N.S.W. DEPARTMENT OF EDUCATION
HIGHER SCHOOL CERTIFTCATE EXAMINATION 1980
MATHEMATICS 3 UNTT (AND 4 UNIT - FIRST PAPER)

7

Inswedions s Time allowed 3 howrs. ALL questions may be atiempted, ALL
questeons che of equal value. In every question, ald necessary working
should be shown, Mawiks wild be deducted for careless on badly arranged
wonk .

Mathematical tables will be supplied. Approved stide nules or caloula-
tons may be used.

QUESTION 1 (10 MARKS)

(L) Find the derdivative of {a) 7~§~§7 ; (b) sinleos?x + o).

. , 1 - ] I
(4] Find the exact value of fo (™% & 5t JT7MT“QZT)dXo
(Lid)  Let §(x) = sdnlx + cos™lx (0 < x < 1),

1

Find (a) 4" (x); (b) /) §{x)dx.,
QUESTION 2 (10 MARKS)
(L) The Line x = 1 meets the cuwe y = x2 + 5 at P, Wiite down the

co-ondinates of P.

(i) Find the equation of the tangent Line £ to the cwwve y = x3 + 5
at P,

(Lid)  Vernify that Q(-5, -12) Lies on the Line L.

(Lv) The curve y = x3 + 5 meets the y-axis at R, Find the equation of
the Line QR,

(v) I 6 4s the acute angle between PO and QR, §ind the exact value
of tan 9.

QUESTION 3 (10 MARKS)

(£) Show that 404 is not a term of the wiithmetic sequence 2, 6,10, ... .

(L) The sum of the inginite geometnic senies 1 + 2% + 22X 4 . is 2,
Find the value of x.

(i) 14 S,= 12+ 2.5+ ... +nln+ 1), use the prineiple of math-
ematical Ainduction to show that Sn =
integens n.,

nln + T)(n + 2) fon all positive

af —

QUESTION 4 (10 MARKS)

0 L4 x <0,

(4) The function §(x) 48 defined by the nule f£(x) = 7% if x> 0



s
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(a) Sketch the function §(x), from x = -2 Lo x = 2.
2
(b) Evakuate S §(x)dx.

(id) The function §(x) is degfined by the nule §(x) = x® - 3x%, in the
domain -1 < x < 3.

(a) Draw a sketch of the graph of y = §(x), showing clearly the Zwining
points, the intercepts with the x- and y-axes, and fthe values at the
extremes of the domain.

(b) Indicate on yowr sketch the negion bounded entinely by parts of the
ghaph of y = §(x) and the x-axis.

Find the area 0§ this region.

QUESTION 5 (10 MARKS)

() Find the indeginite integnal 1 %L dx,

2
(i) Given that L% - cox and ¥ = 0 at x = 4, find |%| at x = 2.
L dFz dt de]

(iii)  Find all values of x in the nange 0 < x < Zw for which
s4n Ix = cob X.

QUESTION 6 (10 MARKS)

Find the equation of the tangent Line to the parabofa x* = 16y at any
point P(8t, 41%) on ift.

Prove that fon all vakues of &, this tangent is equakly inclined to the
axis of the parabola and to the focal chond through P.  (The gocal chond
i5 the Line joining P and the focus.)

Find the equation of the Line £ through the focus S of the parabola and
perpendicular to the focal chond SP.

Prove that fhe Locus of the point of intersection of the Line L and
the tangent Line at P is a straight Line whose equation is of the foim
y = c, and §ind the value of c.

CQUESTION 7 (10 MARKS)~

The equations of the spheres Sy and Sy arne given {in Cartesian (x, y, z)
co-ondinates } nespectively by x2 + y2 + z2 = 1, (x - 122 + y? + 22 = 75,
0, R arne the centrnes of S1, So nespectively, and P is the point (3, 2, 6).

M Find:

|

(L) the equations of the Line PY;

“T’ (Ld) the equations of the Line PR;

(Lii)  the exact value of the cosine of the angle QPR;
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(4v) the equation of the plane PQR.

Show that a sphere S can be found such that its centre {5 P and such
that it touches both Sy and S,.

Show that the Locus of Lthe centres of all sphenes which touch both Sy
and S, and whose nadiuvs equals the radius of S 48 the set of points
(X, vV, Z) satisfying the equations X = 3, Y% + 12 = 40,

QUESTION § (10 MARKS)

(4) The diagram given was sketched by a
swweyon, who measured the angle of elevation
of a tree top on the othern sdde of a niver Ao
be 7°12" at the point A. AL the point B, 100
metrnes directly Ltowards gha trhee grom A, the
angle of elevation was 9 42'.

(a) Denive an expression for the height of T (2 _#W He
the tree. A ioom B P

(b) Caleulate the height of the tree comrect fo three significant figwres.

{4L) Two particles P and Q move along a given Line £, thein displace-
ments at time L > 0 with nespect o a fixed point 0 on £ being x(t) and
X(£) nespectively.
, d?x -1 dx _ . .
(a) Given that —zy = 6 + ¢ ™, and that o = -1 at L = 0, and x = 0 at
£ = 0, find an expression for x(£).

(b} T4 X(£) = 2 sin 5& + 342 + 2, prove that X(t) > x(t) gor all £ > 0.
Explain this nesult in Lterms of Lhe motions of the particles P and Q.

QUESTION 9 {10 MARKS)

In each of the following parts, use the information Lo obitain the requinred
neal polynomial P(x] explicilly in the form Plx) =pox"'+p1xn“7-+oe.'+pny
wheste n, Pg, P, <o p, ¥e Lo be given numerical values .

(L) Plx) is quadnatic, P(0) = 15, and the minimum value of Pl{x) 4is 3
when x = 2,

(£4) P(x) 48 quadiatic, P(O} = 32, and P(Zt) = 0 has noots £ = 1 and
=3,

(iid)  Plx) has degree 4, has factons (x + 2)2 and (x - 2)2, and has
nemaindern 50 on divisdion by x - 3.

(iv) P(x) has degree 3, zernos at x = 0, x = 1 + V7 and at x = 1 - V7,

)
and P(1) = 3.
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QUESTION 10 (10 MARKS)

(4) The probability that seeds from a centain species of plant aie
non-viablLe 45 1/300,

(a) How many viable seeds would be expected to cccur in a batch of one
mCelion seeds?

(b) A packet contains 100 seeds, chosen at nandom. Leaving yowr answers
An wsimpliglied form, caleuwlatle the probability that:

(1) all seeds arne wiable;
(7) thene 44 exactly one non-viable seed;
(3) there are at Least two non-viable seeds.

(L) Prove that for any positive integern n, the Largesit value o4 chﬂ

for 0 < n < 2n (1 Anteghakl) is ZHC and that it occurns onbly when 1 = n.
g n






