1999 HSC Full Solutions




QUESTION 1

@) Jﬁ dx

(b) y =sin®x
y = (sinx)’

dy

— =3sin? xcos x
dx

A(-2,7) B(8,-8)
NS
2:3
3.—-2+2.8 3.7+2.-8
X=——— y =
2+3 2+3
X=2 y=1
P(2,2)

(©)

The vertical asymptote of

(d)

y=4—X3isx—3:0 e x=3

P(x) = x> —4x
P(-3) =(-3)'-4.(-3)
=-27+12 =-15 .. the remainder =-15

(€)

o Let u =tanx
du_ sec? x du =sec? x.dx
dx

Atx=0u=0 At x:%, u:\/§

z NE)
J'O?' tan? xsec’ x.dx = IO u2du

L {5HE




Question 2

@) Choose 2 males from 4 - “C,
Choose 3 females from 7 - 'C,
‘C,xC, =210

(b) 1cos@++/3sinf=1 0<O<2x
need to put in the form rsine cos @+ rcosa sin @ = rsin(a + 6)

rsine =1 or sinazl...(l)
r

3

& rcosa =3 or COSO{=T...(2)

Use sina +cos’a =1

1+3=r?
r=2

sub into (1)
2sina =1

. 1
Sina = —
2

T
o=—
6

.'.cosﬁ+\/§sin9:1

becomes 2 +2 =1
.. Now solve 2 =1
) 7. 1
sin(@+—)=—
( 6) 2

Since 0<@ <27 then O+%£0+%£27z+%

(¢9+£)=Z,7z—£27[+£.
6° 6 6 6
.-.49=0,2—7Z or 2«
3

x>0

(©) ()

(c) (ii) f'(x)=1+% where x>0

. 1'(x)>0 for all x in the functions domain
-y = f(x) is increasing




f(0.5)=0.5+1In0.5
~0.6-0.69<0
fQ)=1+Inl
=1>0
.. The curve crosses the x axis between x=0.5 and 1.

(c)(ii)

()
f(x)

©@v) | X=X

X, =0.5

f(0.5)
f'(0.5)
0.5-0.69

1+JL
0.5

~ (0.56 to 3 dec. pl.

X,=0.5—

~05-




Question 3

y =3sin x
@) 2 _gain?
y“ =9sin® xdx

V= ;rj':) y2dx
V = 7rJ‘059sin2 xdx

V :97stin2 xdx

V =9r J» 21— costdX

V = 927[ 21— cos 2x.dx

V = 97 x—ism2x ’
2 2

0

\Y :%((%—%sm ﬂj (O—O)J

9

V = units®

(b) C, (EJ (§j ~0.234
6)\6

(©) Construct lines AB &PQ

In circle ABC, ZABC = 90° (angle in a semi-circle)
/CPQ = ZABC (ext £ inacyclic quad = opp. int. £)
. ZCPQ =90°




(d)(@)

= A(2sin X+ cos X) + B(2cos x —sin x)
=2Asin x+ Acos X+ 2B cos x — Bsin x
=2Asin x—Bsin x+ Acos X + 2B cos X
=(2A-B)sinx+ (A+2B)cosx

Now this is equivalent to

= 1sin x + 8cos x
then

(2)+Q)

5A=10 .. A=2
sub into (1)
2x2-B=1 .. B=3

(d) (i)

sin X +8c0s X
[Sinx+BCOsX g
2SIn X + COS X
=J2(23|n x+cos_ X) +3(2c0s X —sin X) dx from part (i)
2sin X+ C0S X
:J-Z+3(2(?osx—sm X) dx
2sin X+ COos X
:2x+3jw use:J'f (X)dx:lnf(x)+C
25in X+ CoS X f(x)

=2x+3In(2sin x+cosx)+C




Question 4

5

(@) () | >, (DK

k=2

=(-D?*2+(-1)°3+ (-1)*4+(-1)°5

=2-3+4-5
=2
| .dy dy/dp 2p

b 7 — ==
®OYOTO G =axrdp ~ 2

Equation of the tangent

y—p*=p(x-2p)

y—p*=px-2p’

y = px—p’

(b) (ii)| Equation of the normal:

1
y—p2=—F(X—2p)

py - p* =-x+2p

X+py=2p+p°

From the equation of the normal, let x = 0

3
y: 2p+ p =2+ p2’
-.B(0,2+ p?)
(b) (iii] From the equation of the tangent, let

y = Ol

px—p*=0

SLX=p

- A(p,0)

The midpoint of AB has coordinates
P

X=— 1
5 @

p2
=1+— 2
y 5 (2)

(@) gives p =2x
2

Put to (2) givesy =1+4% =1+2%°

The locus of C isy =1+ 2x°.

(C)(I) 2% _ [In X]lZ

1x
=In2-Inl
=In2




()(ii)

1

2dx 1 a+b
7:E(b—a)(f(a)wf (T} f(b)J

> ]+f(2)}

(c)(iii)

:%(2—1)(f(1)+4f (ﬂ
:1(1+4xg+£j
6 3 2
_1(6+16+3J
6 6
=§z0.694
36
From parts (i) and (ii)
In2~0.694
2 — e0.694

1 _1
0.694 \0.692 069
(e )0.694 -2

~ 2.713 to 3 dec. pl. using calculator




Question 5

(@) Step 1: Show true forn=1
LHS=(1+1)=2
RHS =2"(2x1-1)=2x1=2
True for n=1
Step 2: Assume true for say k
ie. (K+D(k+2)+...+(2k —1)2k = 2 (1x3x...x (2k —1))
Show true for k+1
ie. (K+1+D)K+1+2)+...+ 2Kk +1) -1D2(k +1) = 2" (Ix3x...x (2(k +1) 1))
ie. (K+2)(k+3)x..x(2k +1)2(k +1) = 2" (1x3x...x (2k +1))
LHS = (k +2)(k +3) x...x (2k +1)2(k +1)

=(k+2)(k +3)x...x 2k (2k +1)2(k +1)

(k +1)(k +2)(k +3) x...x 2k (2k +1)2(k +1)

B (k+1)
2k +D2(k +1)

(k+1)
=2¢(Ix3x...x(2k 1)) x 2(2k +1)
=21 (1x3x...x (2k =1)(2k +1))
=21 (1x3x...x (2k +1))

= 2¢(1x3x...x (2k —1)) x

Step 3: Since true for n=1 (Step 1) then true for n=2 (Step 2)
Since true for n=2 now true for n=3 and so on. Hence by
mathematical induction it is true for all positive integers n.

(b) (i) f(x) =e-1-x
f'(x) =e"-1
0 =e"-1
x=0
f'(x)=¢"
f"(0)=e"=1>0
. @ x =0 thereis a minimum

(b) | f(0)=e"-1-0=0

(i1 .. (0,0) is the minimum point

Since onle one minimum then f(x) > 0 for all x
(b) A
(iii)

y=X




(b)(iv

g:y=e"-1
glix=e"-1
x+1l=¢’

e =x+1
Ine’ =In(x+1)
ylne=In(x+1)
gty =In(x+1)

(b)(v)

The domain of g™ (x) is the range of g(x)
i.e. From the diagram g(x) y>-1
. The domain of g*(x) is x>-1

(c)(iii

Since g:e* —1> x for all x. See diagram (iii) The blue curve is above the red line.
Then its inverse, a reflection in the line y=x will be

below y=x over it's domain.

S g7hIn(x+1) < x for x> -1




Question 6

@) cos? 3t _3
4

cos3t=+ E
4

(@)(i1) | x =cos?3t
dx_ 2c0s3t.(-3sin 3t)
dt

=-6c0s3tsin 3t
=-3x2sin3tcos3t

=-3sin 6t
att:l;%:—3sin6x1
18 dt 18
=—3sin£=—§<0

. velocity —ve i.e. tothe left

(@)(iii) | x = cos®3t

% = 2c0s 3t.(—3sin 3t)

=—6c0s3tsin3t
=-3x2sin3tcos 3t
=-3sin 6t
d_2x =—18cos6t
dt®
=-18(2cos*3t—1)  using cos2A=2cos* A—1
=-18(2x-1)

(a)(iv) d2;< — _18(2x~1)
dt
1
=-36(x —E)

d?x

This is in the form o —n?(x—b)

i.e. SHM




@)

-n?>=36
..n=6
2 27w

- Period =—=—=
n

Wy

6

(b) (i)

0]

5 10

F D
X
OB = 0D =10cm (equal radii of a sphere)
By Pythagoras' Theorem
FD=8cm

(b) (i)

/DFE = ZBOC
Now | =r@

. 4=10£B0OC
.. Z/BOC =04
.. /DFE=04

(b) (iit)

Consider AFED
ED? =82 +82 —2x8x8xc0s0.4
ED? =128 -128c0s0.4
Consider AOED
ED? =10° +10° —2x10x10xcos ZFED
ED? = 200-200cos ZFED
.128-128c0s0.4 = 200—200cos ZFED
200cos ZFED =200-128+128c0s0.4
200cos LFED =72+128co0s0.4
72+128co0s0.4
200
72+128co0s0.4
200 j
~ 0.319 radians

cos LFED =

/FED = cos‘l(

o




Question 7

(@) (i)

Given X=0 and y=-10

Initial conditions % =30co0s5%; y =—30sin5°

Horizontal Motion Vertical Motion

=0 j=-10

X = [0dt = C =30cos5° y = [-10dt =10t +C, =~10t —30sin5°

x:j300055°dt y:I—lot—BOSinSOdt

x =30t cos 5’ y = -5t* —30tsin 5’
Note the constants of integration = 0 as the origin is the starting point.

(a) (i)

The ball strikes the ground aty = -2

. Use y = -5t —30tsin5°

ie. —2=-5t>-30tsin5°

0 =5t* +30tsin5° — 2

_ —30sin5° +/(30tsin5°)? — 4 x5x 2

2x5
t~0.423  (ignoring -ve time of course!)

ot

(a) (iii)

If @ is the angle it strikes the ground then

tan @ = l when t = 0.423
X
p— i 0_
an g —|7308in5 010t|
30cos5 |
~30sin5° ~10x0.423|
tan 0 = 5
30cos5 |
tan & =0.299

6=13"or 167°




(b)

In the expansion of (1 x)" ( l

Yool

n
n-2
are the coefficients of

e GG e GG (e

i.e. the coefficient of x°

1=x)" (1+1jn =((1—x)(1+1)Jn =(1+1_x_1)n z(i_xjn
X X X X

The term containing

X2 in (l—xjn is [n](lj”_r (_X)f Z(nj(—l)rx_mr”,
X rjix r

where —n+r+r=2
2r=n+2
n+2

2

HET R A

n+2 . . o
But as Tmust be an integer, the formula is true only if n is even.

Ifnisodd,(njinJ—(nJKn)hﬁ(—1)”(nj( " j:O(there is no x* term).
2)\0 311 njin-2




