1997 HicHER ScHooL CERTIFICATE
SOLUTIONS

2/3 UNIT (COMMON) MATHEMATICS

QUESTION 1
1  ANAE
(8) m = 0-045

= 0-0455 (3 sig. figs)

(b) (2-3x)-(5-4x)=2-3x-5+4x
=x-3.

(¢) 180° = n°©

-

"~ 180

135° = 135 x —=°
" 180

©

_3z°
7
(d) PQ=r6
=3y
=3x 5
5

= = CIIl.

2
(e) Jsec3x tan3x dx = -%sec3x+C.

(f) There are 22 even number balls.

= 22
P(even) = 5

8 x3+«/5=24+8«/3
3-45 3+45 9-5
= 6+2+5.

(g)

QUESTION 2
(a) (i) At L, y=0
0

From the diagram the x coordinate
at Lis 6, .. L=(6,0).

. d, . . .
(ii) At M, 2 _0asMisa stationary point.

" dx
dy _ 2
i 12x-3x
=3x(4-x)

=0 whenx=0 or 4.

From the diagram the x coordinate
at Mis 4, s M=(4,32).

(iii) N is a point of inflection. -
ax”
and there is a change in concavity.
2
d_;y_ =12-6x=0 whenx=2.
dx

x |2-¢| 2 |2+¢

Testing:

y)/ + 0 _
- N = (2, 16).

(b) f'(x)=2x+7

flx) = 2 +72+C
fH=1+7+C =4
C=-4
s flx) = 12 +7x-4.

(c)J 2x dr=1In(x%+1)+C.
x2+1

(d) We match x?=4(y-1) with the form
(x-h)?%=4xax(y-k),
giving (x - 0% = 4x1x (=1

(i) Theveriexisat (A, k) =(0, 1).

(ii) Focal length = lunit (. a=1).

Y4 (4, 5)

a

“

i Ay

T T
0 4

From the diagram, the focus is at (0, 2).
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1997 HicHer ScHooL CERTFCATE

QUESTION 3
. d/ o 3_— 2 2
(a) (1) -d-x-(x +5) -3x(x +5)2 x 2x
= 6x(x2+5) .
(i) i( cosx) _ xx(-sinx)-cosxx1
dx\ x* )~ 2
_ —xsinx—cosx
x2
sse d 2 _ 2 1
(iii) E(x lnx) =2xlnx+x X
=2xInx+x
=x(2Inx+1).

(b) (i) Midpoint ofAB=(O—;2—, 1—;-§) =(1,2).

3-1 2
50°3°

(iii) Use y—y;= m(x-x;), with

(ii) Slope of AB=

(x1, yp=(1,2), andm=-1.
y—-2=-1Ix(x-1
y=-x+1+2
ie. y=-x+3.

Alternative method:

Points on the perpendicular bisectors are
equidistant from A and B. So if P(x, y)
is on the perpendicular bisector, then

PA® = PB?,
ie. (x-02+(y-D%=(x-2)%+(y-3)2
+/y2/— 2y+1
=% 44157 6y+9
4y = —4x+12
y=-x+3.
Points equidistant from A and B lie on the

perpendicular bisector, so the coordinates
of P are the simultaneous solutions of

(iv)

y=-x+3 —@
and y=2x-9. —®@
Equating ® and @ to eliminatey:
22-9=-x+3
3x =12
- x=4.
In @, y=-4+3
=-1
P=(4,-1)
QUESTION 4
(@) x | 1]15]2]25] 3
flx)| 5 11(-2] 3|7

1997

8 2-1
jf(x) dx = T[5+( 2)+4x1]
1
+ié-2-( —2+7+4x3)
=17, 1
= 6‘><7+ 6><17
=24
.6
=4.
(b) (i) and (ii)
yL
1..
-6 o0 1 Ne *
-6

x®’-6=2x forxz>0.
x2-x-6=0
(x-3)(x+2)=0
. x=3 or -2.
Reject x = -2 (outside domain).

The x coordinates of the two points where
the graphs intersect are 3 and -3.

(N.B. Both graphs are even functions.)

(iii) Solve

(iv) We want the x values for which
the parabola is ‘on’ or below the
straight lines, thatis -3 < x < 3.

(¢) Area =J’ ®sin2x dx+J‘ ®cosx dx
0

x

6

[ o]

cos2x

=[_ >

YRR

= —é—(—cos%+ 1)+(sin12t——-sin%)
-4-4+)-(-3
-3

i
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2/3 Unm (CoMMON) MATHEMATICS

QUESTION 5
In7 In7
-x _[_ =
@ [ dr=[-e]]
= (—e'ln7+ el )
= —eh’7_1+ 1
=-711
= —-,}- +1
-8
=
® B c
'R
P
A D
1) BA=BC (ABCD is a square)
PA = B@ ( given)
.. BA-PA=BC-Bg
ie. BP = QC.
So in triangles PBQ@ and QCR, we have
BP=QC ( from above)
BQ=CR (given)

£ZPB@= ZQCR (both 90°, since
ABCD is a square)
APBQ = AQCR (SAS).

(ii) ZBQP+ £BP@ = 90° ( £LPB@=90°,
angle sum of A)

ZBPQ = ZCQR (corresponding £s
in congruent As)

. ZBQP+ ZCQR =90° ZCQR, ZPQR,
. ZPQR = 180°- 90° /BQP form a
= 90°. straight line.

Prices

(e)

7

Time

T
Jan.

1996

Déc.
1996

N.B. The curve is increasing and concave
down (gradient is decreasing).

(d) (i) Height = 75% of 1-125 metres
= 0-843 75 metres.

(ii) This is a geometric sequence, with

common ratio 0-75.

1997 <

(iii) The total distance travelled is 2 m for the
first drop, plus twice the new height for
every bounce (since the ball goes up and
down), that is 2+2(1:5+ 11125+ --+).

If we leave out the first drop, we can add
up all the heights (limiting sum in brackets
above) using

a

S 1

with ¢ = 1-5 and r=0-75.
15
Seo = 1-0-75"
~ . ~ 15
Total distance travelled = 2+2><( . 0_75)
=14 m.

QUESTION 6

(a) 1) PQ+x=5
PQ =(5-x)m.

PR%?= (5-x)%-x*
= 25-10x+ 22 — 22
=25-10x.

PR = 25-10x m.

(i)

Area: A= %xbxh

X xXA+25-10x
x+/25-10x m?,

A

B[t 0O

(iii) Differentiate to find maximum.

1 s, 1 1
A== 20—10x+-——x.——-—-~.::.(-10)
2 27 2J25-10z

- 5%/25— 10z - %

95- 10z -5z
225- 10z
25— 15x

2./25-10x

5x
A 25-10x

A’= 0 when 25-15x=0, .. x= g
Ifx<~g—>-, then A’> 0, and if x> —g—, then

A’ <0, so thisis a local maximum.
Since A is continuous on its domain

0 <x <2-5, and since this is the only
stationary point, this is also an absolute

maximum.
1.5 | 50
Amax=—2->(§>< 25-'—3—-
_5.125
=6°V73
_ 25 _ 2548 =2
63 18 '
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1997 HiGHER ScHooL CERTIFICATE

(b) (i) Area of nth stripe
= area of (n+1)th square
— area of n'P square
=[2(n+1)+4)%-©2n+4)%
=(2n+4+2)%-(2n+4)2
=(2n+4+2+2n+4)x(2n+6-2n-4)
( a*-b% = (a+b)(a-b))

=(4dn+10)x2
= (8n +20) cm?.
(ii) Area of 1st stripe= (8 x 1+ 20) cm?
= 28 cm?.
Area of last stripe (n=19) = 8x19+20

=172 cm?,

(iii) There are 10 shaded stripes in arithmetic
progression, so:
Area of shaded stripes
= Ist+3rd+5th+ - +19th
=28+44+60+ .- +172

= %(a +0)
= 170(28+ 172)
= 5x200
= 1000 cm?.
Cost of gold paint = $9 x 1000
= $9000.
QUESTION 7
(a) secl = 1 and tand = sin6
cos 6 cos8
.2
sec?6-tan?6 = 12 ___sm29
cos“8 cos“@
_ 1-sin®6
cos? 6
B cos? 6
cos?8
= 1.
OR
cos?f+sin?0 =1
1-sin26 = cos26
1-sin®9
cos? @
1 _ sin%@ B
cos’8 cos’@
sec26-tan%6 = 1.
1997

*

(b) (i) V=J37ry2 dx
0

= ﬂfethZx dx
0

DA

= 7z:j_(se<:2 2x - 1) dx
0
<tan2 6 = sec?h-1# from (a)).

(i) V=n{ltan2x-xr
2 0
=l tianZ® - FV\_ (0
—n(ztan3 6) 7(0-0)
= n(—g—%)units?’.
() G) v=Ce™
dv _ Ly -kt
i Cx(-k)e
= —kxCe™™
= —kU.

(i) Using v=100 when ¢t =0,
100 = Ce°
C = 100.

(i) - v=100e"*
Using v =85 when t= 0-25
85 = 1000 2%
0-85 = ¢0 25k
-0-25k = In(0-85)
k= -4In(0-85) (=0-650).

v=100e"065¢
=100e~ 1% whent=2
=27-25m/s.

OR
b =100 (-41n0:85)t

(iv)

=100e°"08 when¢=2
- 10081110'858
=100x 0-85°
=27-25m/s.

QUESTION 8

(a) (i) £ZADC is the exterior angle of ABAD.
.. LADC = Z/DBA+ £ZDAB (exterior £

=a+p. equals sum of
int. opp. £s.)
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2/3 UNT (CoMMON) MATHEMATICS

R T R R B R R R e P S e ey

OR

ZBDA = 180°— (ax+ ) (£ sum of ABDA).

. £ZADC = 180°- ZBDA (BDCisa

straight line.)
= 180°-[180-(a+ )]
=a+p.

(ii) £#DAC =180°- (o + B)— a (£ sum of AADC)
=180°-2a-f
=180°-2a+f).

lggi:f:—p—ﬁ (£ sum of AADE,

base Zs of isosceles A are equal.)

2a+p
2

(iii) LADE =

ZEDC=£ZADC- £LADE

+/3—(a+£2ﬂ

J/

]

i

o R

(b) (D) 0O<t<3r

x =t+sint,

dx
—_— =1 t.
7 + cos

The particle is stationary when % = 0.
cost=-1
t=nrx
(N.B. Also att= 37, but thisis notin
the domain.)

2

(ii) —2’5 = —sint.
dt
. d?x
Acceleration zero means — = 0.
dt
sint=0
t=rmor 2.

(N.B. Also at 0 and 37, but again not
in the domain.)

(iii) At t= 7 we have a stationary point
and a point of inflection.
x=rm+sinw
=7 (7, 7).
At t = 27 we have a point of inflection.
x=2n+sin2nx
=2z (2r,2r).
N.B. This is not a stationary point. It
has a slope of dx =1+cos2n

dt
=1+1

=2.

1997

3 /

NB: Slope is 2 here. )/

37 /
,,~' / 7’
/, d
27 / fPol(er, 2m)
/ Vs
/ ’
- / /’ 4
1", 'SP and POI (r, 7)
7/ g //
M- ; :
0 Fid 2r 3z
QUESTION 9

(a) (i)

foo o]

o
Alw
5w X

¢
b

L L
3 12
T R B
W
5
3 12
L
3 - R
5B
1w
13
3 R
///f3<EEEEEE£EB
1 W
31
'3—1 R
\\\13<EEEEZ£;??
4
1
30 R
W{R
3
178
3
~1,1_1
(ii) P(both red) S X3 =7
OR
____ 1.1
P(both red) = 5t5 =%
(iii) P(atleast 1 red) = —1—(2)- —g—
OR
P(nored)=P(BW)+P(WB)
1.1, 1.1
R
1,1 _1
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2
10

O

(iv) P(2Rgiven 1R) =

dx

4¢3 -24¢2+ 20t
dt
x=t*-8:3+10e2+C.
At¢=0, x=3, . C=38.
x=t4-8t3+10t2+3.

(b) ()

(ii) At t=1, v=0 and changes sign from
positive to negative:
Soat ¢t=1, the x=f(t) graph has a
maximum stationary point.
(iii) At t=1, x=1-8+10+3
= 6.
At t=2, x=16-64+40+3
= -5,
Distance travelled (from ¢ =0 to 1)
=6-3=3.
Distance travelled (from ¢ =1 to 2)
=[-5-6|=11

. Total dist. travelled = 14 cm.
Ink used = 0:-05x 14 = 0-7 milligrams.

OR
Distance travelled

1 2
=f udt+J |v|de
0 1

=[t4—8t3+10t2];+ [t4—8t3+10t2ﬁ'
=(3-0)+[(-8-3)]

=3+11

= 14 cm.

QUESTION 10

(a) 4x < 15 < -9x.
je. 4x <15 and -9x > 15.
15 _ 43 15 42
:1:5—4——34 and x < 5 13.

Since both conditions must be true, this

simplifies to x < -1%.

1
] 4 ! }
1

! 2 L1
-2 -—13 —1'37 -1 0

rVY

OP = 0Q (both radii equal to 1)
.. OPQ is isosceles
. ZOPQ = [ (base £s of isosceles A
are equal)
.= ZLOQP + £LOPQ (exterior £ equals sum
=p+p of interior opposite £s)

= 2.

(b) (i)

1997

L 4

(ii) PQ has slope m =tan f§ and
goes through @ (-1, 0).
y=0=m[x-(-1)]
y=m(x+1)
y=mx+m.

(iii) x coordinates of P and Q are the
simultaneous solutions of

y= mx+m}
ey?=1
i lm(x+1)]%=1
(by substitution)

x2+m2(x2+2x+1)= 1
2em?2?+2m2x+m?-1=0
., (1+ m? )x2+2m2x+m2-1= 0.

(iv) Equation in (iii) is a quadratic equation.
x coordinates of P(xp) and @(-1) must

multiply to give -g—, where c = m?~ 1 and

a=1+m?
2.1
X s 1+ m?
% 1- m?
1+ m?
Yp =mip+m
=m(1_ : +1j
1+m
_ (1-m*+1+m?
- [ 1+m? ]
_ 2m
- 1+m2‘
p=[1-m2 2m )
1+m? 1+ m?
OR
L —om? £y am* —4(m?+ Dm® - 1)
2(m?+1)
_—2mPiydmt - 4mt-9)
) 2(m?+1)
B —2m?+2
T 20m%+1)
-m?+1
- m?+1
_—(m?-1) -(m?+1)
m2+1 m2+1
=i’zl;-:—--1-Z or -1.
m°+1
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2/3 UNT (CommMoN) MATHEMATICS

T e e B e R T e s W B e R s

Reject ~1 as it is the x coordinate of @. (v) tan2f =tana (from (i)
[ 1-m? 1-m? _Jp
P= , m 5 |+ m =2
| 1+m? 1+m P \
- 2 1-
1-m? m-md+m+md = m2 + m2
L 1+m 1+m
N _ 2m
_[1-m? o _2m } 12
L 1+m? T 1+m? 2tanf .
= —, since m = tan f3.
1-tan“f

END OF 2/3 UNIT (COMMON) MATHEMATICS SOLUTIONS
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