HIGHER SCHOOL CERTIFICATE EXAMINATION 1989
MATHEMATICS - 2/3 UNIT COMMON PAPER

QUESTION ONE

@ @) 7 =143.49

() 128 <012
10.58

) S, =0 2a+ (n-1d
S ]

— b

10304, e 1l
Sygp= 22 x 5+ (103 - 1) x 1.2]

= 6818.

(@)

[

X *tx, ¥y -‘ryz\

(c) Midpoint (x,y) = ( 17X

d) Ax-95)=3-2x-1)
4y-20=3-2x+2
6x -20=5

6x =25

X = 4l
6

(¢) Sale price = 85% of marked price
=0.85 x §79.95
=$67.96

Alternatively

Discount =0.15 x $79.95

=511.99
.. sale price = $79.95 - $11.99

= $67.96

|

QUESTION TWO

'\K !

@1,2)}/ '\
\

4

B(1,-6)

/

@ o= nx) <P
/T 2 2
sc=V(1-cn) +(6-2)
= ‘44-64

= Y68 or2V17 units
(iii) Equation of line [ is y=2x+ 4
Thus slope of [ is2
Let 6 = angle of inclination of /[ to the
positive direction of the x-axis
tanf =2
8 = 63" (to the nearest degree)
(iv) AB is parallel to !
.. the slope of AB is 2.
Also AB passes through B(1,-6)
Using y =y, =m(x—-x,)
the equation of AB is
y=(-6)=2x-1
y+6=2x-2
y=2x-8 asrequired
(v) Since P lies on y = 2 and on AB, then at
P,y = 2. Substitute y = 2 into the equa-
tion of AB to find the x co-ordinate at P
2=2x-8
x=5
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HSC MATHEMATICS 1989 : 2/3 UNIT

The co-ordinates of P are (5,2)
(vi) The length of PC =5 - (-1) = 6 units

y=2x+4

.

A

/

— P52/ v=2

(-1,2)(3/‘ X

//\\O

/

(viii) Let X be the foot of the perpendicular
from B to the line PC. The perpendicular
height of APBC = BX

=2-(-6)
= & units.

.. Area of APBC =é- x 6 x 8 =24 sq.units

B(1, -6)

QUESTION THREE

(a)

()L (4 =7+3)=d (457 _7 4 557
dx X dx

= 12x% = 557
or 12)(2-i
Xz

(i1) 4 (x cosx) = x.-sinx + cosx. |
dx

(by the product rule)
(b) f

= -XSInx + cosx

a2
X

de=2+ 2log x + C
3 e

] :
() J (63'r + 1)(/.: = CBX + X
0

=leley
)
(dya=1200 d=150
(1) Assuming calendar months, n = 24
T =a+(n-1)d
T,,=1200+ (24 - 1) = 150
= 4650

1.e. sales team plans to sell 4650
calculators that month

L

(11) Sn:v {a+/J }-Ierelsz4

£11200 + 4650|

1.e. sales team plans to sell 70200
calculators over the entire two year
period.

QUESTION FOUR

) E

A D

(1)) LBAD = 48" (opp. angles of rhombus)
LEAB = 60" (equilateral A)
oo LEAD =48+ 60" = 108"
(111) EA = BA (equilateral A)
BA = AD (sides of rhombus)

S EA=AD
Thus LDEA = LZEDA

(angles opposite equal sides)
108" + 2 LEDA = 180" (angle sum of A)
. LEDA = 36"
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Alrernarively
EA = BA (equilateral A)
BA = AD (sides of rhombus)

. EA=AD
Hence ADEA 1s 1sosceles
. L.DEA = LEDA

(angles opposite equal sides)
108" +2 LEDA = 180" (angle sum of A)
. LEDA =36
(b)
N

A

40 km

20°

LABX - 150" = 180"
(cointenor angles, parallel lines)
o LABX =307
Thus LZABC =30" + 20" = 50°

Alternatively

LYAB = 30" (supplementary angles)
o LABX =307 (alternate angles, AY//BX)
oo LABC =307+ 20 =507

5

2 2 2
() AC =AB + BC -2.AB.BC.cos B

2 2
20 +40 - 2.20.40.cos 50°

AC=31.1695...
AC = 31km (1o the nearest km)

Il

(c)
Student | Student 2
Male
Male
42%
Female
Male
52%

Female

Female
(1) P(female, female) = 0.58 x 0.58
=0.3364 = 0.34
(i1) P(both of same sex)
= P(female, female) + P(male, male)
=0.3364 + 042 x0.42
=0.5128 = 0.51
(111) P(both of different sexes)
=1 - P(same sex)

=1-05128
=0.4872 = Q.49

Alternatively

P(both of different sexes)
=P(male, female) +P(female, male)
=042 x 0.58 + 0.58 x 0.42
=0.4872 = 0.49

QUESTION FIVE
(a)T.=ar=6

(11) T,=6
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12- 3_1
= 531440
b
(b) Volume about x -axis = nj }’2(1x
wﬂ./

a
:ﬂj
0
3

= T(}\L&n,r‘fo

~ -

WA

2
sec x.dx

, T i
=njtan———tan05
L3 ‘
= |3 7 cubic units

) v=d4-2=4
dt

_fzfu_z,).d,

L4

2
=4r—-1 +C

Att=0,x=1, -.C=1

so displacement equation is

2
x=4r—-r +1

(i) Atrestv=0
4 -2r=0
r=2

acceleration=x =4V = 2
dr

Thus the particle 1s at rest after 2 secs

o )
when acceleration is at -2m s

(i) A+

5——4

. .

t2
[N
F 3N
w

o
!

-4 + 1= Sqin the

O

(1) Whent=2, x=
first two seconds.the particle has
travelled (5 -1) = 4 metres. From the
graph after 2 seconds the particle
changes direction. When t = 4,
x=16-16 +1=1.So0,In the next two
seconds the particle has travelled a
further |1 - 5| = 4 metres. Thus the total
distance travelled in first 4 seconds is
4+ 4=8m.

QUESTION SIX

(a) dx-y=3 (D)

[0x+3v=2 (2)

(1) =3 12x -3y =9 (3)
(2) +(3) 22¢ =11
=1
2

Substitutex = é into (1)
2-v=3
y = -1
Thus r:Land}':—l

2

1989 -
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Alrernatively

4x-y=3 (1)
. 10x+3y=2 2
Take (1) and make y the subject
y=4x-3
Substitute y = 4x - 3 into (2)
10x + 3(@dx -3 =2
10x+12x -9 =2

22x =11

=1

2

Substjtute):zLinto(l)
2- \‘25
v=-
Thus x = Land; =-1

2

(©)

Focus (2,5)
@

Vertex (2,1) -

X

Directrix v=-3

Note: The vertex is on the line x =2 (the
equation of the axis of symmetry) and half-
way between the focus and the directrix.

(i1) Using the general equation of a parabola

2
(x=h)" =4A(y-k) with
vertex (h,k) = (2, 1) and focal length,
A =4 units,

Equation of parabola is
(.x—2)2 =44(y-1)

Le. (x—2)2 =16(y-1)

Alternatively

A

S(2.5)
2 P(xy)
Qaqaq ™)
Vertex (2.1) -
O X
Directrix v=-3
M (x,-3)

Let S be the focus (2,5), P(x,y) a point on the
parabola and M(x, -3) a point on the directrix
vertically below P. By definition,

SP=PM

2 2
SP~=PM"~

2 2 2
x-2) +(¢-5 =0+3
2 2 2
x“=4x+4+y - 10y +25=y"+6y+9
2t -ax - 16y + 20 = 0 is req'd equation
(c) (i) A is point of intersection of y = 3¢
andy=4-x
Test(l,S)inyzh2
3=3.1°
=3
(1,3) satisfies y = 3
Test(1,3)iny=4-x
3=4-1
=3
(1,3) also satisfies y=4 - x
. A has co-ordinates (1,3)
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(11)

'Y

C(5,0)

E(1,0 D
0 (1,0) “0) I

B(,-1)

Let E have co-ordinates (1,0) . At D the
line y=4 — x cuts the x-axis ati.e. y = 0.

Hence x = 4 Co-ordinates of D are (4,0)
AtB,x=5

Substitute x=5into y=4 - x

y=4-5=-1

Co-ordinates of B are (5,-1)

Area of the shaded region OABC = area
under parabola + area of AAED + area
of ADCB

1
=] axfdx+Llx3x3slagxg
. 2 2

11
3] 1
=X + 4 L+
[ o 5

N p—

=1+5
= 6 square units

Alternarively
Area of shaded region OABC

i 4 § 5 1
=j 3xzdx+f (4-x)dx+§j (4 'X)d):’
0 I ‘14 ,

r

I

3]t ‘ x24 xzﬁf
[x | HAx—— |+ 4x——~j
0L 2 Lk 2
=1+4.1—+'_1
2 12

= 6 square units

QUESTION SEVEN

(@ (1) y=3lna=+2
v
4\:1, x=]
dr X
fjizg -
dx

fx=1thenyv=3Inl+2=2

The equation of the tangent is given by

i.e.
(i1) The gradient of the tangent at x = |
1s 3. thus the gradient of the normal
1
atx=11s- =

-
D

p 2
(i) =0, E=100+(—4@_) = 1700
140

Rate of emission is 1700 tonnes per year

@) =9, E=100+{—4—Q-) =116

1+9

Rate of emission is 116 tonnes per year
(ii1) As years pass by t approaches o

40

2
Thus ( ) — 0. Hence E — 100

1 +1

(iv) Diagram
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= ezr(l -2x)
(v) Total amount of CFCs Ata stationary point , f/(x) =0
(? 2 2x
e (1 -2x)=0
= | |100+ -4 lar .
1o 1 +1¢ e =0hasnosolutionso 1 - 2x=0
— b
X =
(° 2 2
_ 100 + 1600(1 + [{) )dt Hence the function has only one stationary
el € '
point & | =)
/0 . 22
4 (iif).(iv)
y
=1 100¢ + 1600(1—”—) A
-1 i
L J0
r 1600] ! 2
_ _ x
=100 e \C(I):e/ (3“‘3’—>
L 0

900 - 160 - (0-1600)
= 2340 tonnes

Il

QUESTION EIGHT s o o — Sﬁ.,.
(a) 2cosx = 13 0<x<om
COSX = E
2
The cosine ratio is positive in the first and '
fourth quadrants (v) Trapezoidal Rule
b
o i b-a)
X—‘6‘q2n*g J ﬁx)dx::(__i_)_{ﬁa)*—ﬁb)}
n llxw a
- 6 6 Required Area =

2 -1 0 1
[ ﬁx)dHJ f(x)d+J f‘(x)dx+J flx)dx
3 2 -1 0

2x
b) f(x)=e"(1 - 3<x< " ‘ |
(b) f(x)=e(1-x) 3<x<I :-2+3[0,01+o.05}+i212 0.05 +0.27
2

. 2
Hx=-1 f(-1)=e"(1--1)=0.27 } " :
0+1 '+ 17011 +0
=0 f(0)=eo(1—0)=1,()0 + ; !O.27+1J.+ ; [ +0] ﬂ

x=1 f(1)=€2(1 -1)=0 -L{O.Ol +2x005+2%x027+2x1+0
1.

n

X 30 2] -1 0 1 325 square units

flx)| 0.01 0.05 0.27) 1.00| 0

(i) £(x)=e(-1) + (1 ~x)2e>
by the product rule
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(Vi)

Draw 4 trapezia onto the diagram. It is clear
from the diagram in the interval 0 < x < 1,
the Trapezoidal Rule underestimates the area
thus the approximation in 5 is an underesti-
mate.

QUESTION NINE

()
‘A

4——.

Domain:0<x<2
Range:0<y<4

(i1) Odd functions have point symmetry
about the origin. Thus to complete the
sketch, rotate the curve about O.

L

4

y=1fx)

-

2
(i11) f flo)dy =0

2
This 1s because it is an odd function
integrated over an interval symmetric
about the origin.

Alternarively
For an odd function f(-x) = -f(x). Thus in the

o)

interval -2 < x <0 the functionis y = -x*

2 0 , 2
2 2
J ﬁ(x)dx:j -3 dx+J Xdx=0
-2 -2 0

dy 2 .
®) = =xTQx-I)x-1)
dx
Test for nature of stationary point atx =0
d \
atx=0-¢, Y0
dx
d .
atx=0+e, >0
dx
L.e. atx = O there is a horizontal point of
inflexion.
(c) (1)
F
A x T/ 7-x \B
3
W C
3
E
Let AT = xunits

TB = (7 =) units
AATD is congruent to AFTB
| LA = LE(nghtangles)
LATD = LFTB (vertically opp.)
AD=FB
. By AAS test AATD = AFTB]|
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TB = DT = (7 - x) units
By Pythagoras’ Theorem in AATD

2
3+ x’= 7 -x)

9+x2=49 —1l4x + x*
l4x=40
x =20
7
(ii) Ar,a DWBT =
Area ABCD - (Area AATD + Area AWBC)
—3x7-@2 x L+3x 20y
2 7
= 12:3]—square units

Alternatively
Area DWBT =2x Area ADTW

_-_2): Lx(—]_’—zg)x}
2 7

=12 % square units

Alternarively
Area DWBT = Agea of parallelogram
:3 x ZQ
~

=123 square units

¢

QUESTION TEN
(1) P(win in 3 consecutive draws)
= -1— X ._1__ x 1

50 50 50
-1
125000
=.000 008
(i) P(win the prize in 1 draw) = -
50
=0.02
P(not win the prize in 1 draw) = | - 0.02
=0.98

P(not win the prize in n draws) = (O.@S)n

Either:

Fora win to be 99% certain “not to win”
must be no more than 1% certain

n

(0.98) < 0.01
nlog 0.98 < log 0.01

> 227 948
1.e. at least 228 consecutive draws must be
made for it to be 99% certain that the jackpot

prize will be won.
Or:

P(win in n consecutive draws ) = 1 — (0.98)"

This win 1s to be 99% certain.
1-(0.98) 2099

098)" 2 -001

(0.98) ? < (.01 and proceed as above

(b)
(1) Perimeter of ABCX

=radius AB +arc BC + semi-circle CXA

P=(r+r +%m‘) units ... (D)

(i1) Area of cross-section
= area of sector ABC + area of
semi-circle CXA

g=2 —
2
.

Substitute (3) into (1)
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dr
:-2“‘1*"71:0
2
= 4
4+T(_2
4 2
2
4 T
4+ 2
P8
4+m
dzP
— :—4; >0 for all lengths of r (i.e. r> 0)
dar r

Thus the stationary point is a local minimum
1.e. The least perimeter occurs when

o8

T+4

Substitute r2 =38 inwo (3)

T+4
2n+4) 7
g 24
8 4
_7r+4 i
4 4
i T
:-~+l———
4 4
radian
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