N.S.W. DEPARTMENT OF EDUCATION
HIGHER SCHOOL CERTIFICATE EXAMINATION 1982
MATHEMATICS 3 UNIT and 4 UNIT - FIRST PAPER 48

Instrhuctions: Time allowed 3 hours. ALL questions may be attempted. ALL

gue&ﬁ&oné ane of equak value. In eveity question, all necessary working should
e shown.

Marks may not be awarded gor careless on badly wuanged work. Mathematical

tables will be supplied; approved slide-nules on caleulatorns may be used.

QUESTION T
TN e, . /3
(£) Rationalise the denominaton of é;;%g

(L) Given that Loge? = KOQXE, §ind x.

(44L] Sketch the negion in the cantesian plane determined by the points (x,y)
satisfying 0<y-2x<? . X ,

(dv) Find the exact value of: (a) fo1;§§— dx; {b) Ji;g cos (x+w)dx

(v) Show that the agute angle 6 between the tangents at the point (1,1) to the
cwwes y=x? and y=x° is given by 0 = tan~1{3/4).

QUESTTION 2
(4) Differentiate cos{1+x3) with nespect to x.

(44) Find the area between the curve y=x", the x-axis, and the ondinates x=1

and x=2

(Lid) The gunction §(x) is defined by the nule §(x)=4xe™**, in the domain
~B<x<?,

{a) Draw up a table of values of §{x), conrect to one decimal place, forn each of
the values x= -%,0,%,1,1%,2.

(b) Use the derivative of {(x) 2o find the coondinates of the tuwning point of
§Tx), and determine whethen it is a maximum on minimum.

(c] Hence draw a sketch of the graph of §(x), showing clearly the turning point
and the values at the end points of the domain.

QUESTTON 3

(L) The area between the curve y=sin x and the x-axis, forn O<x<m, is notated about
the x-axis, Find the volume of the solid thus obiained.

A
(id) A Guadritateral ABCD has AB=2m, BC=dm, T
CP=Tm, and AB L8 parallel o DC, as in the T
§igwee (not drawn to scake) —
pigwie noiA awn to scate). am, '\\\\\MN
Given Lhat B=60 , caleulate the Lengths of Y
AC and AD, comnect ifo three significant ///
figunes. A
plguies / //“W!/
bo’ e
B by C

QUESTION 4

L) la) Denive the formula fon the sum S{n) of n Lewms of a geomeliic series
wth fist tem a and common natio .

{b) The sum C(n)noﬁ the §inst n Ltems of a centadin b%@éeb L5 given by
CTn) = 1000(0.9)" + 10 000§7+0.9+(0.9)%+ ... + (0.9)""%¢
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Find the Limiting sum C of Lthis senies as the number of terums Lincreases indefinitely.

(44) la) Sketch the functions sin~t(x) and cos™ (x), ‘lustrating clearly thein
nange and domatn.

(b) Evaluate J% ;7£bg77_ (¢) Show that the function cos~1{-x)+cos 1(x) 44

b 77 ¢

eonstant, and find L8 value.

QUESTION 5
(4) Given that cos x = 4/5, and 0 < x < ;-, find exact values fon:
{a} s4in x; (b} cos Zx.

(44) (a) The coondinates of P are (2,1)., Show that P Lies on both the parabofas
4y=x2,"and 4y=(x-4)2. Show also that P is the only point of intersection of the
Awo curves.

(b) Find the equation of the tangent at P Zo the parabola 4y=(x-4)2. ALso find

the coondinates of the othern point Q at which this tangent internsects the
parabola 4y=x?.

QUESTION 6
(4) A biased coin 48 found o have probability 0.7 of showing a head when tossed.

(a) What s the probability that exactly one head occurs in a sequence of five
Losses?

(b) What is the most Likely combination of heads and tails Lo occwr in a
sequence of five tosses? What L5 the probabifity that this event occurns?

(LL) A company assumes that the proportion P of viewers who will buy a new
pioduct aften it is advertised n times on felevision satisgies a relation

P =1-2*M"" | wherne k 45 a constant.

1§ 50 per cent of viewens buy the product after 10 adverntisements appear, how
many times should the company advertise the product Lf Lt wants at Least 90
per cent of Ats viewerns To buy L7

QUESTION 7

(i) {a) Plot (not on squared paper) the points A(1,0), B(4,0) and C(0,2) on
a sketch diagram.

(b) Show that the Length CB is twice that of CA.

(c) A point P(X,V) moves such that the Length of PB is twice that of PA. Show
Lhat the Locus of P 48 a cincle, and determine its centre and nadius. Draw a
sketeh of the cinele on your diagram.

({d) Five similan discs arne taken and each marnked with one and only one Letten.
Two are marnked with A, one with H, one with L, and the {inal one with 0. They
are Lhen placed in a box. The five discs are drawn at random one at a £ime
grom the box without replacement. What is the probability that:

{a) the finst disc drawn is marked A?
(b) the onden of selection of the five discs spells the wond ALOHA?

A trniangle OPQ has vertices 010,0,0), P(2,2,1) and Q(-2,9,5). (4} Caleulate:
(a) the Length of PY;

(éj the cosine of the angle OPQ;

(_c_j the arnea of the triangle, correct Lo one decimal place.

T
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(£4) Find the equation of the plane 0PQ, and the equations 0f the Line through
0 perpendicular to this plane.

QUESTION 9

(L] The quadratic equation x?+Lx+M=0 has one root which is twice the othen.
Prove that 2L? = 9M.

Prove also that the noots arne national whenevern L is rational.
(4] A 3

1 200m” = mebreg

Jones T = Boundary

TS mith J///////‘D’/////////////////////////////////FC///////////////

Farmer Jones wishes to fence off a rectangular yard ABCD of area 1200m2 §rom
a paddock, as in the éigune, with the side CD against the property of Farmen
Smith. Fencing costs 33 per metre, and Smith has agreed to pay half the cost of
fencing the sdde CD.
Let $y be the cost to Jones of gencing the yard, and Let x metnes be the Length
of BC. Obtain a formula for y as a function of x, and hence find the minimum
cost to Jones of fencing the yarnd, assuming Smith meets his share of the
expense.

QUESTION 10 '

A particle P 48 profected from a point 0 on a horizontal plane with {initial
velocity Um 571 in a ditection inclined at an angle o upwands §rom the
honizontal. At Lime & seconds agter the instant of projection £ts hornizontal

and vertical distances grom 0 are x metres, y metnes, hespectively. Air
nesistance may be neglected.

(4) Wnite down expressions for x and y as functions of *.

(L) Show that the time of §Light T seconds and the range R metres are given by
‘“ T = (20/g) sin, R = (V2/g) sin 2,
and derdve a similan expression for Lthe maximum height reached by P.

(ALL) A ball 4s Thrown from a height T metrne from the ground and 44 caught,
wilhout bouncing, 7 seconds fatern 50m away, also at a height of Im. Assuming
no ain nesistonce, and that g has the approximete value 10 m 572, find:

(a) zhe velocity and angle of projection of the bald;
(b) Zhe maximum height of the balf above the ground duning £is §Light.




