HSC Mathematics 1988: 3 Unit/4 Unit Common Paper
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(d)

No. of arrangements

]
= % since there are 2 Y’s
= 360
QUESTION 2
(a) ()
A
X
zZ
«{
-1 -
2
y=sin"lz
Domain: {~1<z <1}
Range: {~F<y< %)

~ 93— [£(0) + f(1) + 4£(1)]

5
= °[0+—2—+4x5}

~ 0.61 (to 2 dec. places)

(b) If u =2+ 22 then du = 2z dz

/:L'\/2+:c2da:
:%/\/ﬂdu

2,3%
U “+c

\/m+c

Wi NK'—‘

(¢) a,B,v are the roots of z3 — dz+1 =0

) a+B+v=0
() afy = =t =1
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(iii) L1 (¢)

s
E+—ﬁ—+§ ; tan(z%-a,)
_ By+ay+af _ tanf +tanz
h afy T 1—tanZ tanz
__“_3 _1l-+tanz
-1 T 1—tanz
=3 ___1+5C"loﬂs—§
1_sin:c

cos T
cosT -+ sinz

cosT —sing

QUESTION 3

Alternately
(a) () x
t —_
z = 3cos(2t + %) an (4 +x)
£ & =3x —2sin(2+ 1) _ sin(§ +2)

x
= —6sin(2t + L) cos(§ + z)
.o —
sin % cos z + cos Zsinz

= ~6x 2cos(2t + %) = = . -
cosTcosz —sinZsing
= —12 cos(2t + ;’:;—) ) P L 4
= —4 x (3cos(2t + %)) — Y DY
= 4z Vlicosx—vl-isinx
(ii) Amplitude = 3 cm _cosz+ sinz
(iii) When speed is a maximum, # = 0, i.e. there cosz —sinz
i1s no acceleration. (after multiplying both num. &
ie. ~12cos(2t+%)=0 denom. by v/2)

le. 2t + 5 =%
nx=3cos(2t+ L) =3cos T =0
[NB particle exercises SHM about O] QUESTION 4
Speed at O, the max. speed
=|—6sin I| (@) ()
=|-6|

= 6 cm/sec.

(b) Assume that

N

124324+ .. +(@2n—-1)2=2@2n-1)(2n +1)
- OM = ON (radii)
W18 4+ (2= 1) 4+ (2n+ 1)? LOMS = LONS
=220 - 12n+ 1)+ (2n+ 1)? (angle between a tangent and a radius
= 1(2n+ 1)[n(2n — 1) + 3(2n + 1)] at the point of contact is a right angle)
= 1(2n + 1)[2n® —n 4 6n + 3] OS is common
= L(2n + 1)(2n® + 5n + 3) ~ AOMS=AONS (RHS)
=1(2n+1)(2n+3)(n + 1) o~ SM = SN
_ (n ; 1) (o(n+1) - 1}(2(72 1)+ 1) ;Z.intthzrteaxéilelr:f drawn to a circle from an external

(ii)

which has the same form as ©7(2r —1)?, i.e. if the
formula is true for some integer, n, then it is also
true for the next integer, n -+ 1.

The formula is true for n =1
(since £(2 x 1-1)2x1+1)=1x1x3=1)

- the formula is true for n = 2 and then again
for n = 3 and so again for n = 4 etc. forever.

- The formula is proven true for all integers,
n > 1, by mathematical induction.
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(@)
TA = TC (tangents to circle, centre P, from T')
TB = TC (tangents to circle, centre @, from T')

)
TA=TC
~ ATAC is isosceles
~LTAC = LTCA = a, say
~ LCTB = 2a (ext. angle of a triangle
= sum of int. opp. angles)
Sim. in ATCB : (TCB = (TBC = g, say.
and LCTA =20
LATB is a straight angle
- 20+ 26 = 180°
a4 3= 90°
<~ LACT + LBCT = LACB = 90°

(b) (1)
2z? —4z-2
z? — 3z +1 | 22%-102°+122%+22-3
22— 6234222

—4z% +10z742z

—42% 4+122%—4z
~227 4623
—922% 46z~2
I B

(ii) .. f(z) = 9(z)g(z) + r(z) becomes

22* — 102° + 122? + 22 - 3
= (22 -3z +1)(22% -4z —2) - 1
where g(z) = 222 — 4z - 2; r(z) = -1
Note: r{z) has degree zero.

(ii1) If f(z) and g(x) have a common zero, say «,
then f(a) = g(a) = 0.

But f(0) = g(@)a(a) + r(n)
so that 0 = 0.g(a) + r{a)
te. r(a) =0

But r{a) = —1

- there is a contradiction

. f(z), g{x) have no common zeros.

QUESTION 5

()

y=z—2sinz 0<e <2
Y =1—2cosz
' = 2sinz
Stat. pt.: ¥ =0
le. 2cosz =1
cosz =
S
'3

c,o[ = N

T = (0 <2 < 2w)

When z = 13[ Yy = 2sin%> 0

Hl

yzg-Zsmg—
—W—ZXﬁ
3 2
7
=5 -V3
- Rel. min. pt. (g,g—\/?—))
7
N(§,~0.68)
When z = l, Yy = 2sin—5§-— <0
—57r—2$1n57r
VT3 3
o —/3
__3__2 —
o
:‘“3—‘*‘\/5

-~ Rel. max. pt. (%z,%?—r- +3)

5x
a~ (—,6.97
( 3 1 )

z =0, y=0-2sin0 =0
=, y=wr—2sinrtr=x~0=axa

r=2mr, y=2r—2sn2r=2w

(i) 4

{b) (i) Count the three teenagers as one group.
There are seven other groups (with one person per

group). These 8 groups may be arranged in 8! ways
around a circular table, although 8 of these are
indistiguishable in terms of who is next to whom.

!
- No. of arrangements = % =17!

Each of these can allow 3! arrangements of the
three teenagers.

- Total no. of arrangements = 7! x 3! = 30240

1988 - Page 5



(il) Method 1

One person is chairperson. One of the other
nine, who is seated in one of the remaining nine
chairs, 1s secretary.

- p(the secretary sits opposite

the chairperson)= %
Method 2
Seat the chairperson.
No. of arrangements
people= 9!
No. of arrangements if the secretary is sat
opposite= 8!

for the other nine

8! 8! 1

-~ p(s. sits opposite) = T 9xE "

Note: the results in part (i) could be 15120 if
mirror image seating is disallowed, e.g.

is counted as equivalent to

QUESTION 6

(a) (@)

[73)

L=
\
-

/

2% = 4Ay
—aa %y
At the pointP (2Ap, Ap?)
2x 2Ap = 44 dy
dy _
Tdz T

Tangent at P:
y — Ap? = p(z — 24p)
y — Ap® = pr — 2Ap?
pr—y— Ap? =0
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(i1) Tangent meets y—axis at 7' when = = 0

2

~y=—Ap
-~ T(0, — Ap?)
But S(0,4)

ST = A+Ap? = A(p* + 1)

SP? = (24p — 0)2 + (Ap? — A)?
= 4A2p? 4 A2pt — 242p7 4. A2
= A%pt 1 24%p7 4 A2
= A%(p* +2p? + 1)

= 4207 4 1)
~SP = A(p2 +1)
" SP =8T

(i)

PM || ST
~ LSTP = (TPM (alternate angles)
LSTP = LSPT (base angles of isos. & SPT)
+ LTPM = LSPT (as required)

(b)

(7 + 32)% = £28 t, 2F
25 -
= 3z, ()7t )

= 2220(2:) 737k 3k g

Q) - te = (2:) 725-k gk
(i)

(ST vgees
(2}:5) 725—k3k

Zk+152!(52!4—k5! X 77 x 3k
sy X 1P x 3

_ K@k 7

T T DA - R T 7EE
_Kx@5-k) x4k 1 3
T+ D) xkx 24—k T 771
_3(25— k)

T kT

NRLIT
-

31 x 3k
3k

X




(iii) Each coefficient is larger than the previous

coefficient whilst ever 4.1 > tg.

Tkt
k
. 3(25 - k)
i.e. when 7—@:}—_—1—5- >1
e 75—-3k>T7k+7
68 > 10k

k<68

le. if >1

ie k=6 for which ;1 >1
6

le. i7 = (275>718 x 37 is the largest coefficient.

QUESTION 7

(a)

S = 7r?
dS _dS dr
dt ~ drdt
= 27rr%
V= évrrzh = %m’s
v _ v dr
dt dr ' dt
= 229"
U dt
dr
= %r(??rr—gt—
av _ _l_rdS
dt 2 dt
dv. 3
- = 24 cm® /sec
r=16cm
ds
24 =1 —_—
5 X 16 5
ds
T 3

i.e. area is incresing at 3 cm?/sec.

(b)

Case 1: <y

I+g¢ <100

Le. dr +y <100

For largest parcel:

4z +y =100
re. y =100 — 4z
V=zzy

VI
VII

For

1.e.

= z%(100 — 4z) (0 < z < 25)
= 100z? — 423

= 200z — 1222
= 200 — 24z
ast. pt. V=0
42(50 — 3z) = 0
50
r = -'3—, O

discard z = 0 since z > 0

for parcel to exist

50
Forx:?
V”_—.QOO-—24><53—0
=200-400<0
50

.. Max. when z = 3

Note:

1988 - Page 7

and y = 100 — 4z
=100—-4 x %9
=100(1 - 2)

100

3

V has a local maximum for z = %
should also be shown that it is a global maximum

for 0 < z < 25.

(next page)



V4

From the sketch it is obviously true.

(V = 42%(25 — z) has a double root at 0, and one
maximum for 0 < z < 25.)

Max. V = 4(52)%(25 ~ ¥)

4% 2500 « 25
- 9 3
250000
o7

2 9259.3 cr®

Case 2: z>y

Girth = 2(z +y)
x4+ 2x+y) <100
3z 42y < 100
For largest parcel

3z
V =z
3z
.2 9z
=z (50 2)
=50;r2-g 3
V! =100z — 222
V" =100 — 92

Foramax. V' =0, V" <0
Vi=0= 2(100~%:r)::0

z = ?_0_0’ 0 (discard z = 0)

9
When z = ;2-3.9

V" =100-9x 20 <0

.~ there i3 a max. when z = 220

0

and y = 50— 32 x 20
- 00
= 50— 120

N

109\
3 M

o 200

q
Max V = z%(50 — 3z)

= (2-8-9)2(50 — 3 % 200
2 9
— 40000(50 _ _1__0)

31 3
. 40000 ., 50
=3 X3

~ 8230.5 cm®

Case 3: x =y

The parcel is a cube, with girth 4x, longest
side x. This means that the condition
L+ q <100 becomes 5x £ 100, i.e. x < 20.

The largest parcel under these conditions is

3 3

a cube, side 20cm, volume 203 cm™ = 8000 cm”.

P

~ Case 1 gives the maximum volume for dimen:
sions
162 cm x 162 cm x 331 cm.
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