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SOLUTIONS 

4 UNIT MATHEMATICS 

QUESTION ONE 

(a) (i) J 1 1~ 1 
dt = J ( 1-

2
- 1-3 ) dt 

(ii) 

(b) (i) 

1 1 =--+-+C 
t 212 

u = ex , du = ex di 

Let 5 =-a-+_b_ 
(2c + 1) (2- t) 2t + 1 2- r 

5 = a(2 -l) + b(2t + 1) 

1 5 Let t = -- 5 = - a 2' 2 , 

a=2 

Let t = 2, 5 = 5b, 
.. b=1 

5
1 

5 dt 
0 (2t + 1)(2- r) 

- _2_+_1_ dt J
l 

- J2r + 1 2-J 
= [logl2r + 1l-logl2-rl]~ 

-[ l2r + ll]
1 

- log I I 2-/ 0 

= Jog 43 - log~ 
= log6 

(ii) Let 1 = tan ~ 

(c) (i) 

(ii) 

. 8 2t sm = --
1+ 12 

1-/2 
cos8=-­

l+ 12 

d8=~ 
1+ r 2 

5~ d8 
.. 0 3 sin e + 4 cos 8 

5
1 

dt 
= 0 3t + 2- 2t 2 

Jl dt 

= 0 (21+ 1)(2 - t) 

= log 6 from (i) 

If 

In = 5: sin" x dx, n~2 

" =I: sin n-l X d(cos x) 

" 
=-[sin "-1 x cosx J: 

" 
+J:cosx d(sin "- 1x) 

" 
= 0 + I: cosx(n-l)sinn-2 x 

II 

= (n- 1) I: sin n-2 
X cos 2 

X 

Hence 
tr 

cosx dx 

dx 

When 8 = 0, t = 0 
Ill = (n- 1) J: sin •- 2 x~1 - sin 2 x )dx 



" 
= (n- 1) I: (sin "-2 x- sin" x) dx 

: (fl - 1)/ n-2 - (fl - 1)/ II 

.. nf II = (n- 1)/ n-2 

I =n-11 
II n n-2 (n ~ 2) 

(iii) /4 
3 =-1 4 2 

3 1 
= 4'2 10 

n 

= .9_ r2 dx 
8 0 

31r = -
16 

QUESTION TWO y 

(a) 

3 

1 

-2 - 1 1 2 3 

• 
(-.f3, -1)R 

-1 
Q(-./3, - 1) 

PQ 2 = ..f32 
+ (-1-2) 2 = 12 

P R 2 = ( 0 - .f3) 2 
+ (2 - - 1) 2 = 12 

RQ 2 =(2.J3) 2 
= 12 

. . MQR is equilateral 

(b) (i) 

= cos(- () 1 ) + i sin{- 9 1 ) , 

by De Moivre's Theorem 

= cos (} 1 - i sin e 1 

Alternatively, 

1 ( 1 )(cos91-isin9 1 ) 

~ = cos e 1 + i sin e 2 cos (} 1- i sin (} 1 

cos 9 1- i sin (} 1 
= 

cos 2 (} 
1 
+ sin 2 (} 1 

= COS f) I - i Sin 8 l 

(ii) z
1
z

2 

(c) (i) 

(ii) 

(d) 

0 

(i) 

= (cos 8 1 + i sin 8 1 } (cos 8 2 + i sin 8 2 ) 

= cos 81 cos a 2- sin 8 1 sin a 2 

+i(sin e1 cos 82 + cos e1 sin ()2) 

= COS (() I + (J 2 ) + i sin ( (J l + () 2 ) 

(x + iy) 2 = -3 - 4i 

X 2 - y 2 + 2ixy ;::; -3 - 4i 

Equating real and imaginery parts: 

x2- y2 = -4 ... (1) 

2xy::: -4 . .. (2) 

From(2), y= -£ 
X 

Substituting into (1) 

x 2-....!.. = -3 
x2 

x 4 + 3x 2 - 4 = 0 

(x 2+ 4){x2 -1) = 0 

:. x2 = 1, x = ±1 

From (3), when x = 1, y = - 2 

and when x = -1, y ;::; 2 

i.e . ..J-3- 4i = ±(1- 2i) 

z 2- 3z + (3 + i) = 0 

3 ± ..Jg - 4(3 + i) 
z= 

2 

3± ..J-3- 4i 
= -'-----'--::-----

2 
3 ± (1 - 2i) 

=-......;....,,.-~ 

2 

=2-i, 

OE II AB and OE = AB 
:. OABE is a par allelogram. 

... (3) 
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Let E correspond to the complex 
number z, then, since addition of 
complex numbers corresponds to a 
parallelogram construction in the 
complex plane, 

Z+W1 =w2 

z;;;;; w
2

- w 

i.e. E corresponds to the complex 
number w 2 - w 1. 

(ii) OF 1.. OE and OF ;;; OE 
Since multiplying a complex number 
by i corresponds to an anticlockwise 
rotation about the origin through 90°, 
F corresponds to the complex number 

i(w2-w1 ) . 

(iii) Since AD II OF and AD == OF, 
D corresponds to the complex number 

w1+ i(w 2 - w1 ) == w 1 (1 - i) + iw2 • 

QUESTION THREE 

(a) (i) 

" " " " " " 
(-2 -2) 

' / 
/ 

/ 
/ 

/ 

(ii) 4 
y ==-x 

" 

dy -4 
dx=~ 

y 

/ 
/ 

/ 

12, 2) 

X 

" " " " "" 
(x * 0) 

dy -4 1 
AtP,x=2t, -=-=-- (t7:0) 

dx 4t 2 r2 

. . equation of tangent at P is 

y-~=-L(x-21) 
t 12 

X 2 =--+-
{ 2 I 

• • 12 J- 2£"' -X+ 21 

x + c+ y = 4t 

,nn, 

(iii) Tangent at Pis x + t 2 y = 4t 

Tangent at Q is x + s2 y = 4s 

(1)-{2): (1 2-s2 )y ;:4(1 -s) 

... (1) 

... (2) 

(iv) 

4 y=I+S 

Substituting into (1): 

4/2 
x+--=41 

I+ S 

4/2 
x=4t-­

l+s 
4ts =--
s+t 

.. point of intersection M is 

L~st' ,!J 
Putting s = _1 in M, we get 

I 

-4 
x=-1-

--+t 
I 

=_1{__ 
1-t 2 

4 -4/ 
y=--=--

_ _!+t 1 - /2 
I 

Since t 7:0, x '# 0 and y '# 0 

:. the locus is y = -x (x 7: 0), which 
is a straight line through, but 
excluding, the origin. 

(b) (i) The points of intersection of the ellipses 
satisfy both C 1 = 0 and C2 = 0. 
:. at these points C 1 + ).C 2 = 0 

(ii) C 
1 
+ ).C2 

n--- 1 

i.e. 

;;: x 2+ 3y 2-1+ ).(4x 2+ y 2 - 1) 

;;: (1+ 4A.)x 2+ (3 + ).)y2 - {1+ ).) 

(1+ 4).}x 2 + (3 + ).}y 2 
"'

1 
1+). 1+). 

For an ellipse we require 

1+4A.>O, 3+).>0,and 1+).>0 

1 ). >-- ). > -3, and ). > -1 
4' 

1. e. ). > _1 or 
4' 

1 + 4A. < 0, 3 + ). < 0, and 1 + ). < 0 

1 ). < -- ). < -3, and ). < -1 
4' 

i.e. ). < -3 . 
:. The curve is an ellipse for .:l < -3 

1 or).>- 4. 



QUESTION FOUR 

(a) (i) y 

X 
-4 4 

(ii) 
(ii) 

y 

X 

4 

-1 

(iii) y 

1 

X 
-4 4 

-1 

(iv) y 

X 
-4 4 

-1 
1r 

-2 (-In 6, ~) 

(b) (i) g(x) = 4e-"- 6e-2" x~O 

g '(x) = -4e-"+ 12e-2 .x 

g"(x) = 4e_ .. _ 24e-2.z 

g'(x) =O=> 12e-2x-4e-.z = 0 

4e-.z (3c-x-1) = 0 

3e-.r = 1 
(iii) 

e -.r = 1. 
3 

-x = ln(1) 
x = ln 3 

g(ln 3) = 1 1 2 4x--6x-=-
3 9 3 

g "(In 3) = 4 X}_ 24 X _l = - _! 
3 9 3 

.. (1n 3, ~)is a maximum turning 

point. 

For x ~ 0, the only turning point is 

{tn 3, j). For inflexions g"(x) = 0 . 

=> 4e-"- 24e-2 .. = 0 

4e-"(1-6e-.. )=0 

i.e. 6e-x = 1 

x::: ln6 

and 1 g(ln 6) =-
2 

For 0 < x <In 6, g"(x) < 0 

and x > ln 6, g"(x) > 0 

.. (In 6, i) is a point of inflexion. 

The graph cuts thex-axis when g(x) = 0 

=> 4e-x- se-2 %::; 0 

2e-"(2-3e-2 )=0 

se-x= 2 

x=lnl 
2 

As x--) oo, g(x)--) 0, 
:. the x-axis is an asymptote. 

g(O) = -2 

g(x) = g(-x) so the function is odd. 
y 

(-ln3, i) (tn 3, _g) 

~ 
y = O 

X 

(0, - 2) 

At X =0, g(x) = - 2, 

g '(x +) = 8, g '(x -) = - 8 
The curve has a cusp a t (0, -2). 
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QUESTION FIVE 

(a) 

(i) In t.TPR, LSTQ = LYRQ + LYPS 
because the ext. angle is the sum of 
the interior opposite angles. 

(ii) LYPS = LYXS (Ls standing on 

(iii) 

(iv) 

the same arc) 
LYRQ = rc = LYXQ (opp. Ls of a cyclic 

quadrilateral) 
= LPXY (PXQ is a st. line) 

. . LYRQ + LYPS + LSXQ 

= LPXY + LYPS + LSXQ 

= 1r (adj . Ls, PXQ is a st. line) 

LSTQ+ LSXQ 
= LYRQ + LYPS + LSXQ, by (i) 
= tr, by (ii) 

:. STQX is a cyclic quadrilateral as the 
opposite angles are supplementary. 

LXYS = LXPS (angles standing on 
the same arc) 

LSXY = LSPY (angles standing on 
the same arc) 

d = LQPY = LXPS + LSPY 

= LXYS+LSXY 
= LXSQ (ext. L of t.SXY ) 

also LSTQ = tr- LSXQ (opp. Ls of 
cyc1ic quad. STQX) 

= LPXS (PXQ is a st. line) 
= LXQS + LXSQ (ext. L of l'lQXS) 

= LPQY + LXQS 

=f3+a 

(b) (i) Triangles COD, Ff!D are similar, 

FH HD 
CO= OD 

FH h-x -a=-h-
a Ffl = -(h- x) 
h 

(ii) C'F = a- F/1 

=a-£.(h-x) 
h 

cos LHC'G = C'F 
a 

X 
=h 

LfiC 'G = cos-t ( f,) 
(iii) Shaded area 

l 

=area sector C 'EHG- 2 x area 6C 'FG 

= i a 2 .2cos-1 {~)- 2.~ C'F. FG 

(iv) Volume 

QUESTION SIX 

(a) (i) 

s 

If S and T denote the sets 'students' 
and 'teachers' respectively, and PI' P2 

are the parents, then all the possible 
arrangements are shown below. 

pi ?2 

T S 

I' I 

T 
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(b) 

(ii) 

s 

There are 4! ways of arranging the 
students and 3! ways of arranging the 
teachers. Thus lhe number of 
arrangements of the 9 members is 
P2 P12x3!x4! = 288. 

LetS 1 , P1 be the related student and 
parent. LetS' and P2 denote the 
remaining set of students and the 
other parent, and letT be the set of 
teachers. Then the possible arrange­
ments are shown below. 

T T s 

There are 3! ways of arranging the 
students Sand 3! ways of arranging 
the teachers T. Thus the number of 
arrangements of the 9 members is 
2 x 3 !x 3! = 72. 

Hence the probability that this pair 
of people sit together is 

72 1 
288::::4, 

0 ~ l ~ 20 

I> 20 

- 1-Mv' 
108 

oE: 

(i) 

.lM 
4~ 

Fig. 1 
Take 

positive ~ 

.lM 
in direction 

4~ of motion. 

Fig. 2 

From Fig. 1, for 0 ~ t ~ 20 

M .. 1M x=-4 
.. 1 x=-4 

From Fig. 2, for t > 20 

Mx = -lM --1-Mv2 

4 108 

i = - 1~8 (27 + v 2 ) 

(11 .. ) s· dx mce v = dt ' 

(iii) 

i.e. 

dv dx dv 
vdx=dtdx 

dv 
=dt 

=! (:) 
d 2 x 

:::;; dt 2 • 

0 ~ l ~ 20 

dv 1 
dt=-4 

v=-lt+C 4 1 

at t = 0, v = 60 

.. so= C1 

Integrating again w.r.t. t 

X = - i 12 + 601 + C 2 

at t = 0, x= 0 
.. c2 = o 

X = _J. t 2 + 60t 
8 

at t = 20, (1) and (2) give 

V = _J. X 20 + 60 = 55 
4 

X ::;: - ~ X 400 + 60 X 20 = 1150 

.•. (1) 

... (2) 

(iv) When t > 20 

x = - - 1-(27 + v2 ) 
108 

v dv = - _1_ (27 + v 2 ) 
dx 108 

vdv = - -1-dx 
27+v2 108 

From (iii), at x = 1150, v =55 

fv vdv - _l_J.. dx 
.. ss27+v 2 --108 1150 

[~ log(27 + v2
) J:

5 
=- 1~8 [x] ~ 150 

~ {Iog(27 + v 2 ) -Jog(27 + 55 2 )} 

= - 1~8 (x - 1150) 

.. x - 1150 

~ = 54{log(27 + 55 2 ) -Iog(27 + v2 )} 

I 
t 

-~ 
~ 

·i 
I 
l 
t 
[ 
~ 
! 
i 
·~ 
t 
i 
l 

- ~ 

! 

I 
·; 
-; 
-i ., 

j 
·-~ 

l 
~~ 
' 

' t 



(v) 

x == 1150 + 54{tog(27 + 55 2 ) 

-log(27 + v2 )} 

The jet comes to rest when v = 0, i.e . 

x::: 1150 + 54{tog(27 + 55 2 )- log 27} 

::: 1405·296 638 

"' 1405 

The jet comes to rest 1405 metres 
from the touchdown point. 

QUESTION SEVEN 

(a) (i) cos 3A == (cos 2A + A) 

= cos2A cos A- sin 2A sin A 

= ( 2 cos 2 A - 1) cos A - 2 cos A sin A sin A 

= 2 cos3 A- cos A- 2 cos A sin 2 A 

= 2 cos 3 A - cos A - 2 cos A( 1- cos 2 A) 

= 4 cos 3 A - 3 cos A 

(ii) 

cos 3 A - t cos A = i cos 3 A 

Substituting x = 2-./2 cos A into 

(iii) 

x 3 -6x=-2 gives 

16-12 cos 3 A- 12-./2 cos A= -2 

i.e. 

cos 3 A - ~cos A = - 2 rn 
4 16v2 

1cos3A = --1-
4 8-../2 

cos3A = --1-
2-12 

1 
=- 8-../2 

by (i) 

cos3A=- - 1-
2-../2 

~ 3a = ±cos-1
(- 21 )+ 2mr, 

where n is an integer. 

Taking the positive branch* of the 
inverse cosine and n = 0, 1, 2 gives 

3A = 1-93 216, 8·215 35, 14·49 853 

A= 0·64 405, 2·73 845, 4·83·284 

.. x = 2.J2 cos A 

= 2·2618, - 2·6017, 0·3399 
to 4 dec. places. 

* Note that taking the negative branch 
leads to the same values for x since 
cos A = cos (-A) . 

(b) (i) 

(ii) 

(iii) 

1 00 1 _ Dnn.:> 1 1 

P(O) = 1:~: 0 

P(1) = 2A + B + 2 * 0 

since 2 + B * -2A 

P( -1) = -2A + B + 2 * 0 

since 2 + B :.t 2A 

1 A B A =-+-+ - + -+1 
a• a3 a2 a 

=_j._(l+Aa+Ba2+Aa 3+a 4 ) 
a• 

=-1-P(a) 
a• 

= 0 since P(a) = 0 

.. ~ is a root of P(x) = 0 
a 

Since a :~: 0, 1, - 1 

:. a and ~ are distinct. 

Since a is a multiple root and P(x) 

has degree 4 we can write 

P(.x)=(x-a) 2 (x - ~)(ax+b) 

P(x)::: (x- a)2 {x- ~)(ax+ b) 

Clearly a= 1 and, equating constants, 

1 1=ab::::)b=--
a 

P(x)=(x-a)
2
(x- ~f 

i.e. a is a root of multiplicity 2. 

x 4+ Ax 3+ Bx 2 + Ax+ 1 

=(x-a)
2
(x- ~f 

={ex- a)(x- ~)r 

={x2-(a+ ~)x+1r 
Equating coefficients of x 3 : 

A= -2( a+~) 
Equating coefficients of x 2 : 

4ll=8+4(a+ ~) 
2 

= 8 + 1\2 



QUESTION EIGHT (b) (ii) 

(a) (i) 

(ii) 

(b) (i) 

f(x) sinx for 0 < x < ~ =--
X 

f'(x) = x cosx- sin x 
x2 

cos x(x- tan x) 
= x2 

<0 

since tan x > x for 0 < x < ~ 

y 

--4-------------~--~.X 

f(O) = 1 

!(;) =; 
f(x) ~ 1 as x ~ 0 

From the graph f(x) ~ ! for 0 ~ x ~ ~ 

. sin x.., ~ 
1. e. e:. 

X 1! 

. 2x smx ~-
1! 

. 1 1 
Let f(x)=-+-­

x s-x 

ForO<x<s, f'(x)= -~+ 1 
x 2 (s-x) 2 

f'(x) = 0 => 1 1 
(s-x) 2 =~ 

(s - x) 2 =x 2 

When 0 < x < ~· f '(x) < 0. 

When~<x<s, f'(x) > O. 

Hence f(x) has a minimum turning 

point at{~, ~),that is, since y = s - x, 

1. +1~.! (x > O, y>O, x+y =s). 
X y S 

1001 _ n~~~ ,.., 

n 2 1 Now let g(x) =-+ --, 0 < x < t 
X l-X 

g'(x) = _£+ 1 
x 2 (t-x) 2 

, n 2 1 g (x)=0~-= -....;.....-=-
x2 (r-x) 2 

Le. nl x=-­
l+n 

( 
nt ) _ n 2 + 1 

g l+n - nt t-~ 
1+ n 1+ n 

(l+n) 2 

Wh nl enO< x< -
1
-, 
+n 

g'(x)>O 

When -
1

nt < x < t, g'(x) < 0 
+n 

Hence g(x) has a minimum turning 

. ( nt (1+n)
2

) 
pomt at l+ n, 

1 
... (1) 

If xi > 0 for i = 1, 2, . . . , n (n ~ 2) 

and s = x 1 + x2 + ... + x ,., then the 

1 1 1 n 2 . result-+-+ ... +-~- 1s 
x1 x 2 x" s 

true for n = 2 by part (i). 

Assume it is time for n = k, then, 
puttingt=x 1+x2+ ... +x.l:+l' 

_1_+ ... +_1_+ _1_ ~~+ -1-
xl x.l: xk+ 1 s t-s 

(n+ 1)2 b (') 
~ l y 1 . 

Thus if the result is true for n = k, it 
is also true for n = k + 1. Now it is 
true for n = 2, therefore it is true for 
n = 3, 4, and so on. 

Hence it is true for all positive 
integral n. 
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