1994 HicHER ScHooL CERTIFICATE

SOLUTIONS
3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

QUESTION ONE

(a) Using the table of standard integrals, you
should then obtain:

J‘Esec2xtan2x dx
0

= %[sec2x]§

1 4
_-z-[secz—seCOJ
=1(J§~1).

2
Ei_:_c_
dt

= dx=2tdt
L |

t= W/x- 1 (do not need —-\fx— 1)

x=2,t=1andx =10, ¢ =3.

10 8 ,,2
J’ x dx=J‘ (t2+1).2¢ 2
g Jx—-1 1 £

(b) x=t2+1 = =2t

3
=J- (2t2+2) dt
1

3
=[§t3+2tj|
1
2 2
=(§-x27+6)—(§+2)
1
-21-3—.
-2+30 3+33
() P"[_sﬁ_’ 3+1 J .
. P=(7,9).
(d)y:x = %=1=m1 (say).
y:xa = Z—i—=3x2

(say).

Let the acute angle between the curves be .
mj—msy

tana =
1+m1m2

1-3
1+1x3

]

tano =

o = 26°34" (to nearest minute).

QUESTION TWO

2tan A
a)LHS = —————
() 1+tanZ4

_2{anA

 secA

= 2tan Axcos? A

_ 25inAxc052A
cos A 1

=2sin Acos A

=s5in2A

= RHS.

(b)

(i) £AXC= o+ f because ZAXC is the
exterior angle of AAXB and is therefore
equal to the sum of the two interior
opposite angles, thatjs, a+ .
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3 Unit (ADDTIONALY AND 3/4 Unit (COMMON) MATHEMATICS

(i) £B@P= ZBAP (angles standing on
) same arc BP —or
angles in the same

segment are equal)

s LBQP =«

(iii} AABC is isosceles (AC = AB)
. £BCA= ZABC (angles opposite equal
sides in isosceles A)
thatis, ZBCA= f.
Now £BQA= ZBCA (angles standing on-
same arc AB in same

segment are equal)
.. ZBQA=f.

(iv) ZAXY =+ (ext. £ of AABX)
ZAQP= LAQB+ /PQB

thatis Z¥YQP=pB+a (from (if); (i)

- ZAXY = /YQP,

’ thatis, exterior ZAXY of quadrilateral
PQYX is equal to opposite interior ZYQP,
that is, PQYX is a cyclic quadrilateral.

OR from above:
ZPXY = 180° - L AXY
= 180°- (o + )
LPXY = £ PQY = 180",
So PQYX is a cyclic quadrilateral because
opposite angles are supplementary.,
®H

(¢) () EITHER testboth x = %AND g

show both satisfy 7T—3x = %:

that is, =%,
ILHS=T7-1=6
RHS=2+§1=6

x=2,
LHS=T7-6=
2
RHS—E—

LHS = RHS forx = 2.

OR
2
7—3x=;, {x=0)
Tx—3x22=2
3x2-Tx+2=0

(Bx—-D(x-2}=10

x= El or x = 2 as required.

®»

(ii)

(iii) Using (ii}: 7-3x < % means
‘for what values of x is the graph of
y="T-3x below the graph of y= %{

(noting that y = % is undefined at x = 0).

That is, 0<x<% or x> 2,
OR otherwise:

algebraically, 7-3x < %

(xx2, x = 0):
x2(7T-3x) < 2x (Note There
x2(7-3%)~2x <0 are other
recognized

x[x(?—Bx)-2] <0
x(T2-3x%-2)<0
2(322-7x+2)>0

. x(Bx-1{x-2)>0Q.
y

methods for
solving this
type of

inequality.)

1
3

that is, 0<x<§1 or x> 2,

QUESTION THREE

(a) Need to consider binomial expansion of
(x+ )10, where z= probability of passing
quality check, . x = 0-75;
and y = probability of failing quality check,
sy =025,

(180]3,23:&_,_[190},13594_[%8]3,01:10
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= (1'650](0.25)2(0.75)8+[190J(0-25)1(0-75)9 @

10 ), 4. 7ev10
+(10](0 75)
10} 10 _ 10
where ( 8 ]—45, [ 9 J— 10, and [IOJ_ 1.

(b) Noting that -(;i—x (cos?x) = 3cos?x . —sinx

= -3cos?xsinzx,

4 £ ® y=zax2
J'a3sinxcoszx dx=—[cnsax]3 dy 1
0 0 o = il
. dx 2a
Ry dy 1
= (2] (D AtP, - = 2a><2ap

Eqn. of tangentis y-ap?= p(x-2ap)

1l
co|~3

y-ap?= px—2ap?
OR, Put u =coszx.

du . ¥ = px—ap?.
e —sinx (ordu = —sinx dx)
=0, u=cos0=1 (ii) & has coordinates (2aq, ag® )
T n '
=3 u= COSE =3 Line through @ parallel to y axis has
% 1 equation x = 2agq,
J33sinx cos?x dx = —3J‘2u2 du y = px—ap? —@
9 11 x=2aq. —@
=3J1u2 du @ into @:
2y y=2apg—ap?,
= [”3]_1 ». Thas coords (2aq, 2apq-ap2).
2
3
- 13_(1} (iii) Coords. of M
2
7 _| 20p+2aq 2apg—ap®+ap?
=3 - 2 2

=la(p+q), apg).
(c) When n=1, n®+2n =1+2=3, which is ( )

divisible by 3. (iv) At M, x= a(p+ Q) andy = apgq.
Assume k3 + 2k is divisible by 3, where kis a Since pg=-1, wehave y=—a,
positive integer, that is £3+ 2k = 3M; that is, M lies on ¥ = —a, the directrix of
M is some positive integer. x2=day.
Hence prove that (k+ 1%+ 2(k+1) is divisible
by 3.
d QUESTION FOUR
Now, (B+13+2(k+1)
=k34+3R243k+1+2k+2 _ P(x) R{x)
= (k3+2k)+3k2+3k+3 @ U e e ey 2
=3M+3(R2+k+1) where the degree of R(x) must be smaller
=3(M+k%2+k+1) than the degree of (x+ 1)(x—4); that is,
which is divisible by 3, thatistruefor n= &+ 1. the degree of R{x) must be smaller
.. By the principle of mathematical induction, than 2;
n3+2n is divisibleby 3for n=1,2, .... that is, R(x) must be of the form ax+b.

-
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3 Unim (appmionaL) aND 3/4 Unit (common) MATHEMATICS

(ii) From @ in (i),
P{x)=(x+1D(x—4). @(x}+ R(x)
P(4)=5x0x@(4)+R(4)
that is, P(4) = R(4), and P(4) = -
R(4) = -5.

(iii) From (i), R(x) =ax+b.
R(4)=-5 = +4a+b=-5
R(-1)=5 = —-a+b=5

0-@:

—@®
—@
S5a=-10
a=-2
b=23,
R(x)=-2x+3.

and thus
that is,

(b) Let f(x)=x-3+e2*

f()=1-3+e€%
=e2-2

Fr(x)= 1422

(1) = 1+262.

New approximation of x is given by:

_1 JO
=150
2
Loq €2
1+2¢2

= 0-7 (to 1 decimal place).

(c) (ij %[—1-:;2J= 3x2-12x

'él—uz =x3-6x2+A, Aaconstant.

=0, v=4ﬁ

-;-xlﬁx2=A
A = 16.
% 2=x%-6x22+16

v2=2(x3-6x2+16).

(ii) When x=2, v2=2(23-6x2%2+16=0
: v=20,
that is, velocity is zero at x = 2.

dx

When x = 2, = -12, that is,

acceleration is —12 m s~2 when x = 2.

(iii) At x = 2, velocity is 0, and acceleration is
towards 0,
.. particle P moves towards 0 from x = 2.

2

(v) d;‘:o = x=0 or 4.

After it moves from x =2, the particle
picks up speed and moves « until it gets
to the origin, when it will still continue
 but will slow down until it stops, then
it will move off again in — direction.

QUESTION FIVE
(a) EITHER use t-substitution:

Let t= tan% so that

2
and cos8 = 1=4

sinf = ;
1422 1+2

(Notethat 0 <8 <27 means 0 < % )

Zﬁt 1-12 B
1462 1442 '
x (1+t2);

23t -1+¢2= 1442

2,3t=2
=T
and

thatis tan 0<

£x

il

(IR

o Mo o
(<]
_la oA loTil’"

Note that the ‘¢-substifution’ methed fails

when %— 5 that is, when 8 = 7, as tan:,a- is
undefined. So need to check 8 = z separately.
LHS = ﬁsinﬁ—cosn =0+1=1=RHS,

@ = & is also a solution.

OR, Use subsidiary angle method:

2
(,[37) +12= 4 =22,
.'.ﬁsina—cosf.‘J: 1 2
can be written as '\E

J3

Tsin&—%cosﬂ =3

-

that is, sin@coso—cosfsina = é— —@
’ . 1
smcr--z— —@
J3
cosa-T —Q
1
S0 tant)!:ﬁ. "'""@
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s @ = sin@-a) =l,

2
and from ®: a=%, ’
. | 1
sm(e—-é-J—-z,
T 7T 5m
-%=% " &
9=-7§- or w.

h
(b) V=xj 22 dy
0

h
= 3211:'[ y dy
0
h
= lﬁrt[yz]
0
V=167h2.

(c) (i) The rate of evaporation of the water is
proportional to the surface area of the
water—that is, at any time ¢ (hours)
the volume of water in the dam is
decreasing at a rate proportional to
the area of the surface of the water.

(ii) Notethatif y=h,then x2=32k so S,
which has a circular area with radius x,
is equal to wx2, thatis, S = 327h.

Now .é‘_f.— d_vx.c_z.{l'_
’ dt dh' dt
ah
—‘kS = 327:th
where %= 32nh,
thatis, —32zxhk = Bthx%‘}
dh
ar -k
Gii) If V=64n,
then 167h2=#64x
h2=4

h =2 here (since & # - 2),

that is, whent =0, h =2,

dh

E=_k = h=-kt+c, caconstant,

c=2,
h=-kt+2,

When dam is empty, A =0,
. —kt+2=0,and k= 0-00],

b2
0001
That is, it will take 2000 hours for the
dam to empty.

QUESTION SIX

(a) (i) f(0)=0,thatis, y interceptis 0.
To find x intercepts, consider 3x—x3= 0:

x(3-22)=0
r(ﬁ—x)(ﬁ+x) =0,

', x intercepts are at 0, .J'§ and —ﬁ ;

f'(x)=8-8x2
= 0 for stationary points,
22=1

& x=1or -1,
thatis, (1, 2) and (-1, -2).
f(x)=-6x

f*(1) <0 = maximum turning
point at (1, 2).

Ff'(-1) >0 = minimum turning point
at (-1,-2).
Note: f(x) = 3x—2x3 is an ODD function.
fx)

(-1,-2)
(ii) f{x) is a one-to-one function in the
domain — 1< x £ 1. This means that
f(x) will have an inverse function
f~1(x) in the domain -1< z < 1.

(i) The domainof f~1(x) is {x: -2 <z <2}
{iv) f'(0)=3 p

Now if mq= a—;f(x) and

4.
my= 4| 1),

then mymg=1.

Soif mqy=3, thenmgy= -%

That is, the gradient of the inverse

function at x=0 is %’-
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3 Unim (ApDmONALY AND 3/4 UNIT (COMMON) MATHEMATICS

(b) (i) Total number of bins
=14+4243+4r+.-+n,
‘vthat is, sum of an AP where
a=1d=1 £=n, n=n.

n
S, = 5 [ a+? ]
=5 (1+n).
- Total number of bins = < (n.2+ L 5

as required.

(i) Total number of bottles
=1lc+D+20+2)+ +r(c+r)+--+nlc+n)
=(c+2c+---+rc+ - +nc)

+(124224. 4124 41 ?)
=c{1+2+ - +r+--+n)
+(12+224 4124 +n2)

+%n(n+ 1(2n+1), from part (i)
1
= En(n+ 1){3c+2n+ 1}.

(iii) Average number of bottles per bin

_ total number of bottles
" total number of bins

Givenc =5,
Sn(n+ 1)+n(n+ N2n+1)
2 6
nin+1)
2
15n(n+D+nln+ H2n+1)
3nn+1) B

’ 15+§n+1 - 10

9n+16 = 30

=10

10

n="1.
. T rows in the storage rack.

(ifi) The graph of y = x4+ cos(7x)crosses the
x axis in two places, for x 2 0,
that is, 2%+ cos(zx) = 0 has 2 positive
real roots.

{(b) (i) [g] = 10 sets of 3 points.

(-

=174,
that is, 74 different triangles.
OR

No. of triangles with base on the line !
= 10x4 = 40.

No. of triangles with 1 vertex on
4.3

= 4 Lo - =

= bx 02_ 5)('—1—2 = Bx6 = 30.

No. of triangles with no vertex on

= 403 = 4.

(ii)

Total no. of triangles = 74,

(c)

In Figure 1,

LetUV=Hh, UA=x, UB=yand UC = z.
LVUA = 2VUB = ZVUC = LAUC = 90°,

v LUVA = 64°, LUVB = 62°, £UVC = 60°,

QUESTION SEVEN . In AUAV, x = htan64°,
(a) () y In AUBV, y = htan62°.
and (ii} | In AUCV, z= htan60°.
4- §= % i
34 B Fi 2
h tan 64° igure
27 y = x4+ cos(mx) T tan 620
. ;
s U h tan 60° ¢
»x
X 05§::3/<//
.y =cos(nmx)
-14 We need to find o
1964 # Poage?®
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In Figure 2, Note A first reaction to this answer may be
. tan 60° that the angle is surprisingly small.
in AAUC, tan ZUAC = tan6de’ To explain this, look at the diagram below,
. ZTAC = 40° 11" (hesrest nisiite) which shows the view from above.
. in AAUB, A 4;0"11'
htan62° _ htan64° ™' p
sin40°11'  sin £ABU N 49°49°
_ _ tan64°sin40° 11" - X
sin ZABU = B ]
ZABU = 44°43" or 135° 17"
{nearest minute),
49°49'
% o =95°6" or 4°32", U
o # 95°7" as B is on the line-of - sight
from A to C, ‘ Let D be the point on AC such that UD=UC.,
v o =4°32', Then ZUDC = £UCD = 49° 49' (since
that is, B is 004° 32! from Uluru. £UAC = 40°11'). Hence ZAUD is approxi-
mately 9°, and since B must lie between A
and D, ZAUB must be less than 9°.
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