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QUESTION ONE
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QUESTION TWO y
(a) AN
3—
2+ P(0, 2)
1—
T T T T T > X
2 = ] 1 2 3
. -1 ~ L}
(-v3, ~1)r o(v3, ~1)

PQ? =v3"+(-1-2)2 =12
PR? =(0-+3)"+(@2--12 =12
RQ? =(2«/§)2 =12
APQR is equilateral
b @ == (cos @, +isin @ )_1
5 1 1
= cos(~8, ) +isin(-8, },
by De Moivre’s Theorem

= cos 8 —isin 91
Alternatively,
1 1 cos 91-z'sin 91
z, c0391+z's'm 82 cosGl—isin 8,

cos &~ isin 81

cos? 8+ sin® @

=cos0, —~isin 61

(i)  z,z,
=(cos 8, +isin 8, }(cos 8,+isin 8, )
=cos 8, cosf,—sin @, sind,
+i(sin 6, cos 8,+ cos 8, sin 82)

=cos(6,+8,)+isin(6,+6,)

© © (x+in?=-3-4i
x2—y2+ Qxy = -3 — 4

Equating real and imaginery parts:

xi-y2 =4 (D
2xy = -4 . (2)
From (2), y = -% .3
Substituting into (1)
xi-4 -3
2
x4+ 3x2-4=

From(3), when x=1, y=-2
and whenx=-1, y=2

ie. V-8—4i =+(1-2i)
(#H) 22-3z+3+1)=0

,_3%49-4@+D)

2
. _3++-3-4i
2
- 2
==, 1+%i
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/
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/
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(i) OE||AB and OE = AB
. ». OABEis a parallelogram.
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Let E correspond to the complex
number z, then, since addition of
complex numbers corresponds to a
parallelogram construction in the
complex plane,
-+ Wl = W2
I=wW,— W

i.e. E corresponds to the complex
number w,—w,.
(i) OFLOE and OF =OE

Since multiplying a complex number

by i corresponds to an anticlockwise

rotation about the origin through 90°,

F corresponds to the complex number

i(‘"z_wl)'

(iii) Since AD||OF and AD = OF,
D corresponds to the complex number
witilwy—w Y=w (1-i)+iw,.
QUESTION THREE
(a) @ Y

(i) y=

(x=0)

® |

dy -4
dx ~ x%
-4

dy
AtP,x——2t, a'x-— e

__1
—"}-2— (!tO)

" equation of tangent at P is

(iii) TangentatPis x+t2y=4t G
Tangent at Qis x+s2y=4s wiE2)
D) =(2): (12~52)y=40¢-9)

y=-4— since 52 #2
(+5
Substituting inte (1):
2
X+ 47 =4
[+3
2
x=4f- 2°
t4S
45
S+t

- point of intersection M is

(413 4 )
s+t' t+s

(iv) Puttings= -——’1- in M, we get

v -4

1,

t
_ 4

1-42

4 —41
e g

{
Sincet#0, x#0 and y#0

~ thelocusis y=-x (x#0), which
is a straight line through, but
excluding, the origin.

(b) () Thepoints of intersection of the ellipses

satisfy both C; =0 and C, = 0.
.. at these points C,;+ AC, =0
iy C.%AC,
=x%+3y%- 1+ A(4x2+ y2- 1)
=(1+40)x%+(3+1)y2—(1+4)

(1+42)x? (3+?;)y2_1
1+ 4 144

For an ellipse we require
1+42>0, 3+A>0,and

A>=3,

1+4A>0

l>—zl, and A>-1

ie. A>-=, or

1+4A <0
Ac-1

1+44 <0, 3+A4<0,and

J{<—-l, A<-3, and

4

le. A<-3.
.. The curve is an ellipse for 4 <-3
or 4 > —%.
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QUESTION FOUR

=1nf2
@ y x= (3]
/ x=In3
- 1l gxi_2
o g(In3} = 4)(3 ﬁxg 3
L = _1..-— -l-:-——‘-i-
AN / g(1n3)-4:x3 24x9 3
>x

T T T — 1 T I 2}, ;
—4 '\ v 4 (ln 8 'E) is a maximum turning
<1

point.

i ' (ii) For x2 0, the only turning point is

y
/T\ : (ln 3, %) For inflexions g”(x)=0.

= 4e"*—24e72: =
4e*(1-6e*)=0

1
A4 N S ie Be*=1
>x

._14 T T — T B ‘1; x=In6
14 and  g(In6)= %

(111) y For 0<x<In6, g7(x)<0

/ and x>I6, 2 xy 1

s (In 6, -%) is a point of inflexion.

N
/ \ The graph cuts the x-axis when g(x) =0
> = de™*—6e 2 =0 '
1 —F 1 T . T
~4 ¢ 2e7*(2-8e"2)=0
Y . L S

de7*=2

(iv) X = ln%

As x -, g(x)—>0,
/. the x-axis is an asymptote.

(SR

e 8(0) = -2
g(x) = g{—x) so the function is odd.

T T T T T e — X Y
—4 4 A
N 3
-1 - 4
( na, 3

_.5-1 ¥ l

2 ( Iné6, 2)

(b) (@ g(x) =4de~*— Be~2x x20
2'(x)=~4e %+ 12e~%* (_]ng D)
g"(x)=de™*~ 24¢7% 2’

g(x)=0=12e2*~4¢~* = 0
4e™*(3c™*-1)=0

(i) At x=0, g(x)=-2,

g'ix*)=8, g(x7)=-8
The curve has a cusp at (0, -2).

e ¥ =1

e =

C =




QUESTION FIVE
(a)

(i) In ATPR, Z8TQ = LYRQ + £ZYPS§
because the ext. angle is the sum of
the interior opposite angles.

(1) ZLYPS= £LYXS (£s standing on

' the same arc)

LYRQ = = £YXQ(opp. £s of a cyclic
quadrilateral)

(PXQ is a st. line)

ZYRQ + LYPS + £8XQ
= LPXY + ZYPS + £5XQ

= £LPXY

=n (adj. Zs, PXQ is a st. line)

ZSTQ + £5XQ
= ZYRQ + ZYPS + ZSXQ, by (i)
=, by (ii)
. STOX is a cyelic quadrilateral as the
opposite angles are supplementary.

(iv) ZXYS = ZXPS

(ii1)

(angles standing on
the same arc)

(angles standing on
the same arc)
d=ZQPY = LXPS+ £LSPY
= ZXYS + ZSXY
= /X850 (ext. £ of ASXY)

also ZSTQ = m— £SXQ (opp. £s of
cyclic quad. STQX)
= £PXS§ {PXQ is a st. line)
= ZXQS + £XSQ (ext. £ of AQXS)
= LPQY + /X0S
=f+a

£LSXY = ZSFY

(b) (1) Triangles COD, FHD are similar,

FH _ HD

‘CO 0D
FH _h-x
a A

i =S (h—

FH h(h x)
(it) C'F=a~FH

=a—%(h—x)

ax
h

cos 21C'G = £

==

ZHC'G = cos™? (-’5)
h

(iii) Shaded area

= area sector C'’EHG -2 x area AC'FG

1 2 -1(_{)_ 1,
—20 .2cos p 2.2CF.FG

({v) Volume

[ e - GeH- G ]

0

=a2hJ1(cos‘1 6—6V1-82 ) a8
0

1
_:azhj cos”l @ df
0

1
+£;—’1J V1-6% 4(1-62)
0

=a?h [9005'1 g-1- 62 ]

1

1
0

2
—g2p_8°h
=a“h 3
_24%h
3
QUESTION SIX

(a)

(B

If § and T denote the sets ‘students’

and ‘teachers’ respectively, and P, P,

are the parents, then all the possible
arrangements are shown below.

P P

1 2
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There are 4! ways of arranging the
students and 3! ways of arranging the
teachers. Thus the number of
arrangements of the 9 members is

P2P12x3!x4! = 288.

(i) Let S,, P, be the related student and
parent. Let S’ and P, denote the
remaining set of students and the
other parent, and let T be the set of
teachers. Then the possible arrange-
ments are shown below.

5P, PSS

P2 ‘ P2

There are 3! ways of arranging the
students § and 3! ways of arranging
the teachers T. Thus the number of
arrangements of the 9 members is
2x3x31=172,

Hence the probability that this pair
of people sit together is

g2 _ 1
288 4°
(b) 0<:1<20
-M "
‘e—e
>
Fig. 1
. Take
[>20 > pOSitiVB -
. in direction
108 e n o of motion
1 : o j .
Fig. 2 -

(i} FromFig. 1,for0<r<20
e I
Mi = 4M
e L
T
From Fig. 2, for t > 20
Msi=—LM -1 pmy2

4 108
1
x———1-6§(27+v2)
i) Sincev=2&
(11) Smcev—dt,

pav _ dx dv
dx di dx
_dv
T dr
_i(.i‘.{)
Tdi\dt
_dix
de?

dv __ 1
e @ TR
'v=—--31—'r+C1

60=C,
y=—21460 (1)
4
Integrating again w.r.t.
x=—-él-12+ 601+ C,
at +=0, x=0
C,=0
x=—-é'-12+60t .(2)

at =20, (1) and (2) give

v=-%x20+60=55

x=—%x400+ 60 x 20 = 1150

(iv) Whent>20

I_—-IO—S(27+V2)

av__ 1 2

i 108(27+v )
vdv 1
2TevE - 108 %

From (iii}, at x = 1150, v=55

¥ wvdy 1 J”
= dx
J5527+V2 108 1150

1 Y 1 x
= log(2 2 = - —
[2 og( _7+V )}55 108 (x] 1150

3 {1og(27+v2) - log(27 + 552 )}

TR
=~ 1150)

. x- 1150
« =54{log(27 + 552 ) - log(27 + v2 )}

B !




x = 1150 + 54{log(27 + 552)
—log(27 + v? )}

(v}  The jet comes to rest when v=0, i.e.

x=1150+ 54{log(27 + 552 ) - log 27}
= 1405296 638
~ 1405

The jet comes to rest 1405 metres
from the touchdown point.

QUESTION SEVEN

(a) (1) cos3A=(cos2A+A)
=c0s2Acos A —sin2Asin A
={2cos?A—1)cos A - 2cos Asin Asin A
=2cos®A—cosA—2cos Asin? A

- =2cos?A—cos A - 2cos A(1- cos? A)

=4cos3A~3cosA

cos3A-3-cosA=—Lc:053A

4

(ii) Substituting x = 2v/2 cos A into
x3~6x=-2 gives

16v2 cos® A - 12V2 cos A = -2

3 2
cos®A—=cos A =~ —2—
4 16v2
__ 1
82
: il 1 :
le. =cos3A=——= by (1)
4 8v2 E
1
COS8A = = —ne
242
1
(i) cos3A=-—
2v2
= 3a=tcos! (— —l——)+ 2nr,
242

where n is an integer.
Taking the positive branch* of the
inverse cosine and n= 0, 1, 2 gives
3A=193216, 821535, 1449853
A= 064405, 273845, 4.83284

x=2V2cosA
=22618, -26017, 03399
to 4 dec. places.

* | Note that taking the negative branch
leads to the same values for x since
cos A = cos(—A). ’

=120
=2A+B+2=0
since 2+ 8 = -2A
P(-1) =-24A+B+2=%0
since 2+ B # 2A

(b) @  PO)

£(1)

at
=0 since P(a)=0
El isaroot of P(x)=0
Sinceax =0, 1, -1

. a and ?'1? are distinet.

Since & is a multiple root and P(x)
has degree 4 we can write

P(x)= (x-o:)2(x—%)(ax+ b)

i) Plx)=(x—a)? (x —%) (ax +b)

Clearly a=1 and, equating constants,

l=ab=>b=~L
(74

EPIRTY A
P(x) = (x~ a) (x a)
i.e. oisaroot of multiplicity 2.
x4+ Ax34 Bx2+ Ax+ 1

]

o2
=[x2-(a+-i-)x+1}2

Equating coefficients of x3:

A =-—2(a+-l)
o

Equating coefficients of x*:

B= {-—(a+-§;)}2+ 2

2
=2+(a+—1)
o

132
4B=8+4(a+—)
[

=8+A2

1001 _ PAnma 11



2
QUESTION EIGHT (b) () Nowlet g(x):%c--l»?}—x, Dc<xct
{a) 1) f(x) =S for Dcx el
x 2 ’ n2 1
. gx)=r %
770 _Xxcosx—-sinx x (t==x)
)
x ’ =z ﬂ2 - 1
_ cosx{x - tan x) g(x)—{)::»;?-(l'x)z
T
_ - _ ol
<0 1.e. x——-—-l+n
SinCEEDI)xfOTO(x(-;E g( i1 )= n2 M 1
: 1+n nt PR
(1) y ; 1+n 1+n
/ _(1+n)2
T
] When 0 < x < —2 g’'x)>0
) l4+n’
2
- nt ’
When 1+n<x<l, g'x)<0
T e Hence g(x) has a minimum turning
z 14 )2
pointat(l’l‘", ( +‘n) J (1)
f0)=1
f(£)=2 Ifx;>0 for i=1 2,...,n(n22)
2/ = and s=x, + %, + ... +x,, then the
flx)>1as x>0 2
result L +-L 4 ... +}1—2L is
From the graph f(x)?:-z—f'or 0<x<X %1 %2 a
n 2 true for n = 2 by part (i).
. sinx 2 e as
ie. m— P4 = Assume it is time for n = k, then,
. ox putting 1= x,+x,+ ... +Xx,,,,
sme-E- )
% SRR TUR BT e
s X, X, x,.,4 s t—=s
: =1 I 2
(b) (1) Let f(x)= —h— 5 (n+,1) by ).
ForO<x«s, f’(x)=——lé—+ 1 =
Xt (s-x) Thus if the result is true for n= £, it
is also true for n =k + 1. Now it is
Fx)=0= 1 - :_12_ true for n = 2, therefore it is true for
(s-x) x n=3,4,and soon,
(s-x)% =x? Hence it is true for all positive
- integral n.
2
s\_4
f(z)‘ 5
When0<x<%, f(x)<0.
When%<x<s, f'(x)>0.
Hence f(x) has a minimum turning
. 5 4 . . e
pomtat(z, S),that:s,smcey—s X,
1. 1_4
e e = <
x+y_s (x>0, y>0, x+y=53)
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