N.S.W. DEPARTMENT OF EDUCATION 58,
HIGHER SCHOOL CERTIFICATE EXAMINATION 1984
MATHEMATICS - 3UNIT/H4UNIT COMMON PAPER

(i.e. 3Unit Course - Additional Paper; 4Unit Course - First Paper)

INSTRUCTIONS. Time allowed - Two hours.

A1l questions may be attempted. A1l questions are of equal value. In every
- question, all necessary working should be shown.

Marks may not be awarded for careless or badly arranged work.

Standard integrals given maybe used; approved slide-rules or silent calculators
may be used.

QUESTION 1.

(£)  Find the derivative (with respect to x) of ¥
(a) sin"Y 2x, fon |x| <%, (b) —& e
- T ox2 + 3

(A4) Define the function § by §(x) = x3 + 3x2 - 9x - 27,

(a) Show that (x - 3) is a factorn of x3 + 3x2 -~ 9x - 27, and factorise this
expression completely.

{b) Find where the graph of y = §(x) meets the axes.
(¢) Find the stationary points of 4 and detenmine thein nature.
(d) Find the point(s) of inflexion (if any) of 4.

QUESTION 2.

4]

B

B// y D

(4) In the figune, it is given that AB = AC and XY is fangent o circle ABC
atl A, prove that XY is parallel Lo BC.

(AL} In the §iguwrie, BC||DE and AB:BD = 3:5.
Show Lhat
(a) 0ABC||| 8ADE, (b) aBFC||| 8EFD, (c) DF:FC = §:3.

(Ail) A panticle executes A&mpﬁe hanmonic motion with period T é@cond& and
amplitude A cm. What 48 its maximum velocity?
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QUESTION 3.
(£)  The carbon Lsotope C'* decays at a nate propontional to its mass. Tree
ning experiments suggest that 50% decay iakes 5580 yeans. A fossil
contatins 30% of the amount of C in a similarly sized £iving organism,

Estimate The age of the fossdil.

(4L) A box contains ten tennis balls of which fowt have never been used. Fon
the §ist game two balds are selected at nandom and, aften play, are
netuned £o fthe box. Fon the second game two balls are also selected
at nandom grom the box. Find the probability of each of the §ollowing

events:
(a) precisely one of the balls selected for the §insit game has been used
~ befone;

(b) neithen batl selected fon the §inst game has been used before, but
both balls selected fon the second game have been used before the

second game.,

QUESTION 4.

(4] A sphenical bubble is expanding so that its volume is incrheasing at the

T conmstant nate of 10 mm3 pen second. What 48 the rate of increase of the
nadius when the surface area 48 500 mm2? (U =%qR3, S = 47R2,)

(Li)(a) Noting that 2 cos?x = 1 + cos Ix,
prove that § cosx = 3 + 4 cos 2x + cos 4x.
(b) Sketch, on the same diagham, the curves
Yy = cos X, f = Cos2x, fon 0 < x s_gn

Find the area enclosed between these curves and the volume generated
when this area is rnotated about the x-axis.

QUESTION 5.
The stradght Line y = mx + b meets the parabola x = 2AL, w = AL? in real
distinet points P,Q which cornespond nespectively £o the values & = p, £ = q.
(a) Prove that pg = -b/A.
(b) Prove that p? + ¢2 = 4m? + (2b/A).

(¢) Show that the equation of the nommal to the parabolfa at P is

h X+ PY = 2Ap + ApS.

(d) The point N is the point of intersection of the nowmals £o ihe parabola
at P and Q. Prove that the coondinates of N are (-Apglip + ql,

A{2 + p? + pq + q°}), and express these coondinates in Zerms of A,m, and b.

(e} Suppose that the chord PQ Ais gree Lo move whike maintaining a fixed
T gradient. Show that the Locus of N L8 a strnaight Line and verify that
this stnaight Line L6 a nommal Lo the parabola.

QUESTION 6. .
(4) Write down a gormula gor cakeulating é%F(u) when u L8 a function of x.

Digfenentiate (with respect to x) {tan 1) 32
vEl tannlng
0

and hence §ind the exact value 05-% o
X2 + 9

dx.
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(i) (a) Considen the statement cosly + A) = xsin A.
Forn which sign 48 this statement true fon all A?
For which A 48 the sitatement trhue for both signs?

(b) Taking A = 56 in {a) write down a value of B such that -sin 56 = cos B.

Hence {ind the Least value 0§ 6 between 0 and 2w such that
sdn 56 + cos 86 = 0.

QUESTION 7.
(4)  Assume that, fon all rneal numbers x and all posiiive Lintegers n,

n non
(1 +x)7 =5, (1 X7
n non
Show that (a) 0 = w0 (-1) (n)’

nn n n
77(), (c) oy &(&).

n
and §ind simple expressions gor (b) 2, 2701, (e

(L) 1 is given that A > 0, B > 0 and n 48 a posilive integer.
(a) Divide AV - A" + BM! _ B by A - B, and deduce that
- AT, T, A% 4 BMA.
(b) Using la), show by mathematical induction that

A+B AT+ B

{ }

2 A
STANDARD INTEGRALS
n _ 1 n+l . ,
Ixdx = T X, R F-1; x #0, L4 n < 0.
f%dx = ﬂogex, x> 0. se*dx = éeax’ a# 0. Jeos ax dx = %§in ax, a # 0,

[adn ax dx = "%906 ax, a # 0. Jfsec?ax dx = %Ian ax, a # 0.

1
faec ax tan ax dx = hec ax, a # 0,

fmdxzé“’ta”—liaiéoo i L'——dx=/.8/(:n_1-§,a>0,~a<x<a,

@’ /a2 =~ %2)

1

fre dx = L0g X+ Y(xZ = a?)y, |x| > |al.
/[x% = a?)
f—————l———-dx = Log,{x + [xZ + a?)}

/[x2+ a?)




