1991 HicHER ScHooL CERTIFICATE
SOLUTIONS

3/4 UNIT MATHEMATICS

QUESTION ONE
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(i) J (1+5x)% dx.
-1

Letu=5x+1 =>du=>5dx
Whenx=1 u=6
When x =-1, u=-4

1
J (1+5x)* dx
-1
6 4
=J X du
4 O

-[55].
251 4
=352
P(x)=x3+ax+ 12
P(-3)=0=-27-3a+12=0
3a=-15
a=-5

(b)

(¢)  As external k will be negative
PB =+/81+ 144 =+/225 = 15,

PA=~N9+16=5
k_-16 _
1~ 5 3
k=-3
or we can use the formula:
kxy + 1x, 3
T k+1
0+6 _ _
k+1
= k= -3

1 1
= dx
2.[0 x2+1

-10.0 ==

(iD

@ @ y=|x-2|
y=x-2 for x>2
y=2-x for x<2
Y
200N
1.00 = y=|x-2
- |
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From the graph, if y=|x-2|<x,

x>1,0r
x—2<x when x2>2
2-x<x when x<2
=x>1
x>1
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QUESTION TWO

(a @ y=e*
d | e
el ke

d%y L2

— e

2

kx

N d®y _dy
(11) If —d—x-2—+7—(.{x—+12y=0

k24 The® + 12¢® =0
e (k%+Tk+12)=0
k+4)k+3)=0

k=-3, —4
v o Eed) g = elf) @)
o
4
() Pryrasts = Patan T Pasan * Pstan
3 2 4 1 5
= ;3] (3) +eld) (3) +(2)
=34 x %Z—
() (D A
E D
¢ B

(ii)  ZABC = 90° (angle in semicircle)
. ZDAB =90° (alternate angles
and AD || CB)
As 2 in semicircle = 90°, BD is the
diameter of circle ABD.
(iii) If AC||BD, ACBD is aparallelogram.
s AC = BD (opposite sides of parm.)
AC and BD are equal diameters
.. radii equal.

QUESTION THREE

)

(a) x2:x1—f,(x1). Let f(x)=x+Inx

—-0-193

X, =05=—2 £(0-5) = —0-193...
~ 0 I |
= 0-56 frx)=1+2
f’(05)=3

x, = 0-56 corr. to 2 dec. pl.

L

(b) jzsin23x dx cos6x = 1—2sin? 3x

0
sinZ 3x = 1-cosbx
2

1(z
= | (1-cos6x) dx
2J

. 2
_ sm6x]2

_1 T
“2[" 6 )

0

(¢) y=10*

Iny=In10* =xIn10
1dy _
ydx—lnlo

%=10’r in10

() =10In10

or use formula g* = ¢*¢ je. 10* = ¢*n10,
H

dv

. 45 o dV
@ @ =g with T 200
[A/yp— g __ 1
ar A v 4mr?
dr _dr  dv
dt dv  dt
1 50
= x 200 =
4nr? nr?
o dS_dS. dr  dS
(i1) = xdt th p 8xr
At r=50, % - 4007
dr
ds _ 400z x50
dt 2500x
=8 mm?s7!
QUESTION FOUR
(a) Stepl Test for n=1.

LHS.is2%°=1, RHS.is 21 -1=1
., true for n=1.

Step 2 Assume true forn==k,
ie. §, =2%-1
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Need to prove §,,, =2*1-1

Se =284 U,

=2k 142k

=2x2%F-1

— 2k+1__ 1

Step 3 We have shown that the result is

k+1

= i "1;{.
f(x) = 8sin 5

2.00 ==

true for n = 1 and that it is true for n = £ 400 =800 100200 300 4.00
and n=k+ 1.
sotrueforn=1+1=2, n=2+1=3, ete.
.. have shown by induction the result is true
for all k.
d?x
by —==2x-3
dr?
@ i(%vz):zx—3
dx (iii) Domain: |x|<2
12,2
gV =X dxwe Range: |f(x)|s-3f§7£
Whent=0, v=0, and x=4
16-12+c=0 (b) ()  Substitute x=1into y =12
c=-4 . required parabola is y = x2
v =2(x?-3x-4) If t=-1 P is (-1, D).
If =2 Qis (2, 4).
(i) Ifx=0, v?=-8 not possible.
.. Particle does not pass through the Y
origin. 0(2, 4)
Gi) Ifv=10, 100=2(x2-3x—4)
x%2-3x-4-50=0
x-9x+6)=0 . . o
x=9, x#-6 see (il). 400 00 200 800 400
2,00 =g= R
- 6! _ 720 _
¢ (O R,RRWWB 191" 12 =60
- ()  f/x)=2x, f(2) =4 andf/(~1) = -2
Gi) R,R, R W W % = EQ =10 . tangents are y—1=-2(x+ 1),
51 120 y+2x=—1andy—4=4(x~—2),
R,R,W,W,B 3191~ "4 =30 ) dx= 4.
!
R,R,R,W,B % = % =20 Solving simultaneously:
' y+2x=-1 (D)
Total = 60
oL y-—4x=-4 ..(2)
QUESTION FIVE Subtract = 6x =3, x= %
' K 1 1) 1=-1 =-2
(@  f(x)=38sin7 3 Subst. in (1): y+ ;Y
R is (-21; - 2).
@) f(2)=3sin711 )
3n (iii) Gradient of tangent is 2
=5 dx
= —dl X dr _ 2t
(ii) See following diagram. dr dx
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- tangentis y—t2% =21(x 1)

Mid-point of QR is (é

1 1) which must

satisfy tangent.
298
1-¢ 21( 1 t)
= 22-5+2 =0@2t-1H(-2)=0
Required solution is ¢ = %

Slope of tangent at ris 2 X 1,

2
.. slope of PQ = 4—;—1— =1
.. PQ||tangent at T.
QUESTION SIX
(@ W
y
2.00 ==
i y=sin8+cosf
1.00 5 y=cos8
REN!
2
| t i : ] f > x
2.00 4.00 6.0
100 - y=sin6
(i) sinx+cosx=1 for x=0, —725, 27

(b)

(iii) From the graph y =sinx +cosx

|k|<V2 k=1, or

sinx+cosx=wf2—(—Lsinx+-—l—cost

V2 V2
ie. y= w/ﬁsin(—g-+x)= k
amplitude = V2
o |k]<V2 k=1
Assume (0, 0) is at foot of building and up is
positive. .
) A0 2>

o
40 cos o

d?y

=-10
di?
dy
-21-; =-10t+¢
@

=-10¢t + 40sin o
dt
y=-5t2+40tsino + e

If y=50, when =0
y = -5t2+ 40¢sin o + 50

a%x _
dt?

dx

dt

dx _
7 = 40 cos o

x=40tcosa+ f

When t=0, x=0
x=40¢sin o

.. . _ x .

(ii) Substitute ¢ = Tessg MY

40xsin o
40 cos &

- —5x2
1600cos? «
~x2sec? o

320

y

y= + xtan o + 50

At (200, 0)
0= -40 000(tan2 o+ 1) 200 50
= 550 +200tan o +

= 5tan? a—-8tana+3=0

. (Btana=3)(tlanax~1)=0

tana =1, tamoc=-?l

5
= o =45°, 31°

QUESTION SEVEN
()

_ X - X
0= F 1 GG D

@) Undefined for x = £1.

— = —X = —X = —
f=x) Coi-1 -1 f(x)
As f(x) = —f(x), the function is odd.

(i)

(x2-1)1-xx2x
(x?-1)°

(iii)

fx =

(-1
f’(x) is negative for all x # 1.
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Ifx=0, y=0

Asx—1"y—> -0, Asx—> 1%,y e
Asx-—> -1ty Asx > -1",y >
Asx 500 y—>0%, Asx =00,y 0"

(iv)

T { T T T T T T
-4.00 -3.00 1 })0 2.00 3.00 4.00
x
|
| |
] ~2.00 l
I l
(b)
3
1 K
a "
x
() tan(@+a)= %
6+a=tan‘1—i~ (D
Also tana = 1
x
. a=tan"!x ...(2)
Subtract (2) from (1):
0=tanlx—tantl
x
s o _ 1 4 1 1
(i1) dx—wlb'xxz +——-——1 sz
1 1+ —
%2 X2
-4 1

=t
x2+16 x%+1
v 49 _ —4x%-4+x2+16 _
de (x%+1)(x2+ 16)
3x2=12
x=12

. stationary point at x =2 is the
relevant one.

-4
f/(W)=2=+1>0

. I |
f(3)-——2€+-i(‘)-<0

~. maximum turning point at x = 2.

(iii)

At x=2 e=mn-12—~xan-1%
=B-v
Let tan! 2= andtan“1~;-=y
tan B = 2, tany=—21-
Also tan(f — ¥) = tan 0
tan 8 — tan y
1+tanftany
-1
1+1 4
T |
6 = tan 1
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