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QUESTION ONE (12 marks) Start a new page.

Evaluate 4°.

Find the y-intercept of the line with equation 3z + 4y = 24.

Use your calculator to evaluate log;, 23 correct to two decimal places.

Simplify bx + 6 — 7Tz — 2.
Evaluate P(—1) if P(z) = 2* — 2z.

Solve 3x +8 = 2.

12

Write down the value of tan 6 for the triangle above.

What is the related angle for 285°7

What is the surface area of the cube with edge length 4 cm?
Write the equation y = logs = in index form.

Factorise 22 + 5z — 14.

Write down the solutions of (z + 2)(z — 3) = 0.

QUESTION TWO (12 marks) Start a new page.

(a)

=V

1
The diagram shows the graph of y = a”.
What is the value of the base a?

Examination continues next page ...
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(b) (i) Draw a neat sketch of y = cos 6 for 0° < 6 < 360°.
(ii) Hence or otherwise solve cosf = —1 for 0° < 6 < 360°.
(c) Four cards, numbered 1 to 4, are placed in a bag. A card is drawn at random, the result

noted and the card replaced. This is then repeated. The result of the experiment is
the total of the two draws.

(i) Copy and complete the following table of possible outcomes.

1121314
213
4

B~ w | N |~ H

(ii) What is the probability that the total is divisible by 37
(iii) What is the probability that the total is divisible by 3 and that it is even?

(d) Determine the exact value of sin 240°.

1
(e) (i) Copy and complete the following table of values for y = e

x| 4| —2| 1| -

N[
N

Yy *

1
(ii) Hence sketch the graph of y = —, clearly showing any significant features.
x

QUESTION THREE (12 marks) Start a new page.
(a) C
0
D

100°
a~_ P
The diagram above shows cyclic quadrilateral ABCD with /BAD = 100°. Find 6.
Give a reason for your answer.

(b) Show that P(z) = 42> — 21z + 10 is divisible by (z — 2).

Examination continues overleaf ...
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(c) A parabola has equation y — 1 = (z — 2)%.
(i) State the concavity of this parabola.
(ii) Write down the coordinates of its vertex.

(iii) How many times does this parabola intersect the z-axis?

(@) . £

16

A =
8 B 15

A right triangular prism ABC DEF is shown in the diagram above, with AB = 8 cm,
BC =15cm and AF = 16 cm.

(i) Find ZABF, the angle between the base and the sloping face, correct to the
nearest degree.

(ii) Find the angle between the face diagonal C'F' and the base ABCD. Give your
answer correct to the nearest degree.

(e) Use long division to find the quotient and remainder when P(x) = 22? + 3z — 4 is
divided by (z + 1).

QUESTION FOUR (12 marks) Start a new page.

(a) Triangle PQR has sides of length PQ) = 2-1m and PR = 3-2m, and ZQPR = 40°.
Find the area of this triangle correct to four significant figures.

3

(b) Express i 1

with a rational denominator in simplest form.

(c) Use the quadratic formula to solve 2 + 2z — 5 = 0. Give your answer in exact form.

(d) A parabola has equation y = (x — 3)(x + 1).
(i) Find the y-intercept.
(ii) Write down the z-intercepts.
(iii) Find the equation of the axis of symmetry.

(iv) Determine the coordinates of the vertex.

)
)
)
)

(v) Sketch the parabola, showing all this information.

Examination continues next page ...
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QUESTION FIVE (12 marks) Start a new page.

(a) In a particular game, a coin is tossed three times. Harry wins the game if there are

more heads, otherwise Tracy wins the game.
(i) Draw a tree diagram showing the possible outcomes.
(i) What is the probability that Harry wins?
(iii) What is the probability that Harry wins with exactly two heads?
)

(iv) What is the probability that Tracy wins given that the first toss is a tail?

(b) Solve tanf =1 for 0° < 6 < 360°.

(c) The horizontal line y = k intersects the circle (z — 2)% + (y + 1) = 16.
(i) Sketch the circle. Do NOT find the intercepts with the axes.
(ii) What values may k take?

(d) Solve:
(i) loggz =2
(ii) log, 16 = 2
(ili) = =logs v/5

QUESTION SIX (12 marks) Start a new page.

(a) Given that log; 2 = « and log; 3 = 3, express log; 12 in terms of « and .

(b) Suppose that sinf = —% and that tan# > 0, where 0° < 6 < 360°. Find 6.

(c) Solve 2¥ = 3. Give your answer correct to three decimal places.

(d) Triangle K LM has sides KL = 7cm, LM = 13cm and MK = 8cm. Use the cosine

rule to find the size of /MK L.

© . B
-

The circle with centre O has diameter AB, which is intersected by another chord CD.

The angle subtended by BC at D is 25°.
(i) Find the size of ZBAC. Give a reason for your answer.

(ii) Hence or otherwise find ZCBA. Give reasons for your answer.

Examination continues overleaf ...
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QUESTION SEVEN (12 marks) Start a new page. Marks
x? — 25
implify ———. 2
(8) Stmplify Zo=—5"—75
(b) (i) Sketch the graph of y = 2.

(ii) Use your knowledge of shifting to sketch y+2 = 2°!. Clearly mark any intercepts
with the axes, and clearly show any asymptotes.

(c) Two of the zeroes of the polynomial P(x) = 2® —42% —3x+ 18 are x = —2 and = = 3.
That is, P(z) = (x + 2)(z — 3)(x — «).

(i) By considering the value of P(0), find the remaining zero.
(ii) Hence sketch y = P(x).
(d) 4
309
45°
2cm
60° 45°
B D C

The diagram shows AABC with /ZABC = 60° and /ACB = 45°. The altitude
through A meets BC' at D, with /ZBAD = 30° and /CAD = 45°. The length of AB
is 2 cm.

(i) Write down the exact lengths of AD and BD.
(ii) Hence find the exact length of BC.

(=] [][=]

(iii) Use the sine rule in AABC to determine the exact value of sin 75°.
[There is no need to rationalise the denominator in your answer.|

Examination continues next page ...
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QUESTION EIGHT (12 marks) Start a new page. Marks

a) Consider the equation sin20 = £ for 0° < 0 < 360°.
2
(i) Solve this trigonometric equation.
(i) Which of your solutions also satisfy sinf < 0?7

The diagram above shows AABC' with its vertices on the circumference of the circle
with centre O. The bisector of ZOBC' intersects AC at D. It is found that /BC A =
30° and that Z/OBD = /CBD = 20°. You may assume that both AAOB and ABOC

are isosceles.
(i) Determine ZBDA.
(ii) Find ZBAC and hence show that AADB is isosceles.
(iii) Prove that AAOB is equilateral.
(iv) Find ZBOD.

(] [o] [ee] [=]

EXAMINATION CONTINUES OVERLEAF

Examination continues overleaf ...
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QUESTION NINE (12 marks) Start a new page. Marks

(a) The point P(x,y) lies in the first quadrant. The coordinates of P satisfy the equation:

logyy o logoy

y—x r—=Yy

(i) Find the simplest relationship between x and y that does not involve logarithms.

(ii) Hence graph the familiar curve that P lies on, carefully noting any restrictions.

(b) (i) Write down the formula for the expansion of (A — B)?.

== [=]]e]

(ii) Hence or otherwise expand and simplify (A — B)?.

(¢) The cubic polynomial C(x) = 2® — 32z + 24 has three zeroes.
Do NOT attempt to find these zeroes.

It is known that one of the zeroes can be written as v = p — /¢, where both p and ¢
are positive integers (whole numbers) and where /¢ is not rational. That is, \/q is
neither an integer nor a fraction.

(i) Show that 3p? 4+ ¢ — 32 = 0.
(ii) Hence show that x = p + /g is also a zero of C(x).

(=] [o] [e]

(iii) In forty words or less, explain why the third zero of C'(z) must be rational.

END OF EXAMINATION
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FORM IV —MATHEMATICS Solutions

QUESTION ONE (12 marks)

(a)
(b)

49 =1

atz=0,y=26
so the y-intercept is (0, 6).

[Penalise incorrect rounding. |

S5r+6—Tx —2=4—-2x.

tan 6 = %

Related angle = 75°.
[Accept just a diagram.|

area of one face = 4 x 4cm?
Total area =6 x4 x4

= 96 cm”
x =5
2?4+ 5z—14=(z+7)(z—2)

r=-—2o0r 3

360°
75°

285°

Total for Question 1: 12 Marks
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QUESTION TWO

(a) a=3

(b) (i) Amplitude:

shape and z-intercepts:

(i)
(i)

(12 marks)

(y-coordinate at x = 1)

0 = 180°
+1112]3]4
123|465
2134|516
314|567
4 1516|718

P(divisible by 3) = &

(two 3

e
N

>

360° 0

s and three 6s)

© @ &

P(even and divisible by 3) = 2 (just the 6s)
(d) sin 240° = — sin 60°
_ _ 3
2 VA
4] 2| -1| -1 111] 2] 4 2
1 1 1|1 -2 |

(ii) Clear asymptote:

Overall shape / points plotted:

Total for Question 2: 12 Marks
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QUESTION THREE (12 marks)

(a) 6 = 180° — 100° (opposite angles of cyclic quadrilateral ABC' D)
= 80°

[The first mark is for the reason.|

(b) P(2) =4x2%-21x2+10
=0
Hence P(z) is divisible by (z — 2).
[In fact P(x) = (z — 2)(4z® + 8z — 5), though this is not needed.]

AY
A
(¢c) (i) Concave up (a =1) 5
(ii) V.=(2,1)
(iii) No x-intercepts o
[Diagram is not required.] 2 X
(d) (1) tan LABF = 18 =2
Slo) LABF = 63° (to the nearest degree)

(ii) AC =17 (by Pythagoras)
[Do not penalise omitted reason.]
tan LACF = 32

SO LACF = 43°
(e) (i) 2z +1
(x + 1))23:2 +3z—4
222 + 2z
r—4
z+1

-5
[First mark for at least one correct iteration of division algorithm.]
[Second mark for division correctly completed.]
Hence Q(z) =2z + 1
and R(x) =-5
lor 222 + 3z —4 = (x+1)(2x + 1) — 5]

Total for Question 3: 12 Marks
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QUESTION FOUR (12 marks)

(a) Area = 5 x 21 x 32 x sin40°
= 2-160 m?

[Penalise incorrect significant figures, including 2-16 which is three sig. fig.|

(b) 3. _ 3 Vi+l
Vi—1 VT-1 V7+1
_VT+1
2

(¢) For the quadratic equation z2 4+ 2z — 5 =0

A=22—-4x1x(-5)
=24

—2+v24
2

- —14+V6

SO T =

(d) (i) y-intercept: y(0) = —3

(ii) a-intercepts: x = —1,3
3+ (-1
(iii) axis: x = % =1

(iv) Vertex: V =(1,—4) [Accept just y = —4.]

(v) Sketch showing all this.

\y!\

3(19_4)

Total for Question 4: 12 Marks
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QUESTION FIVE (12 marks)

(a) (i) [Tree at right Start 1st Toss 2nd Toss 3rd Toss Outcome
Accept omission of the H HHH
“Outcome” column, H <
but grumble.] T HHT

H
H HTH
T <
T HTT
H THH
H <
T THT
T
(il)  P(Harry wins) = % = % H TTH
. . T
(iii)  P(Harry wins with two heads) = % <
T TTT
(iv)  P(Tracy wins given 1st toss is tails) = 3
(b) tanf = 1
so 0 is in quadrants 1 or 3
related angle is 45°
hence 6 = 45°,225°
A

(¢) (i) Centre: 4

Radius: (2,3)
iil) -5<k<3 %\ >
) -5<k< (2(\—1) 4 x
(d) (i) In index form z = 3% =9
(23 _5)
(ii) In index form z* = 16
SO x =4 (base must be positive)
(ii) z=1

Total for Question 5: 12 Marks
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QUESTION SIX (12 marks)

(a) log; 12 = log; (2* x 3)
[or any other appropriate first step.]
so log,; 12 = 2log, 2 + log, 3
=20+

(b) sinf < 0 and tané > 0
thus 0 is in quadrant 3.
Related angle = 30°.
Hence 6 = 210°.

(c) 2¥ =3
so x =logy,3
[or other appropriate logarithmic form)|
_ logyp3
logy 2
= 1-585
[Grumble if not correctly rounded, but no penalty: 1-58496. . .]

thus =z«

72 482 — 132
2xT7Tx8
[or other appropriate use of cosine rule]

(d) cosf =

SO 0089:—%.

Thus 6 =120°

(e) (i) LBAC = /BDC (angles in the same segment)
= 25°

(ii) LACB =90° (angle in a semicircle)
so LCBA =065 (angle sum of AABC)

Total for Question 6: 12 Marks
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QUESTION SEVEN

(a)

(12 marks)

#?—25 (x4 5)(x—5)
224+ 2x—15  (z+5)(x —3)

[First mark for either numerator or denominator correctly factored.]

[Second mark only if completely correct.]

(b) (i) [must show asymptote, y-intercept and correct shape]

(i)

(iii)

_33—5
-3

Shift left 1, down 2
[or graphical evidence]
[must show asymptote, y-intercept

and correct shape for 2nd mark]

P(0)=2x (-3) x (—a)
SO 18 = 6
thus a=3
Note that P(z) = (z + 2)(x — 3)°.

Correct shape at one x-intercept:

Remainder of graph correct (incl. y-intercept):

=V

AD =+/3cm, BD = 1cm (60°, 30° special triangle)

DC = AD
= v3cm
[Reason not required.|
Hence BC' =1+ v3cm
sin75°  sin45°
BC BA
1+V3
2v2

so sin75° =

(isosceles AADS)

Total for Question 7: 12 Marks
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QUESTION EIGHT (12 marks)

(a) (i) sin20 = & for 0° < 6 < 360°
Let w = 26 in this equation, then
sinw = % for 0° < w < 720°
For w: the related angle is 30°, in quadrants 1 or 2
w = 30°,150°,390°,510°
SO 0 = 15°,75°,195°,255°

(ii) Now sinf < 0 so require solutions in 3rd or 4th quadrants.
6 = 195°,255°
(b) (i) £LBDA =50° (exterior angle of ABDC)

(i) £BCO =40° (base angles of isosceles ABOC)
LBOC =100° (angle sum of ABOC))

L/BAC = 50° (angles at centre and circumference on arc BC')

(iii) /BOA =60° (angles at centre and circumference on arc AB)
LA=/B=%(180° — 60°) (angle sum of isosceles ABOA)
= 60°

hence all angles are equal and ABOA is equilateral.

(iv) BO = BA (equilateral AABO)
= BD (isosceles AABD)
Thus ABOD is isosceles and hence
LBOD = 80° (angle sum of isosceles ABOD)

Total for Question 8: 12 Marks

I K]

<]

= RIRIRS &

<]

= K]



SGS Annual 2017 Solutions ............. Form IV Mathematics .............

QUESTION NINE (12 marks)

(a) (i) There are several ways to do this. Here is one:
1 1
Let %810% _ %810Y _ z. Then
y—x -y
logypz = 2(y — )

and logqy = z(x — y)

Add these equations to get
logp x + loggy =0

S0 log,o(zy) =0
or zy =1

1
(ii) That is, y = — with y # x. YA
x

The graph of the hyperbola,
1st quadrant only,
excluding (1,1).

[a—
=V

[The restriction MUST be clearly indicated in some way.|

(b) (i) (A— B)? = A2 — 2AB + B?

(ii) (A — B)? = A3 —3A°B + 3AB* — B3

(¢) Note that C(x) = (z + 6)(z — 3+ v5)(x — 3 — V/5) in this case.
However, the factorisation is irrelevant to the question.
(i) It is given that p — /q is a zero, thus
Clp—va) =0.

So LHS = (p — /9)* — 32(p — /q) + 24
= p® — 3p>\/q + 3pq — q\/q — 32p + 32/ + 24
= (p® + 3pg — 32p + 24) — (3p* + ¢ — 32)\/q .

That is (p® + 3pg — 32p + 24) — (3p® + ¢ — 32)/q = 0. (1)

Now, by way of contradiction, assume that (3p? 4+ ¢ — 32) # 0. Then

3
p° + 3pq — 32p + 24
Va = 5
3p* +q— 32
which is rational. This is a contradiction.

Hence 3p® +p —32 =0.

[Or any other valid argument.]

=] &
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(i)

(iii)

Since 3p? + p — 32 = 0, it follows from equation (1) that
(p® + 3pq — 32p + 24) = 0 also.
Next, C(p++/q) = (p+ vq)* — 32(p + /q) + 24
= (p® +3pg — 32p + 24) + (3p® + ¢ — 32)\/q
=0+0x./q

-0

That is, x = p + /¢ is also a zero of C(z).

There are several ways to argue this. Here is one:

Parts (i) and (ii) demonstrate that irrational zeroes must come in pairs.
[Technically, those zeroes that involve quadratic surds come in pairs.|

There are three zeroes and hence there can be at most one irrational pair.

The product of the irrational pair is rational.

The remaining zero is thus rational.

[This or any other valid argument. Accept up to 80 words.]

Total for Question 9: 12 Marks
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