2/3 Unim MAaTHEMATICS

1996 HiGHER ScHOoOL CERTIFICATE
SOLUTIONS

YMMON) MATHEMATIC

2/3 UNIT (C(

QUESTION 1 QUESTION 2

(@ 137%2= 0046054 ...
= (-046 (correct to 2 sig. figs.)
N.B. Give calculator readout, then round.

b)) 2x%48x-2 = Cx—Dx+2)

4 AB-2 1(/5-2)

(©) =
J5+2  [5-2 5-4
(-2
2 x-1 8-3(x-1
(d) ‘é"— 4 = 192 (a) AtA, y:O
_ 8-3x+3 . Coordinates of A (-8, 0).
- 12 1
_11-3x (b) kis y=~§x+6
12 - Gradient is _.% (y =mx+Db)
-9 )
(e) Primitiveof6~—x"3:6x~fm+c Lisx+2y+8 =0
—2 g 2y = ~x—8
= 6x+ +c __,]; -
2x Y= 2x 4

- Gradient is w%.

® |x+2]<s. That is, | - (-2)| < 3. . ,
Since the gradients are the same, & is

[Plot —2, and shade 3 units either side.] parallel to £,
—® i ® )
-5 2 1 (c) See diagram.
~bsaxcl (d) x+2y+8<0. Test (0,0: 0+0+8<0
False.
OR

(e) Test (0,0)in y+%x-6 <0

-3 < < is, -5 < x <
3<x+2<3. Thatis, -5 <x < 1. 0+0-6<0. - True.

“@; ? . Inequalities are él—x +y-6<0
and x+2y+8=>0.

[Note The region between is —Zl—x +y-6<0
and x+2y+8 > 0, but students were not
penalised for including the lines (that is,
the equals signs).]
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)  kis y:-%x+6

If x=8, y:—%x8+6

= —~4+6
=2
. P(8, 2) lies on k.

(g)

Perpendicular distance of P to ¢

3 8+2x2+8
N 12+ 22

20

V5

ax1+by1+c

y a®+b?

using d =

units 45 units.

Distance PQ = y (8—4)2 + (2+6)2
_ Jigved
_ /8
= 4+/5 units.

(h)

Since the distance PQ is the same as the
perpendicular distance, and the perpen-
dicular distance is the shortest distance of
a point from a line, then @ on ¢ is the point
closest to P.

OR The gradient of PQ = 2-6)

8—-4

_ 8

T4

=2
The gradients of both 2 and ¢ are --§1~, from
(b), so PQ is perpendicular to both %2 and 2.

Hence, since the perpendicular distance is
the shortest distance, @ is the point, on ¢,
and closest to P, on k.

QUESTION 3

(a) (i) E;

[y

o

; (xe2x)

X

I

1.e%* 4 x.0e2%

@i

2% 4 9xe?X

(1i1) —dw(coszx) = 2cosx(-sinx)
dx

—2sinx cosx

1996 @

2

OR y=cos“x

= u? where u = cosx

. ~C£L—t— = —sinx and ~C~l2,- = 2u

dx du
dy dy du
Cdx du N dx
2ux —sinx

~2sinx.cosx.

2nd layer
0-85 light

<15not light

0-85

(b) 1st layer

0-85 - light

light
0-15 not light

0-15 not light

(i)  Amount of light for 2 layers
= (-85 x 0-85
= 0-7225
= 72:25%

(i) Ifonly 10% of light is allowed to pass,

then there will be n sheets of plastic.

0-85" < 0-1
nlog 0:85 < log0-1
log0-1
" log0-85
> 14-168

. 15 layers are required.

(c) Jsec2 6x dx = %—tan 6x+c

e3
J wdx» alnx]

1
5Ine® - 5In1

15

QUESTION 4

(a) y
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2/3 UNit MATHEMATICS

3
Volume :f 7ry2 dx, where y=x+1
0
3
= n‘f (x+1? dx
0

A
0

4318
3

= 21z,
3 2
OR V= ﬂf (x+ D% dax using V= ﬁjy dx
0

3
= ﬂf (x2+2x+ D dx
0

3

= 7T x3 +x2+x
3
0

3 3
7‘5[“%«+32+ 3}—-75[—%—*%02“%0}

217 unit®.

1l

1t

OR V:%«n(Rf*—r?’)

_ 1 B
= ';571'(64 1)
= -;—x e
= 21m.
(b)  fx) = o 25 x°
(i)
x 0 1 2 | 3| 41| 5
f(x) |5-000/4-899|4-583/4.000/3-000/0.000
Yo | Y1 | Yo | Y3 | V4| s
K _ —
D) h=229 using h=279

fswl 25-x% dx
(

)

30+ 95 +2( 51+ Yo+ 3+ 31 )]

[6+0+2(4899+4-583+4+3)]

Y

~ 18-982.

(i11)

U e

)

(iv)

This is a circle centre (0, 0),
radius 5 units.

2

Area of circle = 7 x 52 using A = ar
= 257 units®.
But we have a quarter circle,

25 )
area = WZE units?.

(v) Using part (ii) and part (iv),
area ~ 18-982 units?.

25 .
But area = "}{i units?

257
4

T =

18-982

18-982 x 4
25

3-037.

n

n

QUESTION 5
(@ f'(x)=322-2,

3
soflx) = »«%g—w —-2x+c
Since (1, 3) satisfies this function,
3=1-2+¢
c=4
s fx) = a® - 20+ 4

® ui-u-1=0

~bt b%- 4ac

2a

1z 1+4
=
145

2
= 1618 or ~0-618, correct to 3 dec. places.

U =
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Y
(c) \
\
\
\
y=e N
\
N\
N
x
. 2
(1) Area :J (ex~~ 1- e"x) dx
1
2
= [ex—~ x+e™ ]
1
=e?-2+ e_2~( e 1+e"1)
=e’+e?-e-e -1 units?.
(ii) Solving y=e*—1and y=e*
e¥f-1=e%,
- x 1
that is, e —1=—
e
e?*_e*—1=10
(i) uw?-u-1= 0 has solution
u=1618 or u=-0618
e* =~ 1618 or ¢* =~ -0-618.
But ¢*> 0
e*~ 1618
x=Inl618
that is, x = 0-481.
(d) Since g’(x) < 0, curve is decreasing,
that is, has a negative gradient.
Since g”(x) < 0, curve is concave down,
that is: y
y = glx)
0 4 x
The above graph. is a possible solution.
QUESTION 6
(a) M=4t>-4¢3 0<t<3
=t2(4-1)

g-i%l— =8t-3t2=0 at stationary points
t(8~3t)=0
8
= 0, —.
t ar
8 64 512
When t—*é—, M——4.-§’-*"§,7‘“
_ 768 _ 512
27 27
_ 256
27
= 9481
2
t=0, M=0, d 2{{:8—615.
dt
2
When t=§, d M=8_16
37 ds?
= -8
<0,

. maximum at (—g, 9~48i).

d’M
dt?
> 0,
. minimum at (0, 0).
End points are (0,0) and (3, 9).

When ¢ = 0, =8

(i) y

(0, 0)

(i1) Medicine a maximum at 2%— hours,
or 2 hours 40 minutes.

(ii1) The maximum value of _‘ﬁ_{ is when

0 dt
d°M
5 =0
dt
B—6t=0,
. 8 4
th o =
at 1s, t 6 3

that is, after 1-;- hours.
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2/3 Unm MATHEMATICS

Total thickness of closed blinds
= 25x 3 mm
= 75 mm.
Total height of opened blind
= 25 x(3+ 27 mm)
= 25x 30 mm
= 750 mm.
. Bottom slat rises (750 — 75) mm,
that is, 675 mm.

(b) (i)

(i1) Bottom of 24th slat is 30x 24 mm
down when opened, that is, 24th
slat is 720 mm down when opened.
When closed, 24th slat is 24 X 3 mm
down, that is, 72 mm down.

- 2nd bottom slat rises
(720 — 72) mm, that is, 648 mm.

(ii1) The bottom of the nth slat down is

(a) nx30 mm down when open,

{(b) nx3 mm down when closed.

2. The nth slat rises 30n - 3n,

that is, 27n.

o Ist slat rises 27x 1= 27 mm
2nd 7 7 27x2=54mm
3rd 7 7 27x3=81lmm,

etc., which is an AP; a =27, d=27.

(iv) Total distance
- %5[2><27+(25~ 1x27]
. n
using § = 5[2(1 +(n-— l)dJ
= 8775 mm.
QUESTION 7
(a) (i) and (i)
Y
2 y = 2cosx
14 y = 2cosx—1
\ ﬁ . /
2 2
0 r 2]I[ *
—1
-2
-3
(iii) 2co8x~-1=0
1
cosx =
=7
3 3"

(i) In AABC, AABD,
BC = AD (given)
AC = BD (given)
AB is common.
. The triangles are congruent (SS8).

(i) - «£CAB = £LDBA

(cortes. angles in
congruent triangles)

- AAPB is isosceles, two equal angles.

(iii) .. AP = PB
But AC = BD (given)
- by subtraction, PC = PD
. APCD is isosceles.

(iv) Let £DPC = x°

LAPB = x° (vertically opposite
to £DPC).
1
In AAPB, £PAB = 5(1800* x°)
(angle sum of isosceles triangle).

Similarly #DCP = %(180"— %)
/PAB = /DCP.

Since these are equal alternate
angles,
DC|| AB.

QUESTION 8

(a) Since there are only 28 students, and
18 French students plus 22 Japanese
total 40, there are 40~ 28 = 12 students
who study both languages.

F J

6 10

(i) Probability (studies French)
18 _ 9
T 28 147
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(ii)  Probability (both study French)
_18 17 _ 17
T 28727 T 427
(iii)  Probability of studying both
languages = 12 _ w3~
28 7
b 7T
x
pl 6 Q
4 4
1
S 6 R u

(i) In ATPQ, AQRU,
PS ” QR (opp. sides rectangle)
L8TQ = ZRQU (corres. £s, PS [|QR)

LTPQ = ZQRU = 90° (angles adjacent to 90° angles
of the rectangle)

The triangles are equiangular, hence similar.

Gi) . TP _ PQ  (corres. sides are
) @E— RU proportional)
x_8
4y
xy = 24,
1
(iii) AreaAzé—TS.SU
1
= 5(4+x)(6+y)
1
= -2—(24+4y+6x+xy)
‘. Az-}«(24+4.~%—+6x+24)
2 x
(xy=24, y=%§~)
=244+ 28 L3,
x
=24+48x7 1+ 3x.
(iv) L S
dx
48
= =+ 3
x2
=0 when ﬁzB
2

1996

x? =16
x==%4

(but x > 0 since x is a length)
x=4, y=6
d?A
dax?
. min. value for x =4
TS =8 cm, SU = 12 cm.

=96x"%>0 forall x>0,

QUESTION 9

2¢2

(a) v=2t+4, g x:T+4t+c

But when =0, x=4

c=4
x=t2+4t+4
= (t+2)2
(b) =«
8 x:(t+2)2

x = 1+ 3log, (t+ 1)

T

0 1 2 ¢

(¢} Thex coordinate of M is given by the average
of the two x values of the endpoints,

that is, x = %[t2+4t+4+ 1+3In(t+ 1)]

= —21~[ 2+4t+3ln(t+1)+5].
Codx 1 3
a - E_z[2t+4~+w~—t+1]
3
~t+2+2(t+1)

1

t+2.+g-(t-a-1)“1

dzx 3 -9

dtz = 1*5([-%1)
T
2(t + 12

0 for acceleration zero.
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That is, when — = 1
2+ 1)
3 = 2(t+ 1)
= 2(t24ﬂ2t+])
=92t% 14142
2124 4t-1=0
t_—4i416+8
- 4
_ -4+246
-

3
. + -
1 L. 2 .

3 .
=13 \/;m when acceleration is zero.

Since ¢t 2 0,

OR 3=2(t+1)7?
u+nzzg
t+1=+ %
A -g— etc.

(e)

Distance between P and Q is
D=t*+4t+4-[1+3In(t+D)]

=¢24+4t-3-3In(t+1).

We note that initially, when ¢ =0, distance

18 3 units apart.
an _ 2t + 4~ 3
dt t+1

= (.

Checking for minimum,

When
that is,

2+t +1D =3
2% 46t+1=0

-6+ 4/36-8
~6+2,[7

4
-3+.7
T2

=

Both values of t are negative and so are
outside the domain. The two curves are
moving apart as £ ~» oo,

. Minimum distance is the initial value,

3 units.

OR For x=t%+4t+4
dx
— = 2+ 4,
a -

As t increases, the slope increases.
For x=1+3log, ¢+ 1

dx 3

dt  t+1

As t decreases, the slope decreases.

. The curves diverge, and the minimum
distance will be when ¢ =0, that is, 3 units.

QUESTION 10

@ (ﬂ:, %5)
14
0 1 2 g **
(ii) v = sinx, _g}i = COSX.
When x=0, cos0=1.
. Gradient at the origin is 1.
(iii) For a solution of sinx = mx, we
need y = mx to intersect y = sinx.
This will occur when 0 < m < 1 for
the domain 0 < x < 7.
(b)

(1) Let the radius be r metres.
Then since arc = r@

300 = rx 2o
that is, ro= %1-5-9-;-
o

Draw the line from O,
perpendicular to PQ,
sing = -»1—99
7
100,
150
200

=5

then

thatis, sina = o
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(c)

1996 HicHer ScHoot CERTIFICATE

(ii) From the graph in (a), o = 1-5.

(iii) . £ZPO@ = 20 = 3-0 radians

150
= = 1 .
and » 5 00

Given AB is 200 m.

If there is no requirement that the arc be
that of a minor segment, then ¢ can be as
large as we please, that is, £ — oo,
However, ¢ > 200 for all values of the radius,
since the arc must be greater than the
straight line joining AB.

OR

Using the earlier parts of the question:

200

N

0

100 100
= r=

sina
But ¢=1r6
{ = 1,00 X 20 since 6 = 2¢
sino
. 200
sing = Txa.

But if sinx = mx, then 0 <m < 1
0 < _;%92,< 1
{
0<200<¢
Solution is ¢ > 200,

END OF 2/3 UNIT MATHEMATICS SOLUTIONS
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