1993 HiGHER ScHooL CERTIFICATE
SOLUTIONS

3/4 UNIT MATHEMATICS

QUESTION ONE (d) y=cos(lnx).
(a) x2-3x<4 x2-3x-4<0 @ dy , 1
(x—4)x+1)<0. dx =~ sin(nx)x—
Consider values of x for which y=(x—4)(x+ 1) _ —sin(Inx)
is below the x axis. B x '
e 1
\\ 1 ! 2 xx——————_cos(lnx)+sin(lnx)
\ ' . dy X
\ ' (i1) =
\ / dx x2
0 & x
-1 0 4 _sin(Inx)-cos(Inx)
x2 '
(e) Number of ways = 10¢, x12¢,
=120x66
= 0 .
ie. ~l<x<4. 7920 ways
T
-~ z UESTION TWO
(b) IB sec?x dx=[tanx],3, Q
E < (a) LHS
° =ta1n£—tanE _sinAf(cos A-sinA)+sin A(cos A +sin A)
3 ) 6 B (cosA+sinA)(cosA-sin A)
=43 ~— _ 2sinAcosA
‘/5 cos?A-sin? A
:i or 2‘/—3—. _sin2A
3 3 T cos2A
du =tan2A
) u=2t-1 = H—[:Z (i.e. du=2dt). = RHS.
tzé, u=0. (b) @) y y?|2"‘1’
t=1, u=1 B
u=2t-1 = t:%(u+1) {
1 5 1 y=|2x-1f 1,1
- J 4t(2t—1) dt=J 2w+ Dub.x du | I D
1L 0 2
2 101
1 (3, 5)
=| (ub+ub) du . x
0 . a0 % 1
y=x-
17 1 6}
=|=u'+=u
{7 6 0
:[%+€1]_(0+0) :%' The lines meet at (1, 1) and[%, ~31—J,
[found by solvingy =x, y = ~(2x - 1)].
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(i1) Using ()

y:IZx—1| andyzx—_;l

1
would meet at [»2—, OJ only,
ie ¢= ) gives only one solution,
1 . .
c< —5 gives no solutions,

ie. ¢> ~-;— gives exactly two solutions.

Or otherwise:
Using the fact that | z |: +\/;7 :
l 2x— 1| =x+cC

= J@2x-1D%=x+c
(2x—1)2=(x+c)?
4x2-4x+1=x2+2¢cx+c?
3x2-2(2+c¢c)x+1-c%=0.
This has exactly two solutions for A > 0,
ie 4(2+¢)2-12(1-¢2)>0.
ie. 4c?+4c+1>0
(2¢+1)2>0.

Y

y=(2c+1)?

»>C

02| (

From the graph it can be seen that
y=(2¢+ 1)2 has positive values for y

everywhere except at OR

ie. (2¢+1)2>0

C>——§.

(¢) flx)=x3+ax?+bx+c.

G f'(x)=38x%2+2ax+Db.
Relative max. at x = ¢ means f’'(a)=0,

+ (=)
3(a+f)=-2a

(x+,8:—~§~a‘

Gi) f"(x)=6x+2a.
Because there is a max. atx = o and a
min. at x = 8, there will be a point of
inflexion where f”(x)=0,

ie. at 6x+2a=0,

x=—§~ —®D
From (i), ot+,3=~‘2§q-,
a+f a
2 3 @
. o+
Equating @ and @: x= 5
Also, since x:a+,6':_9_’
2 3
if x=~%:—, 7/ (x)=6x+2a<0
a+
x:——3—, f’(x)=6x+2a>0.
So there is a change of concavity.
QUESTION THREE
(a) @) f(0)=200s‘1%
i
-—-ZXE
=7.
(i) fe
+2n
T
T X
-3 0 3

(iii) Domain: {x: —3Sx£3}.

i.e. 302+ 2aa+b=0. —®
Similarly, relative min. at x = § means Range: {f(x) . 0<2cos LX< 27;},
that £()=0, 3
ie. 382+2aB+b=0. —@
D — @ (b)) Po)=(x-1D(x+1)Q(x)+3x—1.
3(a?-p2)+2a(a—p)=0 P(x) 3x-1
3(a—pB)(a+p)+2a(a—p)=0, o1 -t DR+ ——
o # B as a point cannot be both a 3(x- 2
max. and a min. =(x+ DRx)+ x—1 Tro1
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—(x+ DQ(x) +—2—
x—1

. P(x):{(x+1)Q<x)+3}x—1+2.

Remainder is 2.

OR
Plx)=(x-D(x+1)Q(x)+3x~ 1.

By Remainder Theorem, sincex — 1is a
linear term, P(1) = 2, .. remainder is 2.

(¢) G) v2=0,
8+2x—x220
x2-2x-8<0

(x-4)(x+2)<0.

f(x)
R i ,7‘

ie —-2<x<4.

.. The particle oscillates between x = -2
and x = 4.

Distance between x = -2 and x = 4 is

6 units. 1

- Amplitude = 5 X 6 units

(i)

= 3 units.

2

1 2:4+x——213c .

—U

2
d(1 5}
-d‘x—('-é‘v j——-l X,

accel.=1-x

(ii1)

i.e.
=X,
(iv) Observe that the point oscillates between
-2 and 6, so +1 is the centre of the motion.
x=1-x
=-1(x-1).
This is in the form

X=-n2X whereX=x-1,

ie. n?=1
: n=1 (sincen>0).
.. Period :—?’—E
n
=2r.

QU
(a)

ESTION FOUR

) 4

(i) £LBAE=q

(alternate segment)

. ZBEF = ¢« (angle in alternate
segment equals angle
between tangent GF and
chord BE).

ZAEB =90° (angle in semicircle)

=z
T2
. ZBED :% (AD a st. line)
.. £DEF = £/ BED —~ £ BEF
= %— o (adj. compl. £s).
OR
AEB =g— (angle in semicircle)
BED = Z?f- (st. line)

FE=FB (tangents from a point)
BEF =«  (isosceles ABEF)
FED = BFD - BEF

=T
=5 .

(ii1) ABEF is isosceles since
ZBEF =ZEBF  (from (1))
=0
.. BF = EF (sides oppos. equal angles),
In AABD,

LABD:%

.. LZADB = —;— —o (angle sum A)
.. AEFD is isosceles
since Z/FED = Z/EDF = —’25— o.

(radius 1 tangent)

EF =FD (angles oppos. equal sides)

BF =FD (both equal EF).
OR
BF =EF (tangents at a point) —@
EFD=0+a (external angle of AFEB)
=2a.
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3/4 UNIT MATHEMATICS

EFD+FED+EDF =n (angle sum AFED)
2a+%—a+EﬁF=n

EDF = %— a,
AFED is isosceles
& FD=FE,
but FE =BF (from (i))
: FD=BF.

(b) @) 5° ways
(i1) 5! ways

(iii) Husband and wife have a choice of 5 hotels.
.. Other three can choose from any of 4
remaining hotels—that is, in 43 ways.

. There will be Z‘Ses\\f\s% different d\;\

accommodation arrangements. ,&’, *

() @ Y

[ P
T
|
|
i
I
1
|
I
|
|
I
1
I
I
|
|
|

| b

1

e 8

1

K

Wl o

-1

(i) Limiting sum only exists if I r |< 1,
where r=2cosx.
That is, —-1<2cosx<1

R PAPY,
2 2

From graph in (i),

—l<cosx<l for
2 2’
%<x<23£ and

LN ]

3 3

QUESTION FIVE
(@) () Forn=1, LHS=12 =1.
RHS =-é—>< 1x2x3
=1 =LHS.

.. Holds for n = 1.

Let S;, be true, where & is a positive
integer. Hence prove, forn =% + 1, that
S}, is true, i.e. prove:

124224 ..+ 2+ (k+1)2

:é(m (k+2)(2k+3).

LHS =S),+(k+1)2

=€1k(k+ 1(2k+1)+(k+1)2

:%(k+1)[k(2k+1)+6(k+ 1)

=%(k+ 1)(2k2+Tk+6)

=—61-(k+ 1(k+2)(2k+3)

=RHS.

o Trueforn=4%k+ 1.

s Trueforn=1,n=1+1=2,
n=2+ 1=3, and so on for all positive
integral values of n.

(ii) Snzgln(n+1)(2n+1)
>-6}-.n.n.2n
1
Sn>—3—.n3
3
1 4 aeed
For —n°=|3 3n
3
L \3
For [3 En) =109
_(103)3
37 3.n=103
1
n=33x103
= 1422-2

Estimate for n is 1422 (allowing 0-2 for
bit extra which was dropped off).
Note Forn = 1422,
S, =1-00052x10°
which is very close.
n=1441, S, =9-98.
Estimation works well!

(b) () y=Inx,x>0. dy _1
dx x
dfy__ 1
dx? x2’
x2>0 for all x (x # 0) and —% is thus
d2y x

(i)

always negative, i.e. < 0,
x

i.e. y=Inx is concave down.
34
A

(e, 1)
14
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(c)

QUESTION SIX

1993 HiGHER ScHoOL CERTIFICATE

(i) A(a, Ina) and B(b, Inb).
Let P have coordinates {(x, y).

(x. y)= a+2b Ina+2Inb
M > y - 3 ’ 3

1 2 1 2
—(§a+§b, §1na+—§1nb).

(lV) y= ln X

>

B
'
i
|
|
|
!
:
L
b

From (1i1), P, which lies on line segment
AB, has ay coord. of %1na+%lnb.
Because y=Inx is concave down, and
increasing, this means that the y coord.

of @, the point on y=Inx with x coord. of

gla + %b, will have a y coordinate of

1
ln(ga
of P,

le.

+-§bj, which is above the y coord.
1 2 1 2
ln£-§a+—3—b]>-§lna+-§lnb,

y Tangent

b& m
If xo=a, x; is as shown, Newton’s method
finds where the tangent at x,=a cuts the

x axis. x, is this point. It is clearly not a
better approximation.

In general, if there is a stationary point
between the solution to f(x)=0and the
approximation x,, then x; by Newton’s
method will not be a better approximation.

|

(i) A=5  t=0, T=20
20=5+Ce?
C=15
. T =5+15¢". —@
1
t_g, T=17
Ly
17=5+15e2
2y
12=15¢e2
1
e?"-0-8
1 ~ k=2In0-8
..2.k_.ln0 8 li ~—0-4463
k=2In0-8.
T=10, t=?
10=5+15ek! from @,
5:15ekt
%:ekt
fo_—n3
" 21n0-8

i.e. after approx. 2% h.
(Actually 2 h 28 min.)

. AP
b —_— s
by O sec
AP =dsech.

.. Resistance to flow in AP is c¢qodsec?,
where ¢, is a constant of proportionality.

%ztan()

PB=dtan9

OP =0B - PB
=[-dtan.

. Resistance to flow in OP is

¢, (l-dtan®), where ¢, is a constant of
proportionality.

~ R= cl(l—~dtan9>+czdsec(9.

Gi) 98 _

70 ¢, (~dsec?8)+cydsechtand

=0 for max. or min.
codsecOtan—c,;dsec? 6=0

(@) @ T=A+Celt —®
dsecO(cytanf—c secd)=0
Celt=T-A —@
) ) © secf8=0 or cytanf-c,secd=0
Differentiate T (in @) w.r.t. ¢. n
—(—i—T—:kaekt impossible .. Eg—tanQ—sec@:O
dt ¢y
=k(T-A) from®, 2tanf—secd =0
. ¢
ie. %(x(T—A), (since %:2)‘
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3/4 uniT MIATHEMATICS

2sing 1 __, (iii) From (i), SP=a(p?+1).
cosf cosd | . Similarly, SQ = a(g2+1).
2sin6-1=0 (s1nce6<—é—) . SP+SQ =4a means that
sin9=l a(p2+1)+a(q2+1):4a,
2 ie. pZ+1l+q?+1=4,
6 From (i), T has coordinates given by:
Check 9=%—formax. or min. : x=a({p+q) andy=apq.
v x
o - x n EZPQ, and E=p+Q-
6 6 6 52
3 - 0 + =+’
de a
x? 2. .2
— =P g +2pq.
\ a

/

R A
ie. 3 minimizes E.

QUESTION SEVEN

@ @ _®

—®

y=px-ap’
y=qx—aqg*.
®-® 0=(p-q)x—ap?+aq?,
L (p-x=a(p?-g¢?)
(p-@lx=alp-q)(p+q),
x=a(p+q),wherep#q.
Subst. for x=a(p+¢q) in @:
y=pa(p+q)-ap?
=ap?+apq-ap?,
y=apq.
-, T has coords. (a(p+q), apq).
(i1) y

NOT TO
SCALE

HS

S(0, a) and P(2ap, ap?),
SP=\/(iZap—O)z+(ap2—0L)2

=\[4a p%+a p4—2a pz+a2
\/72p4+2a p +a?

= J(ap?+a)?

=a(p?+1).

(b) @

(ii)

Butp2+q2=2 andpq:%

2 2
X - 2+—l,
a2 a
x2=2a?+2aqy, which is a parabola.

x
x=Vtcostd =t=
V cos6
x
ti for t=——1
Subs 1t1.1te or Veosd into
expression for y.
2
g x . X
Y= e+ V 5in 6
MG O P S T
£ 22 (1+tan26)+xtand
2v?2
:—ﬁx2(1+tan29)+xtan9
2
h —=h.
where 5z

Need to look at the solutions to egn. of
flight of projectile for varying values of 6:

y=xtan9———1—x (1+tan29)

4h

2
= —;—iﬁ(l+tan29)—xtan9+y:0.

22 | an?-( 0 2l I
i tan x)tan 6+ y+4h .

Thus tan @ (and then 8) will have two
different values when A > 0,

ie. x2—4x% y+£—2— >0,
4hx?-4x2 y+£— >0,
4h
x2
h— y+4—h— >0, x=0,

1993 ¢
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(iii)

2
X
h>y+z71:'
2
h—y>E
4h(h-y)>x2,

i.e. (X, Y) can be hit by firing at 2 different
angles, 6, and 8., provided that

4h(h-y)>X2

From (i),

1 o 2 _
4hx (1+tan®@)~xtanf+y=0,

ie. x2tan20-4hxtanO+x2+4hy=0.

If tan 6, and tan 6, are the roots of this
gquadratic equation, the PRODUCT of the
roots is given by:
x2+4hy
x2
4h
=1+ _y'
xZ
The projectile is ABOVE the x axis;
ie. y>0
’ ) 4h
ie. tanf, tanf, > 1, since __2y > 0.
x

tan8, tanf, =

If their product is greater than 1, then
both angles will be acute but one of the

angles must be bigger than %’

(since tan 774-1- =1).

OR

If0 < 91<~;—t~ and 6< 6, <,
nZ

th 6,0y <——.
en 0<6, 2<7g

But in eqn. (C),
2 2

e tan29—xtan0+y+z—};=0,

product of roots 6, 6, is
N
a"ry

6,0, = 2

R

4h 16 4h

2 2
ie. O<y<[—ﬂ~— l]x

2 2 .2 2
i.e.0<y+x—<n X [h-—:v—g>0],

16~ |4h

But <4

n2<16
2
T
1—6" 1<0.

.. Inequality (D) is impossible if y > 0.
. There is no point above the x axis.

1993 ¢
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374 unit MATHEMATICS

COMMENTS ON THE 1993
3/4 UNIT PAPER

5. (b)

6. (a)

(b)

7. (a)

This is a specific instance of the general
result:

rlna+(1-r)lnb < 1n(ra+(1—r)b),
where 0<r<1. Consequently we have
the geometric mean — arithmetic mean

inequality a”b1" < ra+(1-r)b.

When r=%, we obtain \/EE < a;b'
This type of concavity argument is very
powerful, but anything more sophisti-
cated would be more appropriate for

4 Unit. Perhaps 4 Unit students could be
asked to sketch y=—xInx, 0<x<1 and
invited to rework the argument. Another
common type of graphical argument is to
start from an inequality such as

x—12 Inx, for x > 0 and then deduce an
inequality such as:

Xk
Sou-So =Y 2
e

If the LHS vanishes, we have:

Xy Xp
1> pas L 2 .
Xy Xp

What would happen if A were not constant
here? 4 Unit students might appreciate
a more general discussion. It might be
possible to set a question on this more
general situation in the 3 Unit Paper.
Perhaps someone could write a short
note for Reflections.

Another instance of Fermat’s principle.
(A more standard example occurred as
Question 10(b) on the 1991 2 Unit
Paper.) There is a nice discussion of
Fermat’s principle, or ‘the best path’ in
Genius, James Gleick’s biography of
Richard Feynman.

(ii1) Good students should be able to
work out what part of the parabola
is the locus of 7.

(b)

Students can easily check that the direc-
trix of the parabola of (i) is independent
of 6. Indeed it is also the directrix of the
enveloping parabola of (ii). Given this,
remember Einstein’s paradigm that the
geometric world and physical world are
identical; we should be able to find some
physical characterization of the directrix.
Good students should be able to check
that the speed of a projectile at any point
on its parabolic path is equal to the
speed under free fall to that point from
rest on the directrix.

When answering (iii) some students may
argue that the trajectories of projectiles
fired at the two different angles 6, and
8, where 6,< z 6, < Z can never inter-
sect. In fact, aﬁ trajectories intersect
(though the times at which they pass
through their points of intersection are
different). Good students should be able
to verify this,

When teaching projectile motion it would
be a pity if students were not made
aware of some of the pioneering and
fumbling ideas of people such as Galileo.
Remember here that the science of
dynamics played a significant role in the
development of the Calculus.*) As we
know with the benefit of hindsight, the
velocity of a falling body is propor-tional
to time. Galileo first guessed that it was
proportional to distance travelled, but
unexpectedly discovered that motion
cannot take place at all under this
assumption. Using the Calculus it is
easy to verify this, but Galileo’s original
argument is more illuminating.

Kepler's seminal work on wine barrels
was also significant. One of his barrels
appeared as 4(c) on the 1992 Paper.

]
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