r-3)22n-D*(@2n+1)?

{_:_r- 2n ¥
21 2n+1

L.

and therefore 1

a 1
2 1 1, |2(2e+1)_1 )|
7 2n+1 ] "zl 2n 2n+1
1 i
2
= 1
A
W . < F, < i}
1 nrw
rln+= L
(»+3),

Method 2: From (a)(iv),

[x_2n 2.4...(2n) <JE
2 2n+1 13.5..2n-0y2n+1 Y2
'2(2n+1'} 5 1.3.5..2rn-D2n+1

m.2n

‘F

} ———

2% 1.2.3..n 4
2@n+D 1.2.3.4.5 - (2n-1D2n.2n+1
rT.2n

2@n+1) 2narJ2n+1

\ 7-2n T 2m 1 9%1.2.3 .5

2".n!.2.4.6...2n
2(2n+1) (2n) f————
\‘ m.2n >22"(r1!}2 anel g

>

v

TSI S .:Tt\mt
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QUESTION EIGHT

(a)

(b)

2(2n+1) 2
\J n.2n(2n+1) > B >‘J (2n+1)
1 1

s P

Jm

(p-—q)2 2 0 where p and ¢ are real numbers.
' p2—2 pq + q2 20
2pg < p*+q®
2 2
ke
pg < 7

Method 1:
Suppose P(x, 1) is any point on the line
£. Then, using the equation of £,

rx
2c:- +J’J;c& &,
a b
we see that
Xy X
120 +J’1:o -1
a b

1 1
=—(x, 2o) +— (¥1 ¥0)
ﬂ2 1+0 62 170

Using the result of (a), and rearranging,

1< 1 -’512* xo? 1 312*‘}'02
o) s’ S, S (R L SRR
a’ 2 b2 2

- -"-‘12 5‘02+J’12 .‘Yﬁz
2¢2 242 2p% 2p°
N\
1 112 ¥,2 1 Ioz ¥o'
=3zl =t Y3 2 T2
2| g b ) a b
B
2 2
:
<3| H+5- |5
a b y 2
2 2
x
since 02 +yL2<:1
a b
1 1= 9’
2 2| g2 b2
2 2
x
1< 22
a b

Hence P(x,, y,) lies outside the ellipse,
and hence so does ¢.

Method 2:
To show that ¢ lies outside the ellipse %, it

suffices to show that ¢ and Z never meet.

So consider the simultaneous equations:

Tox oY _ —®
a? h22
2
and i—-.l..y..—-: 1 —
a b
X X
From ©, 2Ly 202
a b

l|a Yo¥ +_Jﬁ_ 1
2| x 2 2
a 0 b b

az ¥ 2y Y

g b? b4 b®

yz[a2 y02+ 10252 ]+ y[—?azbzyg }
+a’bt-x2bi=0 —@

For this equation, the discriminant A is
given by:

2
A =[—2azb2yn] -—4[&2 Yoo+ %o b2 ]
X[ﬂzb‘"l’gzbé]
=4a“b‘yﬂz~4b4(az y02+102b2]

X az— xn?')

—4p*| ot yﬂz_(az y02+x02b2)

(a2 )}

- 4b“|:a"' yol-at yoi+a? yolzo?

= 02b2 102 -I-J:a4 bz ]

- 4b4[a2y02 xo2 +x5* bz_azxuzbz]

2 2
x
=4a®b° 252 [—yﬂ il -lJ,

b® a’
2 2
x
and A< 0 since—-g——-+l?—— < 1
a’ b2

This means that the equation @ has no real
roots, so the simultaneous equations @ and
@ have no real solutions, thatis, £ and £
do not meet, as required.
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(ii)

(c)

If Q(xg, ¥2) lies on the line ¢, then its
coordinates satisfy the equation of ¢,

Xp%y Y20 _ 4

a? b2
If this is true, then it also means that the
point (xg, ¥p) lies on the line

XXy YYo _

—2+ "bT - 1.

that is,

a

That is, M(xg, y9) lies on the chord of
contact to Zfrom any point on £,

Note: In this part, it is essential not to
confuse the coordinates of the fixed point
M(xg,¥), the coordinates of the point

@ (x9, ¥2), and the variables x and y, which
can take infinitely many values in both the
equation of ¢ and the equation of the
chords of contact.

(i) Resolving forces in the directions
shown:

Vertically:

my = mg— N cos6—-Fsin@

Radially:
mu*

R
As there is no movement vertically,
¥y=0,
mg = Ncos8-Fsin8

= Nsinf-Fcos8

mi =

nw2

and 7

= Nsin8-Fcosé@

- _af' Nsinf-Fcos
" Rg Nsinf+Fcosf’

By divisio

4 Unm (appmionaL) MATHEMATCS

(ii) If the particle is on the verge of

' slipping up the track, then F attains
its maximum value acting down the
hill.

Thatis, F =-uN

un?a, _ Nsin@+ uNcosé
Rg ~ Ncos8-uNsind

sin @ cos@
) N[m*“m)
cosf sin#
N (m‘#m)
_ tanf+u
"~ 1-ptand’

(iii) Let vy be the minimum speed
that the particle can travel without
sliding down the track.

So, if v = Uy, the particle is on the
point of sliding down the track.

F=uN
Umz,-n _ Nsinf- N cosé
Rg ~ Ncos8+uNsin8
_ tanf-pu
" l+ptané’

and

v
If gu2tanfd = —2R:<Q

- The particle will not slide down
the track for any value of v.
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