2000 HicHER ScHooL CERTIFICATE
SOLUTIONS

3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

QUESTION 1
(a) Ed—xsin'lx = sinlx+ —=E—.
X 1- x2
(b) m1:2, mg = %—
tang = m
1+mqymg
1
_ 23
B 1
1+2x% 3
=1 v
. The acute angle is 45° (% radians).

Alternative solution:

/

The sketch shows two lines with gradients

2 and +. By considering the triangle formed
(right-angled isosceles), the angle between
the two lines, 6, is 45°.

0

(¢) Method 1:
By the factor theorem, P(3) = 0 when x — 3
is a factor.
P@3) =27-9k+6=0
9%k = 33
- 32

k=3 3

Method 2:
P(x) = (x— 3)(3c2 +3x— 2)
= 23—~ 11x +6.

Equating coefficients, & = % 3

2
3
Method 3:

P(x) = x* - 3kx+6
Let roots be 3, ¢, §.

2000
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a+f+3=0 @
3a+3p+of = -3k ®
3o = -6 @
© From @: o+f=-3
From @: off = -2
In®@: 3a+p)+af = -3k
3(-3)-2 = -3k
_u
k= 3
g e
4 _[4ian1x L
(d) . 221 dx = [3tan 3}0 (standard integral)
_4 a3
= 3(tan 3 tan 0)
JA(z_
= 3(6 0)
4
5
(e) Method 1:
5
o <1, x=#-2

Blx+2) < (x+2)2

(x+2)%-5(x+2) 20
(x4 2 x+2-5=20

(x+2)(x-3) 2 0.

L x< =2 or x> 3.
Method 2:
5
<
x+2 7 L

Consider 5 =1
x+2

5=x+2
x =3,

x# -2

T x< -2 or x2>3.

Method 3:

-2 3

When x+2 > 0, thatis, x> -2,

5<x+2,

that is, x> 3.

When x+2 < 0, thatis, x < -2,

52x+2,

Page 4



thatis, x < 3. Hencex < -2,
- Solutionis x < -2 or x> 3.

Method 4:
Graphy =

5 -
o andy = 1.

Point of intersection when x = 3
(see Method 2).
From the graph, x < -2 or x 2 3.

QUESTION 2
(a) ‘O’ is repeated 3 times.
The other letters are unique.

1
.. The number of arrangements %

60 480.

(b) (5+29c2)7 = i C, 57”(2x2)r.
r=0

For a term in 2°
. The coefficient of x%is 7Cy 573 2% = 175 000.

we require 2r=6, .. r=3.

(¢) cos20 = sin8,
1-2sin%0 = sinf
2sin%0+sinf-1=0
(2sin@-1)(sin6+1) = 0

sinez—éor -1.
. g=L 51 37
=% 6 7
d) u=2+x, x=u-2, .é—gf-zl
du

x u-—2
dx = du
f«f2+x J E

1 1
- [(wt 27t au

3
p)

oo

U
3

3
(2+x)2-4v2+x+C

1
-4y2+C

(2+x-——§—x4)+0

S

)+ C.

I
wito wiw wine
Do N
+] +
"] ]
—_~
<

(b) f(x) = 3tan"lx

3 Unim (AppimoNaL) AND 3/4 UNiT (CommoN) MATHEMATICS

QUESTION 3
, . fla+h)-f(a)
7 1 e SR S S
@) ! (a) ILLI% h
3_ 3
Yim (a+h)’-a
h—0 h
=1 a®+3a%h +3ah?+ K3 -a®
= lim
h—0 h
h(3a2 +3ah+ hz)
= lim
h-0 h
lim (3a® + 3ah + h?)
h—0

il

I

= 3a2.

(i) Rangeis —QZE <y< S

N.B. Gradient =3
at origin

T

ISTER

iR 3 1
N—==|= =22,
j[\@) 1+% 4

Therefore the gradient of the tangent at

1 . 1
x=-——=1is 2.
Tz 521
(©) () From AOTB, - =tan30°=-L
i) OB ‘Jé‘ 1)
. OB = +3h.
(Other answers are possible,
such as OB = v100% + A% )
(ii) From AOAT, %ﬁ = tand5° = 1,

. OA = h.
From AOAB, OB%= A0Q®+ AB?
3h?% = h?+ 1002
2h% = 1002
h = 5042.
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(iii) N
o]
5 >E
50~/2 %6
)
A" 100 B
sin@ = %
_ 5042
506
D
=
9 = 35°16".

Therefore the bearing is 125° 16’.

QUESTION 4
(a) Let S(n) be the statement
1+3+6+ -~-+§1n(n+ 1) = —é—n(n+ H(n +2).

Whenn=1, LHS =1
RHS = £x1x2x3 = 1
LHS = RHS.
- 8(1) is true.
Assume S(k) is true. That is,

14346+ + 2 h(k+1) = Sh(k+1)(k+2).
Now 1 1
1+3+6+ ---+§k(k+ 1)+§(k+ H(k+1+1)
1 1 :
= shk+1)(k+2)+5(k+(k+1+1)
(by assumption)

(k+1)ék+2) (k+3)

- %(m D(k+ 1+ 1)(k+1+2).

This is Stk + 1).

- If S(k) is true, then Sk + 1) is true.

But S(1) is true, hence S(2) is true, hence S(3)
is true and so on.

By the principle of mathematical induction,
the result is true for all positive integral
values of n.

(B Let f) = (1+|(1+r)* - 1] - 50r

= (1+nN®—(1+r)-50r
= (1+r%-1-51r.
() = 25(1+ % -51
r = 006,
Firp)

th
en Py

np=n-

2000

*

_ (1:06)* - 1-51x0-06

= 0-06
25(1-06)%% - 51
= 0-055 38...
= (0-0565.
(©) P(x)=x®+pxligr+r.
(i) Sum of roots = —%
VE+(-Vk)+o = -p
o+p =0
(ii) Product of roots = —%.
JE x (—\/E)xa = —r
’ —kot = -r
ko = r.
(iii) Product of roots in pairs = %'
VR (—JE-)+ kxoc+(7«/E)xa =q

o -k =q.
Since ¢ = —p, from (i), then kot = r
from (ii) becomes (-q)x(-p) = r,

that is, pg =r.
(d) Period T = 27” - 4z
n-l

Amplitude a = 3.
Since v? = nz(a2 x2) (putting origin at O)

2 = %(Q—xz).

Whenx=90, at 0, v’= %
. Speed = g em s~
QUESTION 5
(a) P T
A
B C

(i) £ZPBA = /TPA
chord equals £ in alternate segment).
£TPA = /PCB (alternate /s, PT||BC ),

. ZPBA = /PCB.

(i1) In APBA and APCB,
ZAPB = /BPC {common)
£ZPBA = /ZPCB, from (i).
Therefore the triangles are equiangular,
and hence similar.

(£ between tangent and
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PB _ PA  (corresponding sides
PC T PB are in the same ratio)
PB% = PAxPC.
(b) f(x)= xi2 , defined for all x = 2.

: ' (x+2)x1-xx1

® - rDxd-xxl

DS (x+2)?

2

il

(——2—)—2 > Qforallx 2 -2,
x+

since (x+ 2)2> 0 for allx # - 2.

x+2—-2
x+2
2
x+2°

G f(x) =

As x — teo, 2 - 0.
x+2

Therefore the horizontal asymptote

isy=1.
(iif) ! y
‘ 4+
T
2_;
,,,,,,,,,,,,,,,,,,,,, N T T TR
| - - :
-4 -2 10 2 x
; T N.B. 1
f Gradient = o
: 9t at origin.

(iv) f(x) is a one-to-one increasing function
(it satisfies the horizontal-line test).

V) y= xi2'
~. Theinverseisx = 2
y+2
xy+2x =y
2x = y(1-x)
y = 2x
l1-x
-—1 _ 2x
Fx) = 1-x°

(vi) Domain of f~*(x) is the range of f(x).
That is, all real x, x # 1.

3 Unim (ADDimoNALY AND 3/4 Unit (CoMMON) MATHEMATICS

QUESTION 6

(a)
AT B
(1) ZAPB = 12[— {Z in a semicircle).
. %g = cosé
AP = 4cos0.
ArcPB = 2.26 = 40.
Time from A to B
= time for AP + time for PB.
Thatis, T = é;iJr%’-’i
_ 4c§59 +9
= %(4c059+36).
. dT _ 1, ,..
(ii) a8 " 3( 4sin6+3) .
= 0 when sinf = —.
] 4
0= sin‘l(%—)
= 0-848 radians (= 48°35).
2
(ii1) 39721 = %(—4cos 8) < 0 for 8 acute.

Therefore this is a maximum stationary
point, and so not the minimum.

Test the end points.
That is, row direct to B.

Time = 4 = 1% hours.

3
Walk round the lake from A to B.
Time = %{5 = 1.57 hours.

.. Pat should row directly across the lake
to B to minimise the time.

(b) (i) No. of ways for 2 spades and 4 clubs
= Be, x B3¢, = 55770.
(ii) No. of ways with 5 of the same suit
= 4x BC, x 3%C, = 200772.
No. of ways with 6 of the same suit
= 4x 3¢, = 6864.

.. Total number with at least 5 of the same
suit = 200772 + 6864 = 207 636.
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QUESTION 7 (b) (i) Given x = Vicos@
(@ @ F=Au®+3 Ll _x
. i . . . Vecost
The maximum period of flight implies ) 1 .o
.. y = Vtsinf -z gt
the minimum fuel used per hour. )
dF s B _ V.xsing 1 x?
du 3Au T ur Veoso 2gV2c0529
2
—d—-g =6Au+-2—§- > 0, = xtanf-xZsec?§| 2.
du*. u 2v2
since u > 0 and A and B are positive. o o . 9y2
. = xtanf - x* sec® 6, since =1
Therefore we have a minimum when
2—5 =0, (ii) On the inclined plane,
) 9 B x=rcosq, y=rsina.
that is, when 3Au® = = 2. .2
u rsina = rcosatan@—zﬂg—g—.
«_ B cos“ @
U =3y sin o cos? @
(B 1 . = cosqsincos6 —rcos® o (since r = 0)
“=13a)" . recos? o = cosB(sin o cos6 — cos osind)
(ii) Let the distance be s and the time ¢. r= W—).
. cos® o
s = ut
- uﬁ (where & is a positive constant, (ii1) Using the given identity with A = 8-«
F  the amount of fuel) and B = §. we have
uk ’
- Au3+§ - sin(@—gx)cos@
u cos® o
_ _u’k _ sin(20-a)+sint-o)
Au*+ B B 2cos® ’
ds _ 2uk(Au®+B)- u’k.4Ad® This will be a maximum
du (Au* + B)? when sin(20- ) = 1.
_ 2Aku®+ 2Bku— 4Aku® ) x
= (Au*+ B)2 (That is, when 28 -« = E)
_ 2Bku—2Aku® - So the maximum range is
(Au* + B)* g ltsinCo)
_ 2ku(B - Au*) T 2costa
(Aut+B)? _ 1-sina
For a maximum s, ds _ o, 2(1— gin? a)
du
l-sino
.o 4+_B =
.u=0 or u*= a1 2(1-sino)(1+ sin &)
When u = 0, s is obviously = __1__
a minimum value, 1 2(1+sino)
-, maximum occurs 1When u= (%)4 (iv) Method 1:
(E)Z Let mg and my be the slopes of the
New speed ~ \A tangents at O and T respectively.
Old speed ( B )% y = xtanf-x?sec? 6
3A y'= tanf - 2xsec? @,
B 311 At O, x=0, so mg = tané.
_ 13162 Equatw.n of OTisy=xtanc, Y
so T satisfies xtana = xtand — x* sec” .
= 132% (nearest per cent). 9
) . . asec”® = tanf—tano (x#0atT)
Therefore the speed for maximum distance tan @ — tan «
is approximately 32% faster than the speed x = T eeclo
for maximum time.
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my tane—Z(Mj- sec? 8

sec?9
= 2tanox —tané

2tan(20 - Z)~tan6 (from (iii)

]

—-2cot 26 —tan @

_ _of1-tan?8)
- ( 2tan @ j tan®
= — 1 +tan8—tanf
tan8
-1
tanf’

momoq = tan 6 x (—?a-rlré)

Therefore the tangents are perpendicular.

Method 2:

The endpoints of a focal chord have
tangents which are perpendicular, so
it is enough to show that for maximum
range OT is a focal chord.

Method 2a (focal chord from geometry):
The following diagram shows a general
parabola x* = —4ay with focus S(0, -a).

The tangent at P (y = tx+ atz) intersects
the y axis at V(O, atz).

Therefore PM = SV (= at?+ a).

Also, PM = PS by definition of a parabola.

Therefore PMVS is a rhombus, and PV
bisects LMPS.

V(0, at?)

/

This only works because PS is a focal
chord. For any other point S on the

y axis, ZVPS would be different.

So if a tangent bisects the angle between
the vertical and a chord, that chord must
be a focal chord.

P(—2at, - atz)

3 Unit CADDIMONAL) AND 3/4 Unit (CoMMON) MATHEMATICS

In part (iii) we showed that the
maximum range occurs when

-
26—a-—2.

- r_
8-a = 3 6.

This means that the tangent at O
(with angle 0) bisects the vertical
(with angle 127"-) and OT (with angle ).

Hence OT is a focal chord as required.

Method 2b (focal chord using algebra):

xtanf—x2Zsec?d

y =
cos? 8.y = xsinBcosf—x2.
: 2 s 2 2
(x_sm()cosej _ sin®6cos 9_00529'}’
2 4
= 2
o 9 _sin“é
= —C0S8 B(y - )
cos? 8
Focal length = "

[ sinfcosO sin’ @
Vertex = ( 5 s J

“Focus F = (sinBcos() sin? 6 — cos? GJ
B 2 ’ 4 )

-2 2
_ sin“@-cos“ @
Slope of OF = 2sinf cosH

_1 __ 1
= Z(tana tana)'

Now for maximum range, 20— = —725

tan 26 = tan(oc+ —75)

2
1
" tana
1
" tan26
__1-tan?#
T " 9tanéd

1 1
> (tanG — tan@)'

It

tan o

Therefore the slope of OF equals the
slope of OT, and so OT is a focal chord,
as required.

END OF 3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS
SOLUTIONS
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