2/3 UNIT (COMMON) MATHEMATICS

1994 HicHER ScHooL CERTIFICATE
SOLUTIONS

N) MATHEMATICS

QUESTION ONE
4.23

(a) —————— = 2.0258

614178

(b) 2-3(x=5) =2

—-3x+ 18

=17-3x.

= 2.03 correct to 2 decimal places.

(c) -g»(3x5-»4x+7) = 15x%4-4
dx

(d)lx-—l’=4
(x—~1) =4 or

x~1=4

x =5

-(x-1) =
—-x+1=
—_— =
X =

x =95 or —-3.

4
4
3
-3

(e) 149492000 km = 1.495x 108 correct to
4 significant figures.

n
() = I where n=5x4=20
A, P[l+ 100J

P = 1000
9 20
AZO:: 1000[1+T66J 7"——""2“:2%
= $1485.95.
QUESTION TWO
¥
1B(0, 8)
~ C(7,4)
”" D
[
A T T X
AQ,0)

(a) Gradient = f.,i.sﬁ = _ﬁi_
run 71
_4
"6
2 . .
= 3 is the gradient of AC.
2
(b) tane = =
an 3
6 = 33°41".

(¢) Line AC, m = %, AL, 0)

y-yr=m(x~xy)

y~0=-§-<x—1>

y=3*73g
3y=2x-2

 2x—-3y-2 =0 is the equation of line AC.

(d) Midpoint of AC

_x1+x2 __yl+y2
o2 T2
x=1+7 y:0+4
2’ 2
x=4, y=2

The point D is (4, 2).

(e) Gradient AC = %
. rise 8-2
BD T commmmmms DI et
Gradient, - 0
.5
T4
.3
=-5
) ) 2 3
Gradient AC x gradient BD = -§x -5
=-1.

. BD is perpendicular to AC.
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(f) AABC is isosceles (because BD is
perpendicular bisector of AB).

(g) Distance AC = \/(7_, 1)2“4”0)2

= ,/36+16
= J52.
Distance BD = J(4—0)2+(2~8>2

= /16 + 36

= /52,

Area of AABC = -%bh

SxB2x B2

H

= 26 square units.

(h) y

B(0,8)

NOT TO SCALE

D33, -4
D is point (8,-4).
QUESTION THREE
1] d( _4
o 0 23] 2l
= 4 x5
-4
x5

(ii) jmcos(xz) = —gin(x2).2x
dx

i

—2xsin{x2),

d d
x—d}- (tan x) + tan xa; (x)

x.sec?x+tanx.1

i

oo d
(iii) P tan x

fi

xsec®x+tanx.

i

(b) () To prove AJMN”[AJKL

LMJN = ZKJL
LJMN = £JKL

(common)
(corresponding,

MN || KL)
" AJMN'“AJI@ as they are equiangular.

... MK NL
(1) o =
JK JL
MK _m§_
8 12
12MK = 24
MK = 2 cm.
er
() ) fezx dx = 5 +C
= %e2x+C.

(ii) f

9
xa
= x+w
1
13
= -1
= 3
2
= B P
9+18 3
1
= 25-5.
QUESTION FOUR

(a) By the cosine rule:
2% = a2+ b2-2abcosC
2 = 3502+ 2002 -2 x 350 x 200 cos 10°

= 24 6269
x = 1569 m (correct to 1 decimal place)
It is 1569 m from B to H.

(b) 120° = 1?;)075 radians
= %75- radians
Area of sector RS = %-x 502 x —%E
= 2617-99,
Area of sector UT = %x 20%%’5
= 418-88.
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Area of RSTU = 261799~ 418-88
= 2199-11 cm?
(correct to 2 decimal places).

1 2 1 1 2
(c) J- xe®*” dx = -mf 2xe*” dx
0 2J)0

(]

-3{e-e)

=

Nim=

(e—1).

N

(d)7, 14, 21, ...
APwitha=7d=1.

(i) T,=a+(n-1d

Let 7, = 1000
1000 = 7T+ (n—- 17
1000 = 7+7n-7
7n = 1000
n = 142.857,
n = 142,

. The largest multiple of 7 less than
1000 is 142x 7 = 994,

(i) 8§, = %(a+é’)

S142:lg—2‘(7+ 994)

= T1071.
QUESTION FIVE
(a) 12+4m-m2>0 Y

Let y = 12+4m-m?
y = (6-m)(2+m).

Parabola is concave
downwards and cuts
x axis at 6 and —~2.
12+4m-m2>0
for -2 <m < 6.

B
b) cosd = 19
25 -
0 = 40°32". S
] 6
19 m Q

x=6-2t+8In(t+3)
Att =0,
x=6-2(0)+81n(3)

) @

= 14-79 m (correct to 2 decimal places).

L /ﬁ L.k Wx

(1) x=6-2t+8In(t+3)
dx 8
U=

P
2
d°% o _g(t43)2
de?
N
(t+3)2
8
(111)U~m2+m
Atv=0 = —24—2_
t+3
0=~2(+3)+8
0=~2{-6+8
= —~2t+2
2 = 2

t = 1 second when the velocity is 0.

9 2
d V= ﬁj (Gﬁ) dx
0
9
ﬁf 36x dx
0

9
- 36x2
B 2

0

[ 36(9)2

. Volume is 14587 units®.

#

QUESTION SIX

(a) This statement is only true if there is an
equal number of each of the green, black,
and red jellybeans.

(b) y

y = f(x)

x
y = f’(x)\
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i)

(i1)

(iii)

(iv)

d
For stationary points, X 0,

dx
3x%-6 =10
3x%=6
x2 =2
x = iﬁ.
At X =442
y = -17
2
dy > 0,
dx?
- local minimum at (ﬁ, - 1'7).
At X = _.\/E
y =97
2
d”y < 0,
dx?

~. local maximum at (mﬁ, 9-7).

For point of inflexion,

TEST :

When x is a little less than 0, d

When x is a little more than 0,

- A point of inflexion occurs at (0, 4).

At x=-3, y=-5,
at x=3, y=13.

Maximum value of x3-6x+4 in
~3<x<31is 13 when x = 3.

=X

QUESTION SEVEN

(@ G  V=unrlh
500 = zr2h

500
h = :

7”“2

S =2nr+2nrh

500
S=2nr?+2nx .

(i1)

=27r2+ 1000.
r
(i)  S=272r2+ 10’400
-‘Zﬁ— 47zr+_1000
dr - 7‘2
ds ~ 1000
‘""i";xo, O=4rnr+ rz
0=47r3-1000
47r3= 1000
wrd =250
r“3:.§.§_9.
Vi
e 3f250
v
= 4-3 cm.
CHECK .
d?8 2000
=4+
dr? rd
>0 if r=43
. area is a minimuin.
(b) 2logg 3 = logsxmlogSG
logy x = 2logy 3+log s 6
logg x = logg 32+10g5 6
logg x = logg 9+logy 6
logy x = log, 54
x = b4.
(€) T=Tye
(i) ~Att =0, T= 10000
10 000 = Tp, e~ k(O
= TO eo
Ty = 10 000.
Att = 1, T = 9000
9000 = 10 000¢~*D
-k _ 9000
~ 10000
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9
i) 40 = 10 000" 10

9
ln-i-(-)-‘i 1

250
In-2¢ 1
10 — s
Ine In 550

9 1
ln“’i’a"t-—- lnfé’“ga
.

250

9
1]1'1'6
t =524 years

= 53 years.

1

t =

QUESTION EIGHT

(@) @) If du < 0, then the unemployment rate

dt
must be decreasing over that period.
d?u
dt?

up.

(i) If

> 0, then the function is concave

u

800 000

t=0,
u = 800 000

B
1
(b) (i)AO=BO=1cm
O
AAOBz:ozﬁ—Q-
6 1
= 60°. A

AB?= 12412 -2x 1x 1x cos 60°
by the cosine rule.

AB2= 1+ 1-2x cos 60°
=1
AB =1,

~. AOAB is equilateral (all sides = 1 cm).

2/3 UNm (coMMON) MATHEMATICS

OR ZAOB '“”é of 360°

= 60°.
OA = OB
ZOAB = L0OBA

. each angle = -%(180"— 60°)
= 60°.

All angles are 60°, so triangle is
equilateral.

(ii) Area of AOAB= -%absinC

= %x Ix1xsin60°

3
. Area of hexagon = 6 xu}{i;
343

2

sz.

(iii) As OH= 0@,
AOGH isisosceles. g

£LMOG = 30°

MG
tan30 = W

tan 30 = gig?

MG = tan30 = ~=

HG=2><~}@ T

NERE

Area AOGH = Lbh
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(iv) Area of circle = zr2
=x, as r=lcm.
But the area of the circle lies between
the area of the inner hexagon and the
area of the outer hexagon.
.. Area inner hexagon < area of circle
< area outer hexagon,

3f<ﬂ<2ﬁ.

Note Approximating the area of a circle
by calculating the areas of inner and
outer regular hexagons is called the
method of exhaustion. It was first used
in this way by Archimedes.

QUESTION NINE
(a) (i) Solve simultaneously.
y=x+2, y=x2-5x+11
2+2=x2-5x+11
0=x2-6x+9
(x=3)(x-3)=0
: x =3

As there is only one point of intersection,

¥y = x-+2 must be a tangent to
y=x2-5x+11.

(i) At x=3, y=5, .. Q@3,5)
y=x2-5x+11
dy
Hmzst
When x = 3, gzx-—]_.
dx

. Gradient of tangent to curve is 1.
Gradient of normal to curve is ~1.

y=yi1=mx-ay)
y=5=-1{x~3)
¥y =-x+8. Normal to curve at (3, 5).

(i) y=-~x+8, y=x2-5x+11
—x+8=x2~5x+11

O0=2x2-4x+3
(x-3Nx~-D=0
x=3,1L

3
(~x+8)~(x2-5x+11)| dx
N )

J
- f:((mx2+4x—3)) dx

3
{%«:—+2x2 Bx}
1

(~9+18~9)m(~%+2«-3]

A =

i

1«% square units.

(b) Distance from P(x, y) to y-3 =0 is
|0+y~—3|
dy = e

| 0+12

=ly«-3l asy < 3 in this region

=83~y

Distance from P(x, y) to 3x+4y—18 = 0 is

|3x+4y~18|

AJ9+16
Jx+4y-18
==
As these two distances are equidistant, d; = dj.
3x+4y-18

J—y =
Y 5
15-5y = 3x+4y-18
3x+9y-33 =0

or x+3y~11= 0,

So locus lies on this line.
But to be in the shaded region it is only the
part of the line to the right of the point where
the line 3x+4y~ 18 = 0 meets the line y = 3.
Aty=3, 3x+12-18=0
x=2
locusisx+3y-11=0 for x = 2.

QUESTION TEN
(@) () 6,38; 3,6; 4,5; 5, 4; and 36 possible
outcomes, 1
P(win) = 36 §_
1 1 13
G 1- (6 9]"3§'
1 13
(i) P(Wy) = =, P(Wy) = CRETE
: 1 13
P(W3) = fo(“i”g]
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2
. 1 1 13 1 (13
. Probability = ~§x§—x1§+ 5 X[Tg] .
. 1 13
(iv) S,, where a =5 "=1p
i
.9 _2
PW) = 1_,}__3_ =%
18
Alternative solution (1) P(win) = nél
1
P(lose) = 3
o P (win)
P (eventually wins) = Blwin) 1 P (lose)
1
-9
1.1
9 6
4 .2
10 5

Alternative solution (2):

No. of ways to win = 4
No. of ways to lose = 6

no. ways to win

P (win) = ;
no. ways to win +no. ways to lose
_.4 4 2
T 4+6 10 5
i A
o
D
B C

.. AD
(ii) cos@ = Vil

AD = ABcos0

BC

tan@ = '"AfE"
BC = ABtan@

AC

sec@—jA—B—
AC = ABsec?.

Since 6AD+BC=5AC,

6 ABcosO@+ ABtan8 = 5 ABsec8
6cosf+tand = 5sech.

sin @ 5
6 =
cos 6+ cosf® cos@

6c0s26+sinf =5
6(1-sin? @) +sinf = 5
6sin? 0 —-sin6-1= 0,

(iii)

(iv) (2sin@-1)(3sind+ 1 =0
. 1 1
sin@ = 5 or -3
and 0°< 9 < 90° because fis a
right-angled triangle,

8 = 30°.
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