1994 HicHer ScHooL CEeRTIFICATE
- SOLUTIONS

4 UNIT MATHEMAITICS

QUESTION ONE

(a)()I

4x-12
2-6x+ 13

N J' 2x-6
x2_6x+18

& 2loglx=-sx+ 1a|+c.

L 1
S —
) Jx3—3x+13
- J’L-
22 -6x+13

- J{x—332+22

= 3tan'1£:E+C.

2 2

®) J’* = g Let u=3sind
3
2

1

Whih = 9=%

2!
When u=38, sinf=1, e=-§-

=J.:1!9—95in28'-3c058 de
T
x
= QJ‘:.‘}l—sszcosG de
%

k.S
= Qf: cos2@ de@
s

sinf =

= -g-J?tn cos26) dé
3

9 ) %
_——-[0+-2-sm29]

.g.[[_,,g] (5

b3

du = 3cosf d8.

3T

(e)

OR

The integral is equal to the area shaded in
the diagram below:

o 3 3
2
3
Let 8 = ZBOC, then me=%=.2l
9=%.
3
Hence J.!-Jﬂ—uz
2
= Area BCD

= Area of quarter-circle OAD
— area of sector OAB - area of AOBC

11-2¢ e A + B
(2¢-1(3-¢t) 2¢t-1 3-t¢
. A@B-t)+B(2t-1)
(2¢.-1)(@3~1¢)
s A@B-t)+B(2t-1)
=11-2¢.

When ¢=3, 11-6=B.5

B=1

When =0, 1i1=3A-B

3A=12, A=4d.

+ Pageéd



4 Unm MATHEMATICS

_ I“ -2t © () @ |2-(3+20)|=2 s acircle,
") @t-D(B-1) ' centre 3+ 2i, radius 2.
2 4 1 ds (:)) |z+3'=|z—5iisthaperpendicular
1 26-1 3¢ _ bisector of the interval joining -3 and 5,
2 that is, the line x =1,
=[21n|2£—1|-1n|3—£|] g
B L
=2In3-In1-(2In1-In2)
=In9+In2 | 2 *3+2i
(d} . —13 I I 0 1 é I IB-K
LetI:J. e%* sinzx dx
0 " (ii) The line is a tangent to the circle. Hence
J e?*d(cosx) the only point of intersection is z= 1+2i.
(iii)

2x cns:c J 2e%% cosx dx

ol
(¢3‘+ 1)+2I e2*d(sinx)

“+1)+2[ 2x ainx —EJ' 2e2* sinx dx

s+1)+ 2(0)- 41

(e
(e
(1 ’+1)

[ ——

I= ( 4 1] | z-2i | = k represents a circle, centre 2,
radius k. Hence the equations
QUESTION TWO |z-(8+2i)|=2 and |z-2i|=k ;
(a) z=a+ib. have exactly one solution for z
(i) 4i-z=4i-a-ib : when k=1, 5.
: =—a+4di-ib
Im(4i-z) = 4-b. QUESTION THREE
Gi) 8iz=3ia-3b
= -3b+3ai

(8iz) = -3b-38ai.

Gil) 2%2=a?-b2%2+2abi

2ab
tanf = :2_"?2-
(b) (i) —1+i

i) (~1+i)= (J_)" (cos%+isin-¥]
2

n
= E[u:-:w ———323 +i:;irv.——-——3:'1r ]
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(iii) x = 3sech, y = 4tané

%: secftané@
(OR 3({:059)'-2 sin@ = 8sin 989029)'
dy _ 2
o 4 4sec”®
dy 4
- dx  3sinf’

OR
Using implicit differentiation,

32x—18y§-‘z—=0
dy 16z
dx 9y
_ 16x3secd
" 9x4tan8
4

3siné’

(iv) Egn. of tangent at P is:

4
Tsind (x—3sechd)

(8sinB)y—~12tanfsinf = 4 x— 12secd
(35in6) y - 12sin20secd = 4 x - 12sech
4x = (3sin8)y + 12secf(1—sin28)
= (3sin8) y + 12secHcos 20,
That is, éqn. of tangent is
4x=(3sinf)y+ 12¢co0s8b.

y—4tanf=

For 0 < IE < 1;-,
P ig in the first
yo quadrant, so
the nearer
directrix is
> X 9

/Q $=E.

Substituting: 4x-g- = (3sin@) y+12cos8

v)

35—6—1213089
Y= " 3sing

_ 12-20cosé

~ B5sing
g 4tanf-0
Sl T
_ 45in@
3-5cos8’

12-20cosf
bsin@ i
Mmgo= 9 =
g-5

__12-20cosf
~ 9sinf—25sind
_ 12—-20cos8

~  —16sin8

< 3-5cos6
—4sin8 -’
g 4s5in8 3-5cosh | .
(vid) mSP‘mSQ=[3-5cosﬂ][ —4sin6 ]
=-1
~ £ZPSQ is aright angle.

) () J

>

W fpom=memecancsc e

B g e |

9

Point 0, x=0, y=0atO,
s t24¢-2=0 and t3-¢=0

t+2¢-10=0, t@2-1=0

t=1, -2, Sot=0, =11

that is, for both to be satisfied, ¢ = 1.
OR

Sincet = 0,

t =—2, —1 can be disregarded.

PointE, x=4, y>0

t24t-2=4
t24+t—6=0
E+8)(t-2)=0
: t=2, -3
But t20, sob#-3,
. i=2

; P
V= ﬂu-[nxf(x) dx, wheré|f(x)=y
1 x=t24+¢-2

E=2t+1.

| &
’ 2 .
e 2,=J'1(:2+c-2)(c=-:)(2z+1) dt.
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4 Unt MATHEMATCS

QUESTION FOUR
(8)  P(2)=2z3+32+2i
=(z-a)%(z-P)

P'(z)=32%+3
P’ (a) = 0 since aris a double root of P(2),
5 8(e?+1)=0
s a=%i
P(i)=i%+3i+2i
=—i+Bi=#0
P(=i) = (-i)3+3(-)+2i
=i-3i+2i
=0.
» (z+1i) is a factor and is the double root,
that is, (z+i)? is a factor,
that is, 2%+ 2iz~1is a factor.
z—-2i
2242iz-1)z3%+ 3z+2i
2342{2% - 2
~2iz%+42+2i
~2i2%+42z+2i

(=id=1i)

a=-i

B=2i.
OR

The product of the roots is ~2i.
But the roots are @, @, f,
soalp=-2i.
The sum of the roots is zero,
20+ =0
80 =-2a
a’(-2a)=-2i
-20%=-2i
ad=i,
Also aof+af+a?=3
5 208+0%=3.
From @:
20(-2a)+a?=38

(from @,®)

Hence

Note Results @, @, @ can also be derived by
equating coefficients of 22, z and the constant
term respectively.

(i) When x < ¢, the only force
? acting is gravity,
l e Mx= Mg

L
d de| 2

When z > ¢ the forces acting
are gravity (downwards)
and the tension (upwards) in the cable
proportional to (x-4¢),

Mz = Mg- Mgk(x-10)

(b)

IT
Ve

i—[%uaJ:g—gk(x—ﬂ.

- L, d(1,)
(ii) When:rs:‘,dx(zv ]-*3'.

-l-uz=gx+C.

2
When =0, v=0, .. C=0.

%ua=g: or v2=2gx.

Sowhen z=¢, vZ=2gt,

(iii) Note that the equation

%[%uz]q-gkc;-n

holds for x 2 ¢, since when x = ¢, the
second term on the right-hand side is zero.
Integrating this equation with respect to z
gives '
1,3, gx—-gk 1o ulic
2 2
Now when 2= ¢, v2=2g¢,
gt=gt-gk [%82-12 ]+C
. -
C= zgkt :

LR T (LI S e gy
Hence g U= 8x gk[zx ex] 2gk£

2= 2ga:—gk(x’—2£x+£2 )

=2gx—-gh(x-£)2.

(iv) Whenv =0,
2gx-gh(x-£)2%=0
thatis, 2x~kx2+2kéx-ké2=0

kx?-2x(1+kO)+kt2=0

2(1+mi,[4(1+ ke)2—4 k222
2k

x=

1994
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=2 2N, 22322
st k\!1+2k8+k ey
1 1  2k¢
ﬂi-+-!:l: F+-k—2 y
-t -
1 2 1
=f+I:t T+F.
Joidy

Alex goes past equilibrium, stops, then

rises again so that the first stop, x > 1.’+-i-,

1 2£ 1

that is, first stop at x = £+—£+ g k“
1 ¢ 4
(v) Ifk : 7

{4 3
= f+z+l.-4—
=24,

That is, first stop for x = 2¢,

that is, O needs to be at least 2¢ metres

above the stopping place (ground).

QUESTION FIVE
(a) G '

-xz—-4
a 2o e
x+5l_ia-5: 2

4x-2

~4x-20
18
(6—x)(-x-4)+18
(x-2)(x+1)

5-x '
x2-x-2
65—z

— -z 4+5—-;

= x%-x-2=

x#5

f(x)=

OR

18 B-2(-=x-4)+ 18
B 5-x
x2-x-2
5-x
(x-2)z+1)
T B-x

= f(x).

(i) As %00, £

18

#5

18 — 0 from negative side.

As x—3—00, —— —3 0 from positive side.

5—x

Thatla, as x—1too, the term EITS can be

neglected, and f(x) —» —-x-4.

(iii) Critical values to consider are 2, -1, 5.

Consider ______(z— 2)(x+1)
b—x
x<-1, ol
3
slesed, —Slac
+
2<x<5, +:+ =+
a5, AXE_
+ - + -
——
-1 2 5

. positivewhenx<~-1, 2<x<5,
negative when ~1<x<2, z>5.

(iv) F2) ™ =% = 4+3%
18
"z) =-1 .
' +(5—::c)"a
. 18
f'(x) =0 when ———— G ..x)2 =1,
thatis, when (5-x)2=18
that is, (x-5)2 =18

that is, when x-5=+./18 = £3./2.

So f'(x)=0 when x=5+32
and when x=5-3,2.

These are the stationary points.

(v) Asx = 5-, f(x) = +oo
Asz — b*, f(x) > —co

When y=0,

} from part (ii).

x=2,-1
When =x=0, =-%.

Note to diagram on page 11:

.
r;e can check that f(x) never crosses

=-~x-4 by al‘.tempting to solve

, that is 18

saipicol o
x— x— 4+5 = z

This has no solution because the
numerator is always positive.
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4 Unm MATHEMATICS

5 (a) (v) ¥y

i SR
(iii) ,,_L‘LE
5-w

_(w=-2)(w+1)
T b~w

Y e e

"
L]
€

: Asymptote

S ——

This is the function in
part (a). w and r must
both be positive integers.

From the graph, the only
possible values are

w=3, gives r=2.
w=4, gives r=10.
. There could be 2 red

and 8 white, OR 10 red
and 4 white jellybeans.

QUESTION SIX
& . 2: #
(a) (i) smx:-—ﬂ_—-—fnr 0<I<E‘

Now e* is positive and
monotonic increasing for
all x. e

T —
. for chc-é-, efinz 5 o'

since e®"* ande®

are both positive,
- .:u <—%‘—fur 0<:<%,
(b) (i) P(white, white, white) SN
w w-1 w-2 ® y _3s
Swtr wir-1 wr-2 i thatis, e™"¥<e =.
For 0<x<Z, the graphs of y = e~*®*and
(i) When there are (w + 1) white to begin = : T last sl A =
with, P(white, white, white). J’=¢-T lie above the x axis,
__w+l ... w-1 _e 2x
Twer+l war wer-1 . since e *N% g g ¥,
@ is twice @: the area under the curve y = ¢~*i0% jg
w+l  w et less than the area under the curve
" wera T g -e"'gi{ for 0<x<Z
g =T w-2 i 2’
- T =1 wir-2 : £ 5
A w+D(w+r-2)=2w-2)(w+r+1) that is, -[o e~tinz a‘.:<Le * dx.
+wr-2w+w+r-2 .
ot =2(w2+$r+w—2w—2r—2} (ii) The values of sinx are symmetric about
n
=207+ 2307 + 20— 45— 4r -4 : x=7, 80 the graph of
w+wr-w-5r-2=0 : e~®in= from 7/2 to 7
wiew<2mBr-rw i is the reflection in
= r(5~1w) ; d _ 7/2 of the graph from
o oy I 1
B ’ Ed % 0Oto #/2. Thus the
= ..?:%.__ ' areas are the same.
1994 # Pagell
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OR _
Using the substitution u = 7~ x,
J.se—-si.nz dx = - oe-li.n{x-u) du
- r?e—linu du
40
e P?G-sinx dx
70
. -
(iil) So I e inx Jr=2] g~MnX gy
0 J 0
<a|’e+ ax
40
-2z
=92 ze x
L 7 0 )
|- =2x

=na(e-1).
(b) i) £ZBPC= £ZBAC (same segment)
= LYAX (vert. opp.)
= Q.
(ii) «£BPC= £0OPN (vert. opp.)
= ZOMN (same sagmant)
=a. ;

(iii) In quadrilateral, £YAX = Z/YMX = «.
But Zs YAX, YMX both stand on the
same side of interval XY,

By the converse of ‘the angles in the same
segment’ theorem, XYAM is a cyclic
quadrilateral.

Note More details of this converse can be
found in 1993 Question 6 solutions (p. 12).

(iv) £XYM= £XAM (angles in same
segment of circle, X, Y, A, M)

ZXAM + ZPAB = 180° (XABisa

str. line)
But ZPCB+ ZPAB = 180° (opp. Zsof
cyclic quad.)
£LXAM = ZPCB,
Hence - LXYM = ZPCB.

Now as previously,

L (W) . £XYM = £ZCO (same as ZBCP) .

£Y0Z = ZNOM (vert. opp.)
ZNOM = ZNPM (same segment)
£ZNPM = LAPB (vert. opp.)
ZLAPB= LACB - (same segment)
=£LYCZ (sameas ZACB).
o LYOZ = LYCZ

~ YZCOis a cyclic quad.
Hence £LZYC= £ZZOC

and ZCYO= ZCZO.
Therefore ZXYM + £ZYC + £CYO
= LZCO+£Z0C+ 2CZ0

= 180° (sum of the £s
of a A is 180°),

Hence XYZ is a straight line.

QUESTION SEVEN
(a) (i) Let

3
flx)= sinx-—x+f6-
2
Then f’(x)= ms:—-l-l-ilg—
= 0081—1+51x2

f(x) =-sinz+x

f*(x) = —cosx+ 1.

Now f™(x)=0 for x>0
(since cosx < 1 for all x);
and f“(0)=0,
= by result quoted in question applied
to f"(x), f"(x)20 for x>0;
also f’(0)=1-1+0=0.
. By result quoted in question applied
to f'(x), f'(x)20 for x>0;

and since f(0) = 0 by result quoted in
question applied to f(x),
f(x)20 for x>0,

- 2
that is, sinx 2 1—-%- for x> 0.

(i)

N.B. Circle of radius p

1994 ¢ Poge 12



ey

Let O be the origin. The size of the angle
404, is 32X,
Area of P = nxareaof AAgA;0.

Using the formula %ab sinc for the area

(iii) Let n=1
1
==, gy=l-===,
1=g s1=l-g=3
Assume s =13
Required to show sp,1 = 341,

11 1
of A_ABC- . o Now s;,+1=1—§-+§+---—ﬁ
areaofAAgAlo—ExlxlxsmT 1 1
3, g% Y2h+D-1 Zk+D
& . = 1__1.+i+..._i+._._.1 ___....1
areaof:‘]?--ismzx, 23 2k 2h+1 2k+2
1 1
- 3 =t SRyl ke 2
n T . 2n
Giif) Area of P _ zsmT—sm? From part (i), for n =k+1
Area of circle T 2z _— 1
5 n k+1 2(k+1)
sin =" L S SN T
We want 2; >0-99 k+1 k+2 2k 2(k+1-1
n SOV S T
liiia sin:czl__af_ E+1 k+2 2k 2k+1
x 6 =t 1
This will be true if 2k+1 " 4
2 = A, X ..
[2_::] : G T T TS
1_ n }0.99 From@a-nd @,ifsk=:k,
6 then sp,1=t341
2n < . By the principle of mathematical
n induction, s, =t, for n=1,2,3, -
that is, if —————<0:01
6 L T T
9 V2 2%3 27" 5839 10000
— 0:06 =8
[ - ) < 5000
=t5000 b}'(]ll),
1*:.2>-ﬂri 1 "
0-06 and ]IIZHH <t,<In2 [by (i)}
2r
that is, n> = 25.65 .
J0-06 In2 To 000 < $5000 < In2
n> 26, 1n2-00001 < £ gy < In2
I T | A 0-693 147—0-0001 < £ gy < 0693 147
(b) () ty +=—=——+——+-+ e
TR 2n-1"2n 2n % tpooo= 04693 (to 3 dec. places).
At . 1 1 ) 1
[1 +11 n+2’ . "Zn-1)"w QUESTION EIGHT
NI e (a) () ] (a—b):zo
—-2ab+b420
() ¢, + bt 1 + 2 5 az 2
""2n n n+l n+2 2n-1 a“+b* = 2ab.
=lsiumofup;:§rrectalfgles (i) From (i): a®+5%2 2ab.
L A Similarly b2+c? 2 2bc,
>f % =1nx]i“ c?+a?22ca.
R

= Jndnstnn 1n§£-= In2.

Adding, 2a2+2b%242¢2 2 2ab+2bc+2ca
a2+b%+¢c22 ab+bc+ca.

1994
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- . 2 . . P . - s
~ :

(iii) Since ¢ >0, b>0, c>0,.
it follows that (a+b+c) > 0.
Also, by (ii), (a2+b%+c2-ab—bc-ca) >0
Hence
(a+b+c)a®+b%2+c2-ab-bec-ca)2 0
thatis, a®+b3+c®-3abc20
‘a®+b3+c32 8abe. —(A)

(iv) Let a%=x, b=y, =2z

@

1 1
Then a=x8%, b=y3, c=2z3,

Since x>0, y>0, z> 0, we also have
a>0, b>0, c>0, and so the inequality
(A) holds.

Substituting in (A) gives:

I 1
x+y+z28x3y3z

= 8(ay2)3.

v) 8=(1+2)(1+y(1+2)
=14 (x+ y+2)+(xy+ yz + zx) + xyz.

1
3

1
Now x+y+2 2 3(xy2)3,
and we can apply this result to xy, yz and
2x, since xy >0, yz>0, andzx > 0.

1
xy+yz+2x 2 3(x2y222)3,

L 2
8 2 1+3(xy2)3+ 3(xy2)® + xyz.

Hence
Let U= xyz.
Then 82 1+3u+38u?+u?
= (1+u)3,
22 1+u
& usl
that is, xyz < 1.
OR
Suppose ayz > 1,
then x+y+223(1jfz)'31'=3,

1
and xy+yz+zx = 3(x%y222)9=3,

s 1+ 20 (14 9)(1+2)
= l+x+y+z+ay+y2+2x+xy2
>1+3+8+1=8.

Henceif (1+x)(1+y)(1+2) =8, xyz < 1.

(b) ) P(x)=x*+Ax%+Bx?+Ax+1,
P(0)=1
. a # 0, by the factor theorem,

(ili) Qx) = ::2+—1—+A(x+.-1—]+3
x? %

= —]-"ﬁ—{xﬂ 1+A:2(:+-1J+ Bx? ]
x ] x

=2 {xts 1+Ax3+Ax+B:3]

xz
_PQ)
-2
Since @ # 0, Q(a)=i:’:'u—°§-_o,
. o a*

. x=ais aroot of @(x).

(i) Q)= (x+%)2+A[x+%]+B-2
=u?+Au+(B-2)
= R(u).
OR

2
R(u)= (:HlJ +A[x+l]+3-2
x x

=asL i0ialzel]4B-2
x2 x

= Q(x).

(iv) Now

= x2f-ux+1=0,

1
u=x+—
X

which has no solutions in x if
u2-4<0
-2<u<2,
If R(z) has no real roots, then @(x) has
no real roots, so P(x) has no real roots.
R (z) has no roots when

A2-4(B-2) <0
A2-4B+8<0
B>-::-A3+2.

1A2+2.

. 'The curved segmentcis B > i

1994
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However, it may also be possible for R{u)
to have real roots, and yet P(x) and Q(x)
to have no real roots.

Suppose that f§ is a real root of R(u),
that is, R(8) = 0.

To find roots of P(x), we have to solve
::+-:- = f, thatis, x2-fx+1=0.
This has no real roots if f2-4 <0,
that is, p2< 4, thatis, -2 < f < 2.

The boundary of the region in which P(x)
has no real roots must be given by the
end-points of this interval,

thatis,by f=2 and f=-2.

When =2, R(f)=4+2A+B-2=0
that is, B=-2A-2
When f=-2, R(f)=4-2A+B-2=0
thatis, B=24-2.
B
‘\.h 4‘!, ‘A
-‘1“1.. 0 ""1
2

The only one of these two lines which lies
in the first quadrant of the A-B plane is
B=2A-2. :

Hence this identifies the line £ in the
diagram..

Notes (1) The line £ and the curve ¢ do not

belong to the region D, as the
dashed lines indicate.

(2) This solution does not actually prove
that the region in which R(u) has
real roots and P(x) has no real roots
lies above the line £ (for A 2 0).
This fact can be verified by
considering the special case where
A=0and B=0.

Then P(x)is x*+ 1, which is known
to hava no real roots. (The roots are
the complex fourth roots of ~1,)

OR

Note

4 Unm MATHEMATICS

For P(x) to have no real roots, the roots of
R(u) must satisfy |ﬂ | <2,

Now the roots of R(u) are

1
E(-Ai,{ﬂ-d.(ﬂ-z) ]

Since A >0, the root with the largest
absolute value is

1
E[-A—,fﬂ-ww}

Therefore, we must have

1
-2-(-.&-..[4‘2-4&8)

that is, A+,’A2-4B+8 <4
0= 1’.&.2-—431-3 <4-A

(Note that this means A <4.)
A2-4B+8<(4-A)?
=16-8A+A2,

<2,

-4B<8-8A,
thatis, B>2A-2

T is the intersection of £ and c.
Hence T is given by B=11:.A2+2
and B=2A-2,

that is, -::-A2+2 =24-2,

%A3—2A+4=0
AZ_8A+16=0
(A-4)2=0,

thatis, A=4 and B=8-2=6.

So T is the point (4, 6).

This is the only solution to the simultaneous
equations, indicating that the line
B =2A-2 is a tangent to the curve

=%A2+2.
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