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Instriuctions  Tdme allowed 3 howrs. ALL questions may be attempted.
In eveny question, all necessary working should be shown., Marnks will
be deducted forn careless on badly arnranged wosrk.

Mathematical tables will be supplied. SLide nules (on caleulatons)
may be used.

QUESTION 1 (12 Marks)

(i) Find the second derivative of 1/Ve

(i1) Find Jj

Y

(111) Write down the equation satisfied by all points in the x-y plane
at a distance of two units grom the point (3, 4).

liv) The curve y = 8 s neflected in the Line y = x. Find the
equation of the rnesulting curve.

QUESTION 2 (9 Marks)

(i)  Find the area unden the curve y = 1/x between x = ¢ and x = ez

{i1) 1% 48 known that the equation e_xz - 522 - 0.99 = 0 has a posi-
tive noot close £o the ornigin. Attempt to find the root using Newton's
method, stanting with the uial value z = 0. Explain why this method
falls.

(i11] Find the derivative of o> ¥

QUESTION 3 (9 Marks)

(i) A die has the numbens 1, 2, 3, 4, 5, and 6, hespectively, marked

on its s4ix faces. Find the expected value of the number which Ls ob-
tained by casting the die at nandom,

(11) Does the cure y = tan*]x have a maximum? Explain yowr answer

with the aid of a sketch.

(iii) Wwiite down the sum S of the geometrnic sernies n + A

where b A8 a positive Aintegen, Does S approach a Limit as n tends o
nginity, k rnemaining constant?
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QUESTION 4 (10 Maiks)

Consdider the parabola y = scz°

(1) Find the equation of the tangent L to the parabola at the point

P (2, 7).
(11)  Show that the Line passing ithrough the focus of the parabola, and
perpendicular to £, has the equation y = %—‘5
(iii) Hence, on othewwise, gind the Locus of the foot of the perpen-
- dicular from the focus to the tangent to the parabola at any point.

ONQUESTION 5 (10 Marks)

M ill Write down the equation describing the surface S of a sphene
| centred at the origin and 0f radius give units.
T (ii) Use geometrical tems to describe the set 0f points T satis-

fying the equaf,éonxz v 2% = 16,

(iii) Let U = ST be the intersection of the above Awo sets S and
T. Desciibe the set U in precise geometnical tenms (including shape,
shze, and Location).

QUESTION 6 (10 Marks)

A function § 48 called odd if §(-x) = -§lx) for all z.
(1)  Prove that every odd function is zero at z = 0.

(1i) Prove that every odd polynomial Plx) is divisible by zx.

(111) The polynomial Plx) L8 known to be monic, to be an odd function,
and Lo have a noot at x = -5, Show that Plx) has degree no Less than
3.

(iv) Find a polynomial Q(x) of degree 3 with the properties given in

part (111). State, with neasons, whether there are any othenr poly-
nomials of degree 3 with these properties.

{v)  State the form of the most general polynomial with the properties
given dn part (111) and with degree d in the nange 4 < d < 6.

QUESTION 7 (10 Masks)

A particle moving along the x- axis stants at the onigin with an

2
Anitial veloeity v . 148 acceleration is given by g—i;é = 4x3 ~ Tbx,
¢ dt
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(1) Show that the quantity E = %(%%JZ -2t v ge? does not change with
Lime.
[i1)  Given that the initial velocity A8 v
ot E.

= V(3T78), find the value

o

(i11) Hence, on otherwise, establish that the particle with this Aini-
tiak velocity remains at all times in the reglon -% < x < %. Sitate,
giving youn reasons, whether the motion is simple harmonic.

(iv) Find the value of E when the initial velocity As v, = 6. Use

is nesult to discuss the nature of the subsequent motion.

QUESTION & (10 Maiks)

A deck of cands consists of fowr groups of seven cards, each group
having a distinctive colowr., The carnds within any one group are La-
belled with the integens "1" through "7".

(i) Determine the total numbern of different (L.e. distined and un-
ondered) five-cand subsets that can be chosen grom Lhis deck. Leave
yowr answerr unsimplified.

(ii) Find the probability that five cards selected at random consist

of exactly four cands Labelled with the same integern, plus one other
cand. Express your answer as an unsimplified graction.

(iii) The ¢ive carnds are neplaced 4n the deck, and the deck 48 shufgled.
Five cands arne selected at nandom. Find the probability that these

{ive cands consist of three carnds each of which is Labeffed with the
integen "2, plus two cands each of which is Labelled with the integen
"eN,  Express your answer as an unsimplifled fraction.

QUESTION 9 (10 Marks)

(i) wiite down an expression for cos (a + b) and hence prove that

cos (2q) =1 -2 Ainzq.

cod y - cos (y + 2q)
Z 54n q

(ii) Prove the identity = sin ly + q)

(1ii) Use mathematical induction and the nesult o4 part [(ii) to prove

I - cos INg

the identity sim q + Adn 3q + s4in 5q +...+ sin (N - 1)q = T80 G




QUESTION 10 (10 Marks)

Conséder the integrak J = fysin x dax.
{i) Determine the value of J.

{11) By dividing the interval from x = 0 to x = = into N equal sub-
Antervals and usdng the mid-ordinate approximation, show that an ap-

proximate value for J 48 given by
Ky = 2qy, [84n qy * sdn 3qy + 8dn 5qN + ... +osdn (2N - I)QN] whese

qy = v/ 2N).
[11i] Evaluate K, Lo two significant figures; compane this with the

exact value of J and state the percentage evrorn of the approximation,
Lo the nearest penrcent.

(iv) Starnting with the formula of part (ii), and using the result
stated in question 9 (111}, deduce the exact value of J.

b
[II may be assumed that ﬁig T C 1]0




