
·· ·1996 HIGHER SCHOOL CERTIFICATE 

SOLUTIONS 

3 UNIT (ADDITIONAL) AND 
3/4 UNIT (COMMO.N) -MATHEMATICS 

QUESTION 1 

(a) P(x) = 2x3 + x + a 

(x- 2) is a factor, . . P(2) = 0 

P(2) = 2(23)+2+a 
= 18+a 
= 0 if a= -18. 

(b) m1: gradient of 2x + y = 4 is -2 
m2 : gradient of x- y = 2 is 1 

If 8 is the acute angle between the lines, 

then tanG = ml- m2 
l+m1m2 

I 
-2-1 I 

= 1+ (-2)(+1} 

= 1=~1 
=3 

8 = 72° to the nearest degree. 

OR y 

X 

2x+ y = 4: gradient= -2 
. . {3 = 116·565° 

x- y = 2: gradient= 1 
.. a= 45° 

acute L between = 116·565- 45 
= 72° (to nearest degree). 

(c) Ratio 3: -1 since division is external 
A(-1, 2), B(3, 5). 

k:f=3:-1 

c = ( kxz +fxl ky2 +lyll 
k+l , k+l 

=(3x3-1x-I_ 3x5-1x2) 
3-1 3-1 

= ( 5, 6t). 
OR y 

-2 2 3 4 5 

(d) Choose 3 from 8 and 4 from 6. 

:. No. ways= 8Ca X 
6C4. 

(e) _2_< 1 
x-1 -

x~1 

When x-1> 0, i.e.x>1} 
2 s; x- 1 that is, x ~ 3 
X;::: 3, 

When x -1 < 0, i.e. x < 1} 
2;::: x-1 that is, x < 1 
X s; 3. 

.. x;::: 3 or x < 1. 
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1996 HIGHER ScHOOL CER'JlACAlE 

OR ·using the critical points method: 

(f) 

Consider ~1 "" 1 (not).~g :x: # 1) 
x-

2 = x-1 
x""3 

0 1 2 3 4 

Now consider _2_<1 
x-1-

Test x=O _!_ < 1 
-1- TRUE 

x""2 
2 

FALSE -< 1 1-

x=4 
2 

TRUE -< 1 4-

.,/ X .,/ 

1 3 

Solution is x < 1 or x;:: 3. 

u= er 
du x 
dx"" e 
du= erdx 

dx = f_!!:!:_ 
l+u2 

= tan- 1 u+ c 

"" tan-1 ex+ c. 

QUESTION2 

(a) f(x) = x 3 -ln(x + 1) 

(i) JCO·S ) = 0·83 - In (0·8 + 1) 
""-0·076 

f(0·9) = 0·93 - In (0·9 + 1) 
... 0·087 

Since f(0·8) and f(0·9) are opposite 
in sign and y "" f(x) is a continuous 
curve between x = 0·8 and x = 0·9, 
then there is a root between x = 0·8 
and x= 0·9. 

(ii) Let 
0·8+0·9 

xl = 2 
= 0·85 

f(x1) = 0·853 -ln(0·85 + 1) 

=- - 0·00 1 06 ... 

< 0. 

:. Root is between 0·85 and 0·9. 

(b) 

(c) 

o.s 0·85 L 
. _ .. -7-+--+-:r-o+-.g--.. 

That is, root is closer to 0·9 than 0·8, 
so its value to one decimal place is 0·9. 

(i) OS= OP (radius of circle centre 0) 

OP = PS (radius of circle centre P) 

. . OS= SP = OP 

. . !lSOP is equilateral. 

(ii) Similarly aTOP is equilateral 
. . LSOT ::;; LSOP + LPOT 

1r 1r 
=-g+-g 

2n 
=a· 

(iii) 

Area of r egion 

= 2(area segment SPT) 

= 2( (area sector OST) - (area t:.OST) ). 
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1 2 21r 
Area sector OST = 2:d .

3
. 

. 1 2 . 2n 
Area tnangle OST = zd . sm3 

1 2 ..J3 
=zd ·2· 

-- 2( d23n- d24J3J :. Area required 

2d2 n /3 d2 

;:;;;-3---2-

=dt;-~l 
QUESTION3 

(a) (i) 

(ii) 

(b) 

.. 

Function is even if f(-x) = f(x). 

1 
Here f(x) = -.==::::::::= 

~ 16 -x2 

f(-x) = 
1 

~ 16- (-x)2 

1 
=--;:=== 
~ 16 -x2 

= f(x) 

. . function is even. 

Area= r 1 
-2 ~ 16 -x2 

dx 

-2 1 r - o~16-x2 
dx 

. -1 X l r = 2 sm '4 
0 

2[ . -1 2 . -1 o J = sm 4 - sm '4 

= 2[ sin-1 i- sin-1 0] 

""2[ ~- o J 
n 't 2 = 3 ums. 

cos2e = 2cos2 e- 1 

cos2 x =~(cos 2x + 1) 

(c) 

3 UNIT (ADDITION~) AND 3/4 UNIT (COMMON) MATHEMAllCS 

r~ 1 rt · 
J.!.2 

cos
2 

x dx = :2 J.'!. (cos 2x + 1) dx 
• 4 

=i[~xO+~-jx1-~] 

= i[ ~ -i] 

y 

3 

2 

1 

= (i-~) units
2

. 

II II 
Tr 

2 

.~ y = 2 + cosx 
.... 

j 

X 

.'!. b 

Vol.= n J.'!.
2
(2+ cosx)2 dx using V = 1r L y 2 dx 

• 
" 

= nJ:( 4+ 4cosx+ cos2 x) dx 
• 

" 
= •[ 4x+ 4sinx J: + • J

1
t cos

2 
x dx 

• 
= •[ ( ~ +4sin; )-( ~ +4sin:)] 

+ 1r[; -i] (using the result from (b)) 

=+·+4
)-( n+ ~ H;-!J 1 
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.. 

(d) h(x) = sin-1 x + cos-1 x, Os;xs;l, 

(i) 

(ii) 

h'(x) ;;; 1 1 

~ 1-x2 R" 
= 0. 

Since h'(x) = 0, h(x) = canst. 

Now, choose x = 0. 

When x = 0 h(x)"" 0 +!!.=!E. 
' 2 2 

h(x) "" 7t for 0 ~ x s; 1. 
2 

h(x) 

1r 
2 ~--------------~ 

0 1 X 

QUESTION FOUR 

(a) 

(b) 

sin38 cos30 
(

sinl1 ;f 0) 
cos9 ;t 0 sinO cos8 

sin30 cos8- cos38 sin8 =-----------sinO case 
sin(38- e) 

= 
sine case 

[using sin(a- f3) = sin a cosf3- cos a sinf3] 

sin28 
= 

sine cose 
2sin8 cos8 

:::: 
sine case 

::::2. 

(i) 

(ii) 

(c) 

(iii) 
dh 

We want dt when h = 3, 

dV a 
g1vdl that dt = 0·5 m /s. 

dV dV dh 
Now dt = dh xdt. 

But c;:; =0·5 

dV 37rh2 7rh2 

and dh =-9-=-3-

nh2 dh 
.. 0·5 =-

3
-xdt' 

dh 0·5x3 
dt = --;;1;2. 

dh 0·5x3 
When h=3, -d = 2 . 

t 7tX3 

. . Rate is -
6
1 

m/s. 
. 1t 

(i) When folded, TX = PX = 15 em 
TY= RY= 20cm 
XY= AB= 25cm. 

(ii) 

In A TXY, TX2 + TY2 = 152 + 202 

= 225+400 

=625 
::::252 

=XY2. 

:. Pythagoras' theorem is satisfied. 
.. !J.TXY is right angled at T . 

T 

!J.TXZ Ill !J.YTZ Ill !J. Y1IT (equiangular) 

TZ YT (corresponding sides 
-=-
TX YX 

TZ = TX.YT 
YX 

15.20 
=--

25 

= 12 

in same ratio) 

:. Tis 12 em above base. 

OR Let LTXY= 8, 
. TY 20 4 

then sme = XY = 25 = 5· 



In llTZX; 
. TZ TZ 
sm8=-""-XT 15 

4 TZ 
5::;; 15 

TZ =:X 15 

TZ = 12 em. 

OR T 

1 
Area llTXY"" 2 X 15 X 20 

1 
Also, area llTXY = 2 x 25 x h 

. . .15 X 20 "" 25 X h 

D 

h::. 15 X 20 
25 

= 12cm. 

X, Yare midpoints of AD, BC 
respectively, 

:. XD = YC = ZQ ::. 5 em. 

Angle between face DCT and base 
is given by LTQZ. 

TZ 12 
tanLTQZ=- =-

QZ 5 
LTQZ"' 67° 23'. 

QUESTION FIVE 

•(a) ~~ = k( T-1Q), .. T= T0 +Aekt. 

(i) T0 = -20 

At t = 0, T = 100 
100 = -20+A 

A= 120. 

{b) 

{c) 

At t=3, T= 70 
70 = -20 + 120ekxa 

3k 90 e =-
120 
1 3 

k =-ln- .. -0·09589 
3 4 

(ii) Let t"" 0 when cup placed in 
environment at 20° C. 

Then T = 20 + Bekt. 

At t=O, T"" 70 

. . 70 = 20+Be0 

.. B=50 
T= 20+50ekt 

where k "' -0·095 894 ... 

At t = 15, T = 20+ 50e15k 

v2 = 10x-x2 

l.v2 = 5x-..!x2 
2 2 

a= !!_(..!v2 ) = 5-x 
dx 2 ' 

. . when x = 4, a = 1. 

(i) Whatever exit the first mouse cox 
out, there is a i probability that 
other mouse comes out that exit 

:. P(all same exit) = (.!)3 
= - 1-

5 125' 

(ii) P.(A, B, C sallie; D different) 

-(1)24 4 - 5 ·5= 125 · 

(iii) There are 4 ways of choosing th1 
mouse to be different. 

. . P(3 same, 1 different) 
- 4 4 16 
- 125 X = 125' 

(iv) The possible ways of the mice 
coming out are: 
• all same exit 
• 3 same, 1 different 
• no more than 2 out same exit 

. . P(no more than 2 out same eJ 

= 1- ( P(all same exit) 

+ P(3 same, 1 different 

- ( 1 16 ) 
- l- l 125 + 125 

108 
= rn· 



OR P(all different). = .! x! x! = 24 
5 5 5 125 

P(2 same, others different) 
4c 1 4 a 12 = 2 Xi X S X 5 = 125 

P(2 same, other 2 same) 

= t X 
4
C2 X ( 1 X t) X ( t Xi) 

=...!!. 
125 

t t 1 = 7 4 + 72 + 12 = 108 
.. 

0 a · 125 125 · 

QUESTION SIX 

(a) 

(c) 

(d) 

x = 6sin( 2t + :) 

P . d. T 2n er1o 1s = T = n . Amplitude is 6. 

x = 6sin( 2t + ~) 

~: = 6x2cos(2t+ ~) 

v = 12co{ 2t + ~} 

At t = 0, v = 12cos( 0 + ~) 
12 

=~ 

.. Velocity is 6.[2 m/s. 

If x = 3, 3 = 6 sin ( 2 t + : ) 

.. sin( 2t + ~) = ; 

1r n 5n 
2t+-=- -A ~I ~ I 

(e) 

1r 7tr 
2t=-- - ... 

12' 12' 
.J • 1r 7tr 
t=-- -- ... 

24' 24' 

F . tti . 7tr . . us me IS 
24 

sec. 

(i) . .. y = 6 sin ( 2 t + : ) + sin 2 t 
.. ·. · . . 

(ii) 

: = 12cos( 2t+ ~)+2cos2t 

~:: = -24sin( 2t+ ~)- 4sin2t 

=-4[ Gsin( 2t+ ~)+sin2t] 

.. d2y = -4y 
dt2 ' 

that is, equation of acceleration is in 
the formy = -n2y . 

:. Motion is simple harmonic about 0. 

y = 6( sin2 t cosf + sinf cos2t ) 

+ sin2t 

= 3'.[2 sin2t + a.;[2· cos-2t·-+=·sin2l · 

= ( a.f2 +" i) ~~2t + a-[2 cos2t 

which may be written in the form 
A(sin2t cosa + cos2t sin a ) 

= Asin(2t+a) (A>O) 

where A2 = ( 3~ + 1)
2 
+ ( a.J2)2 

= ( 18+6./2 + 1)+ 18 

= 37+6../2 

A=~37+6.J2. 

.. Amplitude=~37+6.f2. 

OR y = 0 (for max. y) 

.. 12( cos 2t cosf- sin2t sinf) 

+2cos2t = 0 

6 .{2 cos 2 t - 6 ..{2 sin 2 t 
+ 2cos2t = 0 

cos2t (3.j2 + 1) = 3..{2sin2t 

3..{2 + 1 
tan2t = In a...,2 

t = (}4452 .. . ' 2·016 014 ... 



OR 

So, for amplitude, findy 
when t = 0·4452. 

,;! 

y = 6sin( 2x 0·4452+ f) 
+ sin( 2 x 0·4452) 

= 6·744. 

Now, for SHM, v2 = n2 
( A2

- x2
). 

Here, let x :::; y and n = 2, 
v2 

:. A2=4+y2 

y = 6sin( 2t +f)+ sin2t. 

From (i), 

v= y= 12cos( 2t+f )+2cos2t. 

Let t=O: y=6sint+O 

= 3.[2 

and v = 12cos-i + 2 

=6..[2+2 

2 72 + 24.[2 + 4 8 
:. A = 

4 
+ 1 

=37+6{2 

.. A=~37+6.f2. 

QUESTION SEVEN 

·(a) (l+x)4 (1+x)9 = (l+x)13 

13C4 is coeff. of term in x4 on RHS, 

:. want terms in x4 from LHS. 

Now (l+x)4 (l+x)9 

= ( 4co + 4clx + 4c2 x2 + 4ca x3 + 4c4 x4 ) 

X ( 
9Co + 9Clx + 9C2 x2 + 9Ca x

3 

+ 9c4 x4 + ... ) 

.. x4 term 

= x4 
( 

4Co 9
C4 + 4C1 

9Ca + 4Cz 9Cz 

+ 4ca sci+ 4c4 sco ). 

.. Equating coefficients: 

4co . 9c4 + 4cl. 9ca + 4cz . scz 

+ 4ca . gel+ 4c4 . 9co = 13c4. 

(b) (i) f(x) = ~l (x-1)
2 + 7 J 

(ii) 

(iii) 

(iv) 

1 2 3 4 

Largest domain containing X= a 
r 1(x) is X~ 1 (horizontal line t 

On graph: Reflect y = f(x) in f 
line y = x (for x ~ 1). 

From graph, domain of inverse: x 

(v) Now r 1(!Cx>) =X ifx is in the 
domain where f has an inverse. 

Also, r 1
( f(a)) exists if f(a) is 

domain of r 1 (x). 

a 

y 
4 

Let a< 1. 

1 

' 
:J(b) 
I 
I 

2 b 3 4 

Now, from above graph, there is 
value, b, where f(a)"" f(b). 

And, since b > 1, r 1(J<b>) = t 
r 1(f(a)) = l 

Now, by symmetry, the midpain 
between a and b is 1, 

a+b • 
--=1 

2 
b =2-a 

'' 



.. 

OR Algebraically: 

f(x) = y = i[ (x- 1)2 + 7 J 
:. r 1(x): X= i[ (y-1)2 + 7 J 

4x = (y- 1)2 + 7 

y= 1±~4x-7 . 
But from graph the upper branch 
is the inverse for x ~ 1, 

thatis, y= 1+~4x-7 . 

f(a) = f[ (a- 1)2 + 7 J 
:. r 1(f(a)) 

=1+~,4~[-f-<a---1-)_2 _+_7~]---7 

= 1 + ~(a - 1)2 + 7 - 7 

= 1+ ~(a-1).2 . 

Now /(a- 1)2 ={-(a-1)~fa<l 
"' a-1 1f a~ 1 

.. rl(f<a>)={2~a!i~~~ 
If a is not in domain from (ii), a < 1, 

.. r 1(l<a>)=2-a. 

(vi) Since the graph of y = r 1 (x) is 
obtained by reflecting y = f(x) in 
the line y = x , the two curves 
intersect on this Jin_e. 
:. Find where y = f (x ) meets y = x. 

. y = f( (x- 1)2 + 7 )} 

y=x 

4x = (x-1)2 + 7 

4x= x2 -2x+8 

0 = x2 -6x+B 
= (x-2)(x-4) 

. . x=2,4. 

.. Points are (2, 2), (4, 4). 

OR From graph y == f (x) , seems to meet 
y = x at (2, 2), (4, 4). 

Test x=2: 

2 = -:f[ (2- 1)2 + 7] 

2=ix8. TRUE 

Test x=4: 

4 ;:; t[ ( 4- 1)2 + 7] 

2=-:fx 16. TRUE 

END OF 3 UNIT (ADDITIONAL) AND 3/4 UNIT (COMMON) MATHEMATICS SOLUTIONS 
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