1999 HicHER ScHooL CERTIFICATE
SOLUTIONS

3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

QUESTION 1
e d
(a) jn 4-:;2 = [sm llg—]u (standard integral)
= sin‘l-\/—E —sin~10
2
- _
3
-
3
d .3, _a.2. d_
(b) e sin” x = 3sin x.—-sinx
= 3sin® xcosx.
() A(-2,7), B(8 -8)
Ratio2: 3
2x8+3x(-2)
For P, x= T
- 10
5
_ 2x(-8)+3x7
ol ¥ 5+8
-5
b
= 1.
. Pis(2, 1),
(d) Asymptote when denominator is zero,

thatis, x—3=0 or x=3.

@  Px)=x*-4x
p(_g) ==-27+12
= —15 is the remainder.
(f) If wu=tanx
du

9
= sec’x = du = sec’x dx.

dx
Whenx=0, u=0.

1‘thenx=3z-%‘r—, u=+3.

5 #
4 j tanZx sec?x dx=j u® du

0
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QUESTION 2
(a) Number of ways of choosing 3 females
from 7is Cy. The other two must be male.

The number of ways of choosing 2 from 4

is 402.
. Number of committees = "Cy x C,
= 210.
(b) Method I1:

cosf++/3sin@ = 1
Now Rcos(f-a) = RcosBcost+ Rsinfsina

Rcosox =1
Rsina:x@.
% RZ(Sin2a+C052 Ol) =3+1= 4.
R=2
Rsina _ﬂ
— Reosax 17
tana=«/§
g o
o= 3
e I — __:'»_I__< _11'_) §£
2(:05(9 3) 1, 3_(9 3 < 3
_r_1
cos(Q 3] 2
g% - _E K 5m
3 3’3" 3°
-0 2K
8=10, 3 , 21
Method 2:

If0=r, cosm++/3sinT =-1+0=1,
.. @=r is not a solution.

Ife=n, 1ett=tan-g-.
. 2
. sin@ = 2'52 and cosf = l_fz.
+¢ 1+t
1-¢2 2t
5 — +3 X —— =1
1+¢2 3 1+ ¢4
1-£24243¢ = 1442
22243t =0
2t(t-+3) = 0.
=0, +/3.
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1999 Hisker SchooL CERTIFICATE

That is, tan& - 0, /3.

)
3 %—o,g,n (0<8<2n)
= 0,2 9.

] 3 ’

c) f(x)=x+log, x
(i) The natural domain is x> 0 since log, x
is defined only forx > 0.
(i) y = f(x) is increasing if f'(x) > 0.

L F(x) = 1+11- >0, sincex>0.

(i)  (05) = 05+1og, 05
=-0193 < 0.
f(1) = 1+1log, 1
=1>0.
The curve cuts the x axis between x = 0-5
and x = 1, since the sign of f(x) changes
and f(x) is continuous.

(iv) Let f(x) = x+log, x
F(x) = 142,

Let x5 be a second approximation to the
root of x+log, x = 0.

x9= 05~ -;"((LO?T by Newton's method,
— 05— 05+ 10gf 0-5
1+ ﬁ
= 0-564 ...

N.B. You need to use Newton’s method
again to see how many of these digits are
significant, but this is not required by
the question.

QUESTION 3
(@) V= JIJ-?Z(Ssinx)2 dx
= QTEJ sin? x dx
0

- I 2(1—(:0523:) dx
2J)y

_ Q_x[x_ sin 21:}%

= 5{(8-0-0-0]

_ 9n?
=T
2
. Volume = 9% cubic units.

(b) P(6) =3, P[6)=2

Probability of ‘6’ on exactly 2 of 7 throws

-"a(3) (§)

_Tx6 1 5°
1x27 6" g°
21875
~ 93312

0-2344.

1

Big

(c)

Data: AC is a diameter.

Construction: Join AB, PQ.

Proof: ZABC =90° (angle in semicircle,
given AC is diameter)

ZCPQ = ZABC (exterior angle of cyclic
quadrilateral equals
interior opposite angle)

~ ZCP@ is a right angle.

(d) (i) A(2sinx+cosx)+ B(2cosx—sinx)
= sinx+8cosx
. (2A-B)sinx+(A+2B)cosx
= sinx+ 8cosx.
Equating coefficients of sinx and coszx,

2A-B=1 —0
A+2B =8 —®
Ox2 - 4A-2B=2 —@
@D+ - 5A =10
A=2
Substitute A = 2 in @
2B=6
B=3.
w A=2 B=3.

sinx+8cosx
(ii) dx
2sinx +cosx

dx

_ ((2(2sinx+cosx)+3(2cosx—sin x)
N 2sinx+cosx

from (i)

szr+3J'2c0ax—smt iy
2sinx+cosx

= 2x+3In(2sinx +cosx)+C.

[Note: -5—-(25i11x+ cosx) = 2cos x —sin x]
x
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3 Unim (ApDmoNALY AND 3/4 Unit (CommoN) MATHEMATICS

QUESTION 4

(a) i(—l)"‘k = (-1)?x2+(-1°x3
k=t +(-D)* x4+ (-1)°x5

(b) y 2

ay _
dx 27
dy 2p
; = —_ = — =
Whenx=2p, e 5 = b
Equation of tangent AP is
y=-y1=m(x—x,)
y=-p*= p(x-2p)
y = px-p*
(i) Equation of normal BP is

y-pi= —%(I—QP).

B lieson BP atx=0.

Whenx=0, y= 'p'z = %(—21))

=p*+2.
- Bis(0, p?+2)
(iii) Substitutey=0in @: 0= px— p*

x=p.
. Ais (p, 0).

If C(x, y) is the midpoint of A(p, 0) and

B(O, p2+2),x: g+

) and y

y:

From @, p=2x

_0+(p*+2)

2

2 ‘
Substitutein @: y= 4 +2 _ 92,1

9

But p>0,

.. Cartesian equation of locus of C
isy=2x%+1 x>0.

om0

1999

© ) j% =[1nx]f

=In2-In1l
= In2.

(i) LZ% 2 038 [ 1(a)+ af(250) 1(0) ]

(i1i) In2 =

\V]
]

©
[
3

=3
(=2

o
]
o
I

= e (raising both sides to power %g)

= 2.7132 ...
2-713 (3 dec. places).

m
]

QUESTION 5
(a) Prove (n+1)(n+2)---(2n-1)2n

= 2"[1x3x - x(2n - 1)]
Ifn=1 LHS=1+1=2
RHS=2'x1=2,
. The statement is true for n = 1.
Assume statement is true for n =k, that is,
assume (k+ 1)(k+2) - (2k-1)2k
= 2#[1x3x - x(2k-1)]. —@

Hence prove statement is truefor n=%+1,
that is, prove

(k+2)(k+38) - (2k+ 1)(2k+2)
= 2% 1 [1x8x - x(2k+1)].
Now LHS
= (k+2)(k+3) - (2k+1)(2k+2)

(h+ 1(k+2)(k+3)(2k-1)2k(2k+ 1)(2k + 2)
k+1

[1x3x - x(2k - 1)](2k + 1)(2k + 2), from @

21&
kE+1
2.':
= 2 [1x3x - x(2k - 1)](2k+ )20 T]
_ zki-l[lxgx x(Zk— 1)(2}E+ 1)]
= RHS.

. Ifthe statement is true for n = £, it is also
true forn = k+1. Butitis true forn =1.
. Itistrueforn=1+1=2 and so on,
that is, it is true for all integersn = 1.
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(B) f(z) = e*~1-z
@) flx)=e-1

= 0 only when x=0.

.. There is only one stationary point
(at x =0).

f(x) = e* > 0for allx.

. The graph of f(x) is concave up for all x.

Since f(x) is continuous for all x (being
made up of the sum and difference of
continuous functions), the stationary
point at x =0 is both a local and
absolute minimum.

(ii) Whenx=0, f(x) =¢"-1-0=0.
». The least value of f(x) = 0.
. f(x) =2 0 for all x.

(111) : ¥
! 7z~
T 4 Y
| I .
[ A pm T
x)
: 14 "&‘:\Ogu(l %
I
1
: \ I } x
I 1
[ R
Wi
| lI
T
¥

N.B. The gradient of y = e*-=latx=0is 1,
so y = x is a tangent at (0, 0).

This is also implied by (ii).

(iv) Inverserelation ofy = e* - lisx = ¢’ -1,
Thatis, e¥=2x+1

y=log,(x+1)

g7Yx) = log, (x+1).

(v) Domain of g7}(x)is x+1> 0,
that is, x > —1.
(vi) glx)=e"-1
g7Y(x) = log,(1+x).
The graphs of a pair of inverse functions
are symmetrical about the liney = x.
The graph of y = g(x) is above the graph
of ¥y = x except at x = 0 where they coincide.
~. The graph of y = g7}(x) is below
the graph of y = x except atx=0 -
where they coincide.
o log,(1+x) € xforall x>-1.

1999 <

QUESTION 6
(a) x=cos?®3t, t>0 —aQ
(i) Substitutex = % in @;
3_ .2
1= cos” 3¢
cosdt = il/—_P'—
2
i3
3¢ 5
T
t=1g
Particle is first atx = % after 11;8— seconds.
Gi) v = -‘i—f — 2c0s3¢. ~3sin3t
= -3sin6t.
= R = —3si I
When t = 5 v BSm(Gx 18)
- —3gin &
= —-3sin 5

_2J§<O.

Since v <0, the particle is travelling
in the negative direction.

Gii) @ = %‘ti ~ —3x6cos 6t
= —18cos 6¢.
cosbt = 2cos® 3t -1
(using c052x=2c052x-1)
= 2x-1, from @.
a = -18(2x - 1),
(iv) a=-18(2x-1)
- " |
= 36(x 2)
Y1 S §
=B (x 2)’

which is of the form ¥ = —n%(x-b),
indicating simple harmonic motion

with centre of oscillation at x = %
(v) Period = 2—,:5 seconds
= _Q-GE seconds
= % seconds.
(b) (i) 2
\
§ %
F D

OD = 10 cm (radius)

FD =8 cm (Pythagoras’ theorem).
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(ii) OBC is a sector

of a circle, 0 10 cm B
centre O,
radius 10 cm. \‘;0
[l=1r8 & 4 cm
4=10x2BOC.
o £ZB0OC = 04 radians AN
ZDFE = Z/BOC C
.. ZDFE = (04 radians.
(iii) & em D
N0.4¢
CPc-
%
E

ED? = FD?+ FE*-2x FDx FE cos 04

(by cosine rule)
=82+8%-2x8x8cos04
128(1-cos 0-4).

{ Alternatively:
8em D
F 0.2° -
\0'20 8sin0-2
4

@\
ED = 2x8s5in0-2

= 16sin0-2.)

OE?+0OD?- ED?
2x0E xOD
102+ 10%- 128(1- cos0-4)
2x10x 10 |
ZDOE = 03192 ... |

= 0-319 radians (3 dec. places).

cos ZEOD =

QUESTION 7
(a) Initial conditions for velocity:

When ¢=0,
x = 30cos(5°), y = —30sin(5°). —@

@  #=0 ]
. x = Cy (constant). !
x = 30cos(5°) from Q. —@ i

’

3 Unm (ADDmDNAb AND 3/4 Unim (Common) MATHEMATICS

x= jﬂOcos(S") dt

= 30¢cos(5°)+ Cy.
Whent=0, x=0, . Cy=0.
x = 30¢cos(5°).
y=-10
y=|-10 dt
= ~10t+ Dy

When t =0, = -30cos(5°) from @.
D, = —30sin (5°)

y = —10t - 30sin(5°). —@
¥ =j-10t—303in(5°) dt
= 5t2-30¢sin(5°) + D,.
Whent=0, y=0, .. Dy=0.
y=-30¢ sin(5°)—5t2. —®

(ii) Ball strikes the ground wheny = -2.
Substitute y = -2 in @:

-2 = —30¢sin5° - 5¢2
52 +30tsin5°—2 = 0

~30sin5°+(~30sin 5%’ - 4 x 5 x (~2)
t:
2x5
_ -30sin5°+y900sin?5°+ 40
- 10
(other answer negative

and therefore irrelevant)
= (4229 ...
.. The ball strikes the ground after
0-42 seconds (2 dec. places).

(iii) When ¢ = 04229,
% = 30cos(5°) from @,
3= -4.229 - 30sin(5°), from @,

iz

4]

e = e
- 022899 ..
9= 12.9°,

Angle at which the ball strikes
the ground is 13° (nearest degree).
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(b) (1-x)"= (3‘)—(?‘)_%1 + (g) 24 [ )( 1) The general term of (%—:c)n is

b=k (':J(%)*['sJ(%f (PRI o= (e

( ] The term in x? has 2r—n = 2
" n+2.
The term in 22 in (1-x) ( ) is 4
)Y n\_ of 1\0 (Y n)_ af1\}, (n\(n). 5(1} .. The coefficient of x% = Jr?'2 (_1)n;2
20"(?)'3 )5 ) - v ’
n i 1 n o . .
+( l)n( )[n ZJIF( ) ) and only exists if n is even,

n+2

must be an mteger)

,..+(_1)“(’;)[n’_‘2]

2 if n is even,

I
.. The coefficient of x% in (1- x)”(1+ -%) is

Xo)-GIE)+ e (laa)

2
and this is the expression given [

in the question.

Now (1—3:)"(1+ %)" = [(1—x}(1+ %)]"

if n is odd.

END OF 3 UNIT (ADDITIONAL) AND 3/4 UNIT (COMMON) MATHEMATICS SOLUTIONS
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