Chapter 1 worked solutions — Complex numbers |

Solutions to Exercise 1A Development questions
10a  (x+yi)(2 —3i) = —13i
2x — 3xi + 2yi — 3yi? = —13i
2x — 3xi + 2yi —3y(—1) = —13i
2x — 3xi + 2yi + 3y = —13i
(2x +3y) + (—3x + 2y)i = —13i
Equating real and imaginary parts,
2x+3y =0 (D
—3x +2y =-13 (2)
3 % (1) + 2 x (2) gives:
13y = —26
y=-2
(1) becomes:
2x—6=0
x=3

Thus,x =3 andy = —2.

10b (14+4)(x+yi) =6+7i
x+yi+4xi+4yi2 =6+7i
x+yi+4xi—4y=6+7i
(x—4y)+Ux+y)i=6+7i
Equating real and imaginary parts,
x—4y =6 (D
dx+y =7 (2)
4 x (2) + (1) gives:
17x = 34
x=2

(2) becomes:
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10c

10d

8+y=7
y=-1
Thus,x =2andy = —1.

1+dx+2-3)y=10
(x+2y)+(x—3y)i=10

Equating real and imaginary parts,

x+2y =10 (D
x—3y=0 2)
(1) — (2) gives:

5y =10

y=2

(2) becomes:

x—6=0

x=6

Thus,x = 6andy = 2.

x(1+20)+y(2—i)=4+5i
(x+2y)+ Q2x—y)i=4+5i
Equating real and imaginary parts,
x+2y=4 (D

2x —y =5 (2)

(1) + 2 x (2) gives:

S5x =14

14
X<

(2) becomes:

— _y=5
5 y
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10e

3
Y=5

h 14 q 3
usx =—-andy =z

X y
+
2+i 2+3i
x(2+30) +y(2+1i)
Q+D@+30)

2x +3xi+2y +yi

=44

=4 [

4+6i+2i—3 ti
2x +3xi+2y +yi
1+ 8i B

2x +3xi + 2y +yi = (4 +)(1 + 8i)
2x +3xi+2y+yi=4+32i+i—8
2x + 2y + 3xi + yi = —4 + 33i
Equating real and imaginary parts,
2x+2y =—4 or

xX+y=-2 (1)

3x +y =33 (2)

(2) — (1) gives:

2x = 35

35
=5

(1) becomes:

35

—2 +y=-2
39

)’=——2

35 39
Thus, x = > andy = — —.

© Cambridge University Press 2019



Chapter 1 worked solutions — Complex numbers |

11a

1 2
1+ 1+2i
1(1— i) 2(1 = 2i)
T+ -0 A +20 =20

1—i  2—4i
T2 1o
1—i 2—4i
“1r1 7144

11b
1+N§+ 2
2 1+ V3
1+N§+ 2 1—iV3
= X
2 1+ivV3 1-iV3
1+w§+2—mﬂi
2 143
1+N§+2—%5i
2 4
_1+i3+1-iV3
B 2

I
_oN N
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11c
3+2i 3-—-2i
-+ -
2—5i 2+45i
B 3+ 2i)(2+ 5i) + (3 —2i)(2 —5i)
B (2 + 5i)(2 — 5i)
_ 6+ 15i+4i—10+6 — 15{ — 4i — 10
B 4425

12 —20 + 19i — 19i
29

29

11d

—8+4+5i 3+8i
—2—4i 1+2i

—8+5i 3+8i
—2(142i) 14 2i

—8+5i —2(3+8i)
—2(142i) —2(14+2i)
—8+ 5i + 2(3 + 8i)

—2(1 4+ 2i)
—8+45i + 6+ 16i
—2(1 + 2i)

—2 4 21i
—2(1 4 20)

—2421i 1-2i

X
—2(1+2i)) " 1-2i
—2 4 4i + 21i — 42i?
—2(1 — 4i?)
—2+ 25i + 42
—2(5)

40+ 25i
=10
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122 z+w

=x+wy+a+ib

=(a+x)+Mb+yn
=(a+x)—(b+y)i
= (x —iy) + (a — bi)

=zZ+w

12b zZz—w

=x+1wy—a—1wb

=(—a+x)+(-b+yh
=(—a+x)—(-b+y)i
= (x —yi) — (a— bi)

=Z—Ww

12¢c zZw

= (x+w)(a+1b)

= xa + bxt + ayt + byi?

= xa + bxt + ayt + byi?

= xa + bxt + ayt — by

= (xa — by) + (bx + ay)t
= (xa — by) — (bx + ay)i
= xa — bxi — ayi — by

= xa — bxi — ayi + byi?
= (x —iy)(a—bi)

= zZw

12d  Consider the case where a = x and b = y, we then have that z = w. The result in
part c then gives that zz = zZ and hence z2 = (2)2.
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12e

12f

/N

Z
w

(x Fyy

(a + lb)

(x +ty)(a—1h)
<(a +1b)(a - lb))
ax — bxt + ayt — byi?
< a® + b? )

B (ax + by) + (ay — bx)t
B < a? + b? >
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13a

13b

13c

3 (ax + by) (ay — bx)
\ a?+ b2 a2+bzl

(ax + by) (ay — bx)
- a2+ b2  a?+b? !
ax + by — ayi + bxi
a? + b?

ax — ayi + bxi — byi?
a® + b?
(x —iy)(a +ib)
~ (a+ib)(a—ib)

x—1iy
T a-—ib

Z
W
zZ+Zz

=a+ib+a+ib
=a+ib+a—ib

= 2a

Since a isreal, 2a and hence z + Z must also be real.

zZ—Z
=a+ib— (a+1b)
=a+ib— (a—ib)
=a+ib—a+ib
= 2bi

Since b is real, 2bi and hence z — Z must be imaginary.

z2 + (2)?
=(a+ib)? + (a+ lb)2

= (a+ib)? + (a — ib)?
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= a® + 2abi + b%i? + a? — 2abi + b?i?
= 2a® + 2b*i?
= 2a? — 2b?

Since a and b are real, 2a® — 2b? and hence z? + (2)? must be real.

13d  zz
= (a+ib)a+1b
= (a+ ib)(a — ib)
— g2 _ j2p2
= a? + b?

Since a and b are real, a? > 0 and b? > 0so a? + b% > 0. This in turn means that
zZ > 0. Hence zZ is real and positive.

14

Z

zZ—1
a+ bi

a+bi—i

a+ bi
a+ (b—1)i

(a + bi)(a— (b —1)i)
@+ B-Ddla- b-1Di
_(a+bd(a— (-1

a? — (b —1)2%i2
_az—a(b—l)i+abi—b(b—l)i2
B a?+ (b —1)2
_a’—abi+ai+abi+b(b-1)
B @+ (b— 1)
_az—ai+b2—b
T T+ (b-1)?

a’?+b*>—>b a

@2+ (b-12 a+(hb-12
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Ifzi_i is real, then the imaginary component must be equal to zero, this means
that

a

- =0
a’?+ (b—1)2
a=20

Hence, z = 0 + bi = bi. Thus z is either imaginary or zero.

15 7?2
= (a + bi)?
= a? + 2abi + b?i?

= a? + 2abi — b?

= (a — bi)?

= a? — 2abi + b?i?

= a? — 2abi — b?

If z2 = Z? then

a? + 2abi — b? = a? — 2abi — b*?
4abi = 0

Hence a = 0 or b = 0. This means that either z is purely real or purely imaginary.

16a z71
_1
oz
\ 1
_x+iy
. (x-y)
(x —iy)(x + iy)
x — iy
=x2—i2y2
_x—iy
x4 y2
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16b z72

= (z71)2

_ ( x — iy )2
- \x2 4 y2
x2 = 2ixy + i%y?
(xZ + yZ)Z

x? —y? = 2ixy
(x2 + y2)2

16¢
z—1
z+1
x—1+1iy
x+1+1iy
_(x—1+iy)(x+1—iy)
B (x+1)2+y?
X —x+ixy+x—1+iy —ixy +iy +y°

(x +1)2 4 y?
X2+ y?—1+2iy
 (x+1)2+y2
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Solutions to Exercise 1B Development questions

5a Let z = a + bi be a square root of —3 — 4i
z% = (a + bi)?
= a? + 2abi + b?i?
= a’ — b% + 2abi

Thus a? — b? + 2abi = —3 — 4i.
Equating real parts,

a’? —p?=-3 (1)
Equating imaginary parts,

2ab = —4

2
b=—= )
a

Substituting (2) into (1):

T

4
a? - —=-3
a* — 4 = —3a?

a*+3a>-4=0
(@>+4)(a*-1)=0

Hence a = +1 (as aisreal)
Whena=1,b=—-2andz =1 — 2i.
Whena=-1,b=2and z = —1 + 2i.

5b z2-3z+(B+i) =0

z——) ——+3+l—0

(
(Z ) 12 +4i:
(

4

)2 3+4l
zZ—
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( 3)2 3+ 4i
Z—7| =—
2 4
( 3>2 —3 —4i
7 — — =
2 4
3 V=3 =4i
Z——=4—
2 2
3 J=3—4i
z=—4
2 2

3 (1-2i
,_3, -2
2 2
3 /1
Z=—i<——l>
27 \2
z=2—-01+i

6a Let z = a + bi be a square root of —8 + 6i.

z% = (a + bi)?
= a? 4 2abi + b?i?
= a? — b? + 2abi

Thus a? — b? + 2abi = —8 + 6.
Equating real parts,
a’> —b?>=-8 (1D
Equating imaginary parts,
2ab =6
b=- (2)

a

Substituting (2) into (1):

3.2
@t~ (5) =-8
a

9
2 —
a —E——S
a* — 9 = —8a?

a*+8a?2-9=0
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(a®>+9)(a*—-1)=0

Hence a = +1 (as a is real)
Whena=1,b=3andz =1+ 3i.
Whena=-1,b=-3and z = -1 — 3i.

6b A= (=(7-0)"—4(1)(14 —50)
= 49 — 14i + i2 — 56 + 20i
=49 — 14i — 1 — 56 + 20i

= -8+ 6i

A2 = -8+ 6i

A% = (a + bi)?
= a® + 2abi + b?i?
= a® — b? + 2abi

Equating real parts,
a’? —b?=-8 (1D

Equating imaginary parts,

6 = 2ab
b—3 2
= @)

Substituting (2) into (1):

3.2
az—(—) = -8
a

9
2 _
a’ = 7= 8
a* —9 = —-8a?

a*+8a>-9=0
(@a?+9)(@*-1)=0

Since aisreal,a? >0and a? =1
a==1

Whena =1,b = 3 and whena = —-1,b = —3.
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A=+(1+30)
—-b—2 —b+2
7Z = or
2a 2a
_—(-(7-D)+ @ +30D)
a 2(1)

z=44+ior3—2i

7a Using the method in Box 12 to solve z%2 —z + (1 + i) = 0:

1. A =bh?—4ac
=(-D*-41A+9)
=1-4(1+1)
=1—-—4—-4i
= —3—4i

2. 22 =-3—4iso,from5,1=4(1-2i)
—(-1)-(1-2i) —(-1)+(1-2i0)
20 ' T 2w
2i 2—2i
T2 0 2

3. Thusz =

Z

z=1iorl—i

7b Using the method in Box 12 to solve z? + 3z + (4 + 6i) = 0:

1. A= b?—4ac
= (3)2 —4(1)(4 + 60)
=9—-16 — 24i
= —7— 24i

2. A2 =—-7-24i
Let A = a + bi be a square root of —7 — 24i

A2 = (a + bi)?
= a? + 2abi + b?i?
= a? — b? + 2abi

Thus a? — b? + 2abi = —7 — 24i.
Equating real parts,

a? — b2 = -7 )
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Equating imaginary parts,
2ab = —24
A (2)
a
Substituting (2) into (1):
2

12
@ (-=) =-7
a

, 144

a®——=—

a2
a* — 144 = —7qa?

a*+7a* - 144 =0

(a? -9)(a?+16) =0

a = 13 (asaisreal)

From (2) whena = 3,b = —4and whena = —3,b = 4.
This gives 4 = +(3 — 4i)

—(3)+(3-40) or —(3)—-(3-40)
2(1) 2(1)
—4i —6+4i

= or
2(D 2(1)

3. Thusz =

Z

z = —2ior—3+ 2i

7cC Using the method in Box 12 to solve z? — 6z + (9 — 2i) = 0:

1. A=b?—4ac
= (=6)? - 4(D(9 - 2)
=36 — 36 + 8i
= 8i

2. A2 =8i
Let A = a + bi be a square root of 8i.

A% = (a + bi)?
= a® + 2abi + b?i?
= a® — b? + 2abi
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Thus a? — b? + 2abi = 8i.
Equating real parts,
a’?—b%2=0 (1D
Equating imaginary parts,
2ab =8

b=~ @

Substituting (2) into (1):

4 2
az—(—) =0
a

16
2 —
at -z =0
at*—16=0

(a®>—4)(a*+4)=0

a = 12 (as aisreal)

From (2) whena = 2,b = 2andwhena = -2,b = —2.
This gives 4 = £2(1 +i).

3. Thus z = —©*20+) J —(6)-20+)
2(1) 2(1)

—442i —-8-21

20 ' T 20

zZ=-

z=2—ior4+1i

7d Using the method in Box 12 to solve (1 +i)z? + z—5 = 0:

1. A=b?—4ac
=1-4(1+1i)(-5)
=1-—(=20-200)
=21+ 20i

2. A2 =21+ 20i
Let A = a + bi be a square root of 21 + 20i.
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2?2 = (a + bi)?

= a® + 2abi + b?i?

= a’ — b% + 2abi
Thus a? — b? + 2abi = 21 + 20i.
Equating real parts,
a’? —b% =21 (D
Equating imaginary parts,
2ab = 20
p=— (2)

a

Substituting (2) into (1):

104\2
a? —(—) =21
a

100
az - =21
a

a* — 100 = 21a?
a* —21a?-100=0

(a®? —25)(a®’+4) =0

a’? = 25or —4
Hence a = +5
Whena=5,b=%=2.

Whena = -5,b -y i —2.
(-5)

3. Thus z = —(1)+5'+2i —(1)—(5.+2i)
2(140) 2(1+10)
_ 2 -3
T4 1+

@+ (=3-D)(1-D)
T (A-)(1+i) (1-0)(1+i)

z=—2+ior%(3—i)
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7e Using the method in Box 12 to solve z2 + (2 + i) — 13(1 — i) = 0:

1. A =b?—4ac
=Q+1)?-41)(-13(1-1)
=4+ 4i+i%2+52(1—1i)
=4+4i—1+52—52i
= 55 — 48]

2. 22 =55-148i

Let A = a + bi be a square root of 55 — 48i.
A% = (a + bi)?

= a? + 2abi + b?i?

= a? — b? + 2abi
Thus a? — b? + 2abi = 55 — 48i.
Equating real parts,
a’? — b%? =55 (D
Equating imaginary parts,
2ab = —48
b= _—24 (2)

a

Substituting (2) into (1):

2

24
a? — (——) — 55
a
576
a2 - =55
a

a* — 576 = 55a?
a® —=55a%> —-576 =0

_ —(=55) +/(—55)% — 4(1)(-576)

a2
2
P _ 55++5329
2
L _55%73
2
a? = 64 or —9
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Hence a = +8

Whena=8,b=_T24=—3.

Whena = —8,b=—=3.
3. Thus z = —2+D+®@-3)  —(2+D)-(8-30)
2(1) 2(D)
6-4i _ —10+2i
7 =

20 % 20

z=3—2ior=-5+1i

7f Using the method in Box 12 to solve iz2 — 2(1 + i) + 10 = 0:

1. A= b?—4ac

= (=201 +1)° - 4()(10)
= 4(1 + 2i + i%) — 40i
=4(1+2i—1)—40i

= 8i — 40i

= —32i

2. A% =-32i

Let A = a + bi be a square root of —32i
A% = (a + bi)?

= a® + 2abi + b?%i?

= a? — b? + 2abi
Thus a? — b? + 2abi = —32i.
Equating real parts,
a’?—b?=0 (D
Equating imaginary parts,
2ab = —-32
b = _—16 (2)

a
Substituting (2) into (1):
2

16
a® —(——) =0
a
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2
2 16 _
a’
a*—162 =0

a’? —16)(a> +16) =0

Hence a = +4
16
Whena =4,b = - = —4.
-16
Whena =—-4,b =—4=4.
—2(1+0)+(4—4i —2(1+0)—(4—4i
3. Thusz = — ,( )or— ,( )
2(0) 2(9)
2-6i  —6+42i
Z = ———0r p
21 21
;= 2i-6i2 —6i+2i2
- 2i2 2i2
2i+6 —6i-2
= — r —
-2 -2

z=34+ior—1-—3i

8a zZ2+wz+(1+i)=0
Since i is a root of the equation,
i+wi+(1+0)=0
—1+wi+(1+i)=0

wi+i=0

8b Since a and b are real, the conjugate 3 + 2i must also be a root of the equation.
The sum of the roots is — %, hence
34+2i+3—-2i=-a
6 =—-a

a=-—6
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The products of the roots is ? = b, hence
B+2)(3-2i))=b

9 —4i? =

b=9+4

b =13

8c Since 1 — 2i is aroot of the equation, we can find k by substituting it into the
equation.

(1-22-B+D)(A-2))+k=0
1—4i+4i?—-@B-6i+i—2i®)+k=0
1—4i—4—-3-5+2)+k=0
—3-4i—-(5-5)+k=0
—8+i+k=0

k=8—1i

. 3+i , . .
Now, the sum of the roots is — (— ?) = 3 + i, hence, if our second rootis «

1-2i+a=3+1i

a=2+3i
9 zz=15

5
zZ = —

Z

5z
ZZ=—_

Z
ZZ_Z
5 7
Z—1 3+ 4i
2_5( D
1 3+ 4i
72 =34 4i
Letz = a + bi.
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z? = a® — b? + 2abi

Hence a? — b? + 2abi = 3 + 4i
Equating real parts,

a’? —b*=3 (D

Equating imaginary parts,

2ab =4

b=~ (2)

Substituting (2) in (1):

2\ 2
a2—<—> =3
a
4

2 _
ac——=3
a2

a* — 4 = 3a?

a*—3a>-4=0
(a®>-4)(@*+1)=0

As aisreal, a’? > 0 and hence a = +2.

Whena = 2,b =1and whena = —=2,b = —1. Thus £(2 +i).

10a z%2—2zcosf+1=0
z%2 —2zcosO +cos?0 —cos?0+1=0
(z—cos0)>—cos?’8+1=0
(z—cos0)>+1—cos?6 =0
(z —cos6)? +sin?6 =0
(z — cos0)? = —sin? 6
(z—cos@) = +isinb
z=cosf tisinf

z = cis(+0)
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10b

11a

cos@ =l(z+l)
2 Z

Substituting z = cis 6 into the right-hand side of the equation gives

1(+1>
ZZ A

! ( 50 +— )
2\ T Gise
= %(Cis 6 + cis(=0)) (using De Moivres theorem)

1
=E(c036+isin6+cos€—isin9)

~2coso)
—2 COS

= cos0O

Substituting z = cis(—#) into the right-hand side of the equation gives
1 ( 4 1>
2 g VA

1
=3 (cis(—@) +

cis(l—H))

= %(cis(—@) + cis 0) (using De Moivres theorem)
1

=3 (cis(—8) + cis 9)
1

= E(cosH —isin® + cos@ + isinH)

— 1 2cos0)
—2 COoS

= cos @

Hence the equation holds true for both results found in part a.

z3=-1

z34+1=0

z34+13=0
z+1D(E?-z>(1)+1%) =0
z+1D(EZ?-z+1)=0
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Hence one rootis z = —1, and using the quadratic formula, we find the roots of
z2—z+1=0

, - TEDEVED? - 4@

2
1+v1—-4
B 2
1++3i
2
1 3
So, the roots are z = —1,Ei7l

11b z34+i=0
z3—i3=0
(z—-D(z*+iz+i?) =0
z=iorz?+iz—1=0
Using the quadratic formula,

-t iz —4()(-1)

A
2
—i+v-1+4
B 2
—i++/3
2
Hence therootsarez =iorz = i\/;—%i.

12a  Since w is a root of the equation, it must satisfy the equation when

substituted into the above equation. Thus aw? + bw + ¢ = 0.

12b aw?+bw+c=0
aw2+bw+c=0

aw? +bo+w =0 (since a and b are real)
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a(@?*+bwo+w=0

12c  When a quadratic has real coefficients, for any complex root, the conjugate must
also be aroot.

13a The conjugate a must also be a root since the polynomial has complex coefficients.

13b The equation z? — 2Re(a)z + a@ = 0 has real coefficients.
This is because 1is real —2Re(z) isreal and a@ = |a|? is real.
Substituting a into the left hand side of the equation gives
a? — 2Re()a + aa
= a(a — 2Re(a) + @)
= a(a + @ — 2Re(a))
= a(ZRe(a) — 2Re(a))
= a(0)
=0

14ai  x2 — y? = ais shown by the curve that intersects the x-axis, and 2xy = b

is given by the curve in the 1st and 3rd quadrants.
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14aii Since the two graphs have two distinct points of intersection, we can infer that
the set of equations x? — y2 = a and 2xy = b will have two distinct sets of
solutions. Each set of solutions corresponds to a unique value of z = a + ib and
hence a distinct square root.

14b  Below we sketch each of the possible cases. In each case not that there are
always exactly two solutions.

a<0,b>0
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a>0,b<0

a<0,b<0
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15a

15b

Let the square root of —i be z = a + ib.

Using the result in Box 13,

a2 _b2 —
a? = b?

a==b (D
ab=-2 (2

Substituting (1) into (2):

1
ta® = -

2
. . 2 2 1 1
Since a isreal, a > 0 and hence a =_soa= i—z

Now, using (2):

1 1 1 .
When a = —z,b = —\/—Eandhencez _«/_5(1 —10).

b=~

1 1 \
When a = 7 ﬁand hence z = —\/—5(1 — D).

Let the square root of —6 + 8i be z = a + ib.
Using the result in Box 13,

a’? —b?2=-6(1)

ab=3®) (@

Substituting (2) into (1):

4 2
a — (—) =—6
a

16
2 —
\ O i

a* — 16 = —6a?
a*+6a®2—-16=0
(a?-2)(a*+8)=0

Since a isreal, a®> > 0 and hence a? = 2so a = +/2.

Now, using (2):
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15c¢

15d

When a = V2, b = 24/2 and hence z = v/2(1 + 2i).

When a = —V/2, b = —2+/2 and hence z = —/2(1 + 2i).

Let the square root of 2 + 2iv/3 be z = a + ib
Using the result in Box 13,

a’?—b%2=2 (1)

ab =3 (2)

Substituting (2) into (1):

a* — 3 = 2a?

a*—2a>+3=0

(a?-3)@*+1) =0

Since a isreal, a®> > 0 and hence a? = 3so a = +/3.
Now, using (2):

When a = /3,b = 1 and hence z = (/3 +i).

When a = —/3,b = —1 and hence z = —(+/3 + ).

Let the square rootof 10 — 24ibez =a + ib
Using the result in Box 13,

a’ —b?=10 (1)

ab = —12 (2)

Substituting (2) into (1):

—12)2
a? — (—) =10
a

144
a® - — =10
a
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15e

a* — 144 = 10a?
a*—10a* - 144 =0
(a? —18)(a®?+8) =0
a’? =18 or—8

Since a isreal, a®> > 0 and hence a? = 18 so a = +3v/2.

Now, using (2):
When a = 3v/2, b = —2+v/2 and hence z = v2(3 — 2i).

When a = —3+v2, b = 2v/2 and hence z = —/2(3 — 2i).

Let the square rootof 2 — 4i be z = a + ib.
Using the result in Box 13,

a’?—-b%2=2 (1)

ab = -2 (2)

Substituting (2) into (1):

—2\?2
a2—<—) =2
a
4

2
ac——=2
a2

a* — 4 = 2a?

a*—2a2-4=0

e EN IR O

2
, _2%V20
a=—

2
, 2+ 25
a* =——

2
a?=1++5

Since aisreal, a? > 0 and hence a2 =1+ +V5s0a = +V+V5 + 1.

Now, using (2):

When a = V5 + 1,
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2

V541
—2Jv5-1

:ﬁﬁ_mﬁ+g

—2yV5 -1
V5—1
—2JV5 -1
2

=-vV5-1
and hence z = (\/\/§+1—i\/\/§—1)

b=—

When a = —/+V/5 + 1,
2

V541
2VV5 -1

:ﬁﬁ_mﬁ+g
2vV/5 -1

b=——

= [V5-1

and hence z = —(\/\/§+1—i\/\/§—1)

16a z2+(4+20)z+(1+2)=0
A = b? — 4ac
=4 +20)% -4+ 20)
=16 + 16i + 4i> — 4 — 8i
= 16i + 4i% — 8i
=8+ 8i

Let A = a + bi be a square root of A.
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Using Box 13,
a’?—-b*=8 (D
ab =4 2)
Substituting (2) into (1):

42
a2—<—) =8
a

16
a? ——=
a2
a* — 16 = 8a?

a*—-8a*-16=0

2~ V(82— 4(1)(-16)

2
, 8+128
a* =———
2
, 8%8V2
a©- = —-
2
a? =4+ 4V2

Since a? > 0 as a is real, it follows that a® = 4 + 4v/2. Thus

a=+ /4+m:i2m

When a = 2v1 + /2,

V2 +1
2 V2-1
VVZ+1WVZ -1
2VV2 -1
V2-1

=2/\/E—1
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Whena = —2v1 ++/2,

V2+1
_ 2VV2 -1

2z
2vV2 -1
2-1

= -2 /\/5—1
Hence/lzi(zx/\/?+ —i24V2 - 1)

Hence the roots of the equation are

—-b+A
7z =
2a
—(4 + 2i) i(zJﬁ+ 1-i2JVZ - 1)
7z =

2(1)

z=—2—ii<\/x/§+1—i\/x/§—1>

16b z2-2(1+)z+@Q2+6i) =0

A = b? - 4ac
= (-2 +0)" - 42 + 60)
=4(14+2i—-1)—-8—24i
=8i —8—24i
=—-8-16i

Let A = a + bi be a square root of A.

Using Box 13,
a®? —b*>=-8 (D
ab = —8 (2)

Substituting (2) into (1):
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82
a*—(-=) =-8
a

64
a? ——=—

)
a* — 64 = —8a?

a*+8a2-64=0

o 8+/CB? 4 (69

2

, —8x%+v320
aqa " =

2
,  —818V5
a‘ =

2
a? = -4+ 45

Since a is real a? > 0 it follows that a? = —4 + 4+/5 thus

a=+2 ’—1+\/§

When a = 2+ —1 + /5,

V5 -1
_ 445 +1
JVE —1/V5 + 1
445+ 1
V5 —1
. 4VV5+1

« 2
=2 /x/§+1

When a = =24/ —1 + /5,
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_ 4
V5 -1
45+ 1

VsVt 1
45 + 1

~——
=2/\/§+1

Thus the roots of the equation are

(20 +0)+ (2JV5—1-2/V5+1)

z
2

z=1+ii<\/\/§—1—i\/\/§+1>

16c z2+2(1-iV3)z+2+2iV3=0
A = b? — 4dac
= (2(1- i\/§))2 — 4(1)(2 + 2iV3)
= 4(1 - 2iv3-3) —8-8iV3
= 4(-2iV3-2) - 8-8iV3
= —8iV3-8-8-8iV3
= —16 — 16iV3
Let A = a + bi be a square root of A.
Using Box 13,
a? —b%=-16 (1)
ab = —8+/3 (2)
Substituting (2) into (1):
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, 192

ac ——=—

P
a* —192 = —16a?
a*+16a2—-192 =0

,  —(16) +,/(-16)2 — 4(1)(-192)
2 =

2
,  —(16) £ V1024
@ = 2
, —16+32
at=——-
2
a’? =8 (since a? > 0)
a=+2V2
When a = 2v/2,
_ 8V3
22
43
Y
46
2
=26
When a = —2v/2,
. ( 8\/§>
B 2V2
4/3
2
46
2
=276

So A = +(2v2 — 2V6i)
Hence the roots of the equation are
- -2(1-iv3) + (2v2 - 2V6i)
2(1)
=-1+iV3+ (V2-iV6)
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16d z°+(1-Dz+({—-1)=0

A = b? — 4ac
=(1-D?-4GE—-1)
=(1-2i—-1)—4i+4
=4 —6i

Let A = a + bi be a square root of A.

Using Box 13,

a’?—b? =4 (1)

ab = -3 (2)

Substituting (2) into (1):

—3\2
a2—<—) =4
a

9

2
ac——=4
a2

a* —9 = 4qa?

a*—4a?>-9=0

o 4 +./4%2 — 4(1)(-9)

2(1)

4 ++/52

a? =——
2

) 4 + 2+/13

a? = ———
2

a’? =2++V13

Since a® > 0,a% = 2+ /13
a==+[Vv13+2

When a = V13 + 2,
-3

Vi3 +2

. -3yVI3-2

VB -2/V3+2
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—3J4V/13 -2
Vi3 — 4

=—[V13 -2

When a = —/V13 + 2,
-3

V13 -2
—3JV13 -2
V- 2/VB +2
3vV/13 =2

T V13-4

b=-—

= [V13 -2

soa=+(VVI3+2-i/VI3-2)

Hence the roots of the equation are

~-+ (VVI3 +2 - iy/Vi3 - 2)
- 2(1)

= —(1—i)i</\/ﬁ+2—ifx/ﬁ—z)

= —1+ii<\/\/ﬁ+2—i\/\/1_—2>

Z

| =

N =
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Solutions to Exercise 1C Development questions

6 P will be 2 units from the origin making an angle of g with the x-axis. Taking the

conjugate of a complex number makes the imaginary part negative and leaves
the real part unaffected. Hence, we make the y-component of z negative. This is
equivalent to reflecting P about the x-axis to obtain Q. Taking the negative of a
complex number is equivalent to a 180° rotation or a reflection about the x and
then y-axes, hence this gives the position of R. Multiplying by i is equivalent to a

. . : 1 1
rotation by g about the origin. Noting that -= % = e T must have the same
1

angle as Q. Since |z]| > 1, P < 1and hence T will be closer to the origin than Q.

_!.-'ll
§ 12
Sl P
-2 -1 ‘- N
=" ?“T\I-‘l‘h 2 .r
R O
-2

7 Letz=x+1iy

—z=—(x—1iy)
=—x+iy

Hence —Z is equivalent to the transformation (x,y) —» (—x,y) which is a
reflection of the point representing z in the y-axis.

=l
b4

X

Letz=x+iysoz=x—iy,—z=—-x—iyand —Z = —x + iy

Consider the diagonal between —z and z. It has length

Jex—02+ (- ()’
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8b

9a

= J(2x)% + (2y)?
= 2¢/x2% + y?

The midpointis

Now, the diagonal between —Z and z. It has length

Jex =02+ (- )

= J(2x)% + (2y)?
= 2{x%+y?

The midpoint is

Thus, both diagonals have the same length, and as they have the same midpoint
they must bisect each other. Hence the points form a rectangle.

Geometry of opposites: Since z and —z are rotations of each other by m about the
origin the midpoint of the two points must be the origin. Similarly, the midpoint
of Zand —Z must be the origin. Thus, the two diagonals bisect one another.

Geometry of conjugates: Since z and Z are reflections of one another about the
real axis they must have the same length. Similarly, —z and —Z must have a
common length. Hence it follows that both diagonals are of the same length.

Thus, the diagonals are equal and bisect one another so the points form a
rectangle.

Note that these results follow immediately from the result in the book as z being
real and z being imaginary are just special cases of z being complex.

Consider x where x is real, this lies on the x-axis. Multiplying by i gives ix. This
lies on the y-axis. If x > 0 then x and ix are on the positive x- and y-axes

© Cambridge University Press 2019 41



Chapter 1 worked solutions — Complex numbers |

respectively. Hence this is a rotation by % If x < 0 then x and ix are on the

. . P . s
negative x- and y-axes respectively. Hence this is a rotation by >

9b Consider ix where x is real, this lies on the x-axis.
Multiplying by i gives i?x = —x this lies on the y-axis.

If x > 0 then ix and —x are on the positive y and negative x-axes respectively.
Hence this is a rotation by g

If x < 0 then ix and —x are on the negative y and positive x-axes respectively.
Hence this is a rotation by g

10a

b—O_b
-0 a

w = i(a+ ib)
=ai—b>b
=—-b+ai
a—20

—b—-0
a

b
1

Moy

Hence it follows that OA 1 OB.

Moy =

Mop =

10b 0A =+Va? + b?

OB =./a? + (—b)?
= . a? + b?

= 0A

10c Ithas arightangle and two sides are of the same length. Hence it is right-
isosceles triangle.
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11

- — =1

zZ Z

Multiplying through by zZ (note that z # 0),
Z—2zZ=1izZ

Letz = x + iy.

(x —iy) — (x +iy) = i|z|?
—2iy = i|z|?

—2y = |z|?

-2y =(x*+y?)
x2+y2+2y=0
x2+y2+2y+1=1
2+ (y+1)2=1

This is the circle with centre (0, —1) and radius 1 unit, omitting the origin.

12 Re

Letz=x +iy
6
Re[l-—x—-iy)]=0
|z]2
6 6y
R (1—— +-—)=o
PR
1 6 =
22"

6x = |z|? (note z # 0)

6x = x? + y?
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x2—6x+y2=0
x2—6x+9+y2=9
(x—3)2+y?=9

This is the circle with centre (3, 0) and radius 3 units, omitting the origin.

13 (@-2#z-2)=9
(z-2)(z—-2)=9
(z-2)(z-2)=9
z2Z—2z—-2Z+4=9
|z|?—2(z+2)=5
Letz =x +iy
x2+y?—-2(x+iy+x—iy)=5
x?+y2—4x=5
x2—4x+4+y2=9
(x—2)2+y?=3

This is the equation of a circle with centre (2, 0) and radius v/3 units.

14  zz=(Re(z—1+30)"
1212 = (Re(z = 1+ 30))°
Letz=x+1iy
x2+y?=(Re(x+iy—1+ 31’))2
x2+y2=(x—1)>2
x2+y?=x2-2x+1
2x =1—y?
x=1(1—y2)

2

This is the parabola with focus the origin and directrix x = 1.
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Solutions to Exercise 1D Development questions

11

12a

Since 0 < argz < g, we know that A must be in the first quadrant. Now,
multiplication by i represents a ganticlockwise rotation around the origin and so

multiplication by —i represents a g clockwise rotation. Thus, Bis found by

rotating A g radians around the origin. Multiplying by 2 cis (g) z doubles the

distance of the point from the origin and rotates it by g radians. Multiplying by

1. . . . .
5 Cis (— E) halves the distance from the origin and rotates the point %radlans

clockwise.

VA
C
.‘\.
y
2}“\‘\\ I'rJJr
~31/3.0(OD=4n)
2 >

From Box 22,
lwz| = |w||z]
Replacing z with z + w,

lw(z+w)| = |wllz +wl|

Z Z
il =il
w w
Z
lz| = lwl |~
w
|| |Z|
wl — lw
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12b  From Box 22,
arg(zw) = arg(w) + arg(z)
Replacing z with z + w,

arg((z + w)w) = arg(z + w) + arg(w)

arg (% W) = arg (Z) + arg(w)

w
z
arg(z) = arg( ) + arg(w)

w

V4
w

13a  z = /(\/§)2 + (1)2cis (tan_l%g) (first quadrant)

=4 cis (tan‘1 %)

Hence arg( ) = arg(z) — arg(w).

2 ci z
= 2cis—
6

Z; = \/(2\/7)2 + (Zﬁ)zcis (tan_1 z—g) (first quadrant)
= V16 cis (tan™* 1)
T

= 4 cis—
4

13b 2,2, = 2 cis= X 4 cis~
6 4

T s

=(2x4) c1s(g+—)

4
=8cis(%+%)

5n
= 8 cis—
12

. T
Z_2_4C1SZ

- T
Z ZCISE

foes-3

T
= 2 cis—
12
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14  z = \/(—\/§) + (1?2 cis (tan‘1 (— %)) (second quadrant)
= V4 cis (n — %)

5m
= 2 cis—
6

z; = /(=1)2 + (=1)2 cis (tan‘1 (:—1)) (third quadrant)
=2cis (— 3277?)

5 3
Z1Z, = 2 cis? X V2cis <— T)

- 5t 3m

cis 5 2
T
= 2V2 cis—
cis 12

2
N/ (24n—19n>
1S 12

15a
(1 + iv3)
1+
_(+w3)a-9
CE D)
_1-i+iV3+i%V3
BCEIED)

_1-i+iV3-+3

12—i2

© Cambridge University Press 2019



Chapter 1 worked solutions — Complex numbers |

(D) +i(VE-1)
2

= ((3+1) +i(v3-1))

15b

1+ i3
1+

2 cis%

B \/fcis%

2
= ﬁcis(g—%)

T
— 2 is —
V 4 CIS 12

. T
15¢ 2 cis

_1+0V3
o1+

=%((\/§+1) +i(v3-1))

Hence ﬁ(cos% + isin%) = %((\/? +1)+i(vV3 - 1))

Equating the real parts in the above equation,

1
\/Ecosln—z=z(\/§+1)

Hence

T 1
cos o = ﬁ(ﬁ-l_ 1)

Z1

16a |z| =

_ |Z1|

|Zz|

VIT e
V1 22

Z2
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"l

16b tan (tan‘1 5—tan~! g)

tan(tan™'5) — tan (tan‘1 Z)

3
- 2
-1 -1%
1 + tan(tan~15) tan (tan 3)
2
__°73
- 2
13
-3
13
3
=1

argz = argz; — argz,

2
=tan"15 — tan_lg

tan(arg z)

= tan (tan‘1 5—tan~! %)
=1

arg z

n11

N

16¢

T

z =2 cis—
4

= \/E(cos%+ isin%)
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17a  zz = (r cis 8)(r cis(—8))
=r2cis(6 — 6)
=r2cis 0
= |z|?

17b  arg(z?)

= arg((r cis 8)?)

= arg(r? cis(8 + 9))
= arg(r? cis 20)

= 260

= 2 arg(r cis 6)

= 2arg(z)

17¢  |z| =

Z=— (as zisnon zero)
z

18a Note that |z|? is a real number and as such its argument must be zero, that is
arg(|z[>) =0
argzz =0
argz +argz =0

argz = —argz

19a, b z%? = (cos O + i sin 8)?

cos? 0 + 2isin 6 cosO + i?sin? 6
cos? 6 + 2isin 6 cos @ — sin? 6

= cos? 6 — sin? O + 2isin O cos O

z%2 = (cos O + isin 8)?
= (cis 0)?
= cis 260

© Cambridge University Press 2019



Chapter 1 worked solutions — Complex numbers |

= c0s 26 +isin 20
Thus cos?8 — sin? @ + 2isin6 cos @ = cos 26 + i sin 20
Equating the real and imaginary coefficients in the above equation,
cos 260 = cos? 6 — sin? 6

sin 260 = 2sin @ cos @

20 |z—-1|=1

Letz = x + iy.
lx+iy—1] =1
lx—1+iy|=1

x—1+iyl?=1
(x—1D%+y?=1
x2-2x+1+y%2=1

x?+y?=2x
|z|? = 2x
|z|? = 2Re(z)

20b |z—-1]=1
lz—1]?=1
(z-1z-1=1
z-1D(EZ-1)=1
Z-D@E-1)=1
zz—z—z+1=1
zz—z—2z=0
ZZ=Z+Z
zI2=z+2Z
zI? =x+iy+x—iy
|z|? = 2x

|z|? = 2Re(z)
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21a

21b

22a

2z — 1| = |z — 2|
Letz = x + iy.

12(x + iy) = 1] = [(x + iy) — 2|
|2x — D + iyl = |(x = 2) + iyl
|(2x — 1) + iyl* = [(x — 2) + iy|?
QRx—1)2+y2=(x—-2)2+y?
(2x —1)?=(x—2)?

4x2 —4x+1=x%2—4x+4

3x2 =3
x?=1
x = =1

2z — 1|? = |z — 2|?
2z-1)2z-1=(z-2)z-2
2z -1)Q2z-1) = (z - 2)(Z - 2)

4z7 —2z—2z2+1=2zz—2z2—22+4

3zz =3
zz=1
|z|2 =1

z=14+cosf +isinf

|z = |1+ cosB + isin@|
= \/(1 + cos8)? + (sin )2

=1+ 2cos6 + cos? 0 + sin? 6
=+V1+2cosf+1
=+V2+ 2cosf

0
=\[2+2c052<5)
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6
= |2 +2(2 cosZE— 1)

0
= /4 cos? —
2

=2 4
= COS2

arg z

= arg(1+ cosO + isinH)

¢ _1< sin 6 )
- 1+ cos@

2sin cos?
) SlI'lZCOS2

1+(2coszg— 1)

= tan™

2 sin % cos%
=tan 1| —4&—=%=

2 coszg

0
Sln2

A
COS 2

0
= tan~! (tan —)
2

22b

e 8l?
zZ = COSZCIS2

. 0
2c057c1s§

1 _ ( 0

= cis{——=

5s(-3)
2cos§

1 ( 0 __9)
= g\cos7 —ising

2cos§
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1 0
= —(1 — itan—)
2 2

1 1 6
=—-—_itanz
2 2 2
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Solutions to Exercise 1E Development questions

7

9a

w can be obtained by rotating z by g radians. Hence it follows that w = iz.

Hence

z2 + w?

= z2 + (iz)?
2 2

=zZ"—Z

=0

E = OFE
= AB
= 0B —-0A

=W, =W

Fisa g rotation from E, hence F = i(w, — w;)

C = 0C

= 0B + BC

= OB + OF

=wy, +i(wy, —wy)
D = 0D

= 0A+ AD

= 0A + OF

=w; +i(w; —wy)

z, — z, represents the vector BA and z; — z, represents the vector BC.

Since BA is g radians anticlockwise of BC it follows that (z; — z,) = i(z3 — z,).

(z; — Zz)z + (23 — Zz)z
= (i(z3 - Zz))z + (23 — 2,)°

= —(23 — 2)* + (23 — 2,)?

=0
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Vectors BA and BC represent z; — z, and z; — z, repsectivly, and B4 is the
anticlockwise otation of BC through g about B.So z; — z, = i(z3 — z,). Squaring

both sides gives the result.

9b D = 0D
=0A+ AD
=2z, +BC
=2z + (23 — 23)

:Z]__Zz +Z3

10a  OC is formed by taking the vector OA, rotating it by g (multiplying w by i) and
then doubling the length of the rotated vector. This gives 2iw.

10b  The diagonals of a rectangle bisect one another. Hence the point of intersection
will be at the midpoint of A and C.

This is at

w + 2iw

1
> = Ew(1+2i)

11 The angle subtended by the vertices will be 2?71 radians (they divide a full rotation,

2w, into 3 equal segments). Hence the other vertices are obtained by rotating by

2T 2T
—and — —.
3 3

This is equivalent to multiplying 1 + v/3i by

21 21 21 1 3
cis (i—) = cos (i—) + isin (-I_-—) =(—=xi—)
3 3 3 2 2

So the other two vertices are given by

(1 +/3i) <—%ii§>

- —%(1 +/3i)(1 £ V3i)
= —2(1 -3 or =2 (1 +2v3i +37%)
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12a

12b

12c

=—-2orl—iV3
=—2and 1 —+/3i

This is done by simply rotating by + g about the origin. To do this, multiply z by

+i to give

+iz

Hencew = —4 4+ 3ior4 — 3i.

To make the right angle at z itself we simply need to translate the two vectors
from part (a) by z. This gives

3+4i+(4—30) =7+ior—1+7i

Hencew = -1+ 7ior7+1i

In this case the line OW and WZ must be perpendicular, hence
w = ti(w—2)
w=Iiw—izorw =—iw + iz

1-Dw=—izor(1+iw = iz

i i
w = (——,)Z orw = (—)Z
1-i 1+i

N i(12+i)) 7 orw = (i(l—i)) ,

( 2
v (5w = (2
(1

Hencew = %(7 + i) or%(—l + 7i)
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13 In order to be parallelogram, the opposite sides must be parallel and of equal
length. Another way of saying this is that they must be the same vector. Hence,
we must solve for the following equations:

Z4_Z3:ZZ_Z1
Zy =2Z3+2, — 274
=—14+7i + 2+6i—(1+1i)

=12i

Zy —Z3 =21 — 2y
Zy =2Z3+2z1— 2z,
=—-14+7i+1+i—-(2+60)

=—-2+2

Zy — 71 = Zy — Z3

Zy =2y +2y — Z3
=24+6i+1+i—(—1+7i)
=4

Three possible values of z, are —2 + 2i, 12i, 4.

14 Since z has a modulus of 1, the quadrilateral formed by the points O, 1, z and
1 + z has all sides of equal length. The diagonal of a rhombus bisects the angle at
the corner of the rhombus. Thus, the line between O and (1 + z) bisects the angle
between the line from 0 to 1 and the line from 0 to z

Thatis, Arg(z + 1) = %Argz or2Arg(z + 1) = Argz.

15a  z; — z, represents AB and z, — z; represents CD hence AB = CD so the opposite
sides are both equal in length and parallel. Thus, ABCD is a parallelogram.
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15b  z; — zz represents AC whilst z, — z, represents DB. Since z; — z3 = i(z, — z;) it

follows that

arg(z, — z3)

= argi(z, — z,)

= argi+ arg(z, — z,)

T
= E +arg(zy — z3)

This means that AC and DB are perpendicular. Since the diagonals of the
parallelogram are perpendicular, it must be a square.

16
Z — 7 . T
= cis—
3 — 2
Z2 — 2y .
= |cis=|
Z3 - Zl 3
Z2 — 2y
=1
Z3— 2
|z, — 21| = |23 — 23]
This means that the triangle is isosceles.
(ZZ - zl) LT
arg = arg (c1s —)
Z3 - Zl 3
(ZZ - zl) s
arg ==
Z3 - Zl 3
The angle between the two equal sides is g .
Hence the triangle is equilateral.
17
Z 23
Z 7

Zy Z3
arg () = are )
1 2

arg z, —argz,; = argzs; — argz,

Hence LP20P1 = LP3OP2.
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So OP, bisects P,OP;.

. . T . T
18a i=cis7 soz = 2c1s§

z, = /1 + (\/5)2 cis(tan~1v3)

T
= 2cis =
3

2 ci n 2 ci n
zy =2cis=,zy, = 2cis—
2’ 3

18b

18ci arg(z; + z,)
= arg(2i + 1 + V3i)
= arg(l + (2 + \/§)l)

o (2+V3
= tan < 1 >

= tan"1(2 + V3)
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_571'
12

18cii arg(z; — z,)
= arg(Zi -1- \/§i)
= arg(—1+ (2 = V3)i)

(=)
= tan
-1
= tan"}(v3 - 2)
_ 11w
12

19a |z|? = |x + iy]
=x% +y?
= x2 — {2y2
= (x + iy)(x — iy)

= ZZ

19b  |z; + 2,|% + |z — 2,|?
= (21 + 2)(z1 + 7)) + (21 — 2,) (2, — 2,)
= (21 + 2)(Z1 + 23) + (21 — 2,) (71 — 23)
= 212y + 2321 t 212y + ZpZp + 2121 — ZpZy — Z1Z + 222
= 2121 + 232y + 2121 + 232,
= 2(z17; + 2,73)

= 2(l, 1% + |z,1?)

19c  The sum of the squares of the diagonals of a parallelogram is equal to the sum of

the squares of its sides.
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20a

20b

20c

20d

21a

|z — w| represents the length PQ, |z| is the length of OP and |w| is the length of
0Q. The length of any one side of a triangle must be less than or equal to the sum
of the lengths of the other two sides of the triangle (this is the triangle
inequality) and hence |z — w| < |z]| + |w|.

yA

=V

0,

This is a parallelogram as all opposing sides are parallel.

This implies that the diagonals are of equal length and thus OPRQ is a square,
this means that OP and OQ are perpendicular hence g is a multiple of i and

purely imaginary.

z V3 w .. . .
arg== -, 0 —is purely imaginary.

If 272 is real then

2221
arg (23 — Zl) =
Z2 - Zl

arg(zz —z;) —arg(z, —z;) =0

So z3 — z; and z, — z; are parallel and thus z;, z, and z5 are collinear.
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21b

Since z;, z, and z3 are collinear, it follows that the vectors z3 — z; and z, — z;
must be parallel. This means that z; — z; must be a scalar multiple of z, — z;.

. Z3—Z a(zZ,—Z . .
Hence z; — z; = a(z, — z;) where a isreal. Thus =— = (#27%1) — 4 which is
2272y 23723

real, as required.

19 + 29i — (5 + 8i)
((13 +20i) — (5 + 8i)>

14 + 21i

T8+ 120
7(2 + 30)

~ 42+ 30

Thus 2= js real and hence it follows that the three points are collinear.
2741
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Solutions to Exercise 1F Development questions
5a lz—2+i]l <2
|z — 2 + i| = 2 is a circle with centre 2 — i or (2, —1) and radius 2 units.
Alternatively, let z = x + iy.
|(x+iy)—2+i| <2
(x=2)+(+Dil <2
l(x—=2)+ (@ +Dil>? <4
x—2)+@+D*<4

Im(z) >0
y=0

5ai

5aii
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5b Letz = x + iy.
0<Re(z) <2

0<<x<?2

lz—1+il <2

|z — 1+ i] = 2isacircle with centre 1 — i or (1, —1) and radius 2 units.
Alternatively,

lx+iy—1+4+i]l <2

Ic-D+ily-Dl<2

x—1D+ily—1)]?<4

x—1D2+(@y-12%2<4

5bi

5bii

© Cambridge University Press 2019
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5c Letz =x + iy
lz—2z| <2
|(x +iy) —(x —iy)| < 2
[2iy]| < 2
2lyl <2
lyl <1
-1<y<1

lz—1] =1

|z — 1| = 1is a circle with centre (1, 0) and radius 1 unit.

5ci

5cii

© Cambridge University Press 2019
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5d

5di

5dii

Letz =x + iy
Re(z) < 4

x< 4

|lz—4+5i| <3

|z — 4 + 5i| = 3is acircle with centre 4 — 5i or (4, —5) and radius 3 units.

1 4 7
: 1 >
nl .. X
=
-84 =
v
>
X
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Se lz—1-1i]| <2

|z — 1 —i| = 2isacircle with centre 1 + i or (1, 1) and radius 2 units.

T
OSarg(z—l—i)SZ

Vertex of angle at 1 + i or (1, 1).

S5ei
ya ”
’J'
J",
#
3;:-""_"-.“ ’;"
rl'
1 >
1‘* I ,*;: >
hY
N I T
-1
S5eii
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5f lz] <1

|z| = 1is a circle with centre (0, 0) and radius 1 unit.

/i
OSarg(z+1)SZ

Vertex of angle at —1 + 0i or (—1, 0).

5fi

5fii
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55 lz+1-2i|<3

|z + 1 — 2i| = 3isacircle with centre —1 + 2i or (—1, 2) and radius 3 units.

T T
g Sargz=;

Vertex of angle at (0, 0).

5gii
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5h |lz—-3—i] <5

|z — 3 — i| = 5isacircle with centre 3 + i or (3, 1) and radius 5 units.

Letz = x + iy.

lz+ 1] < |z —1]

[(x +iy) + 1] < |(x +iy) — 1]
[c+ 1D+ iyl < [(x— 1) + iyl
[(x+ D+ iyl < [(x =1 + iyl
(x+1D2+y2< (x—1)% +y?
x+1D?<(x—1)°
x24+2x+1<x*-2x+1
4x <0

x<0

S5hi
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5hii
y (]

SN

=V

6a (x +iy)? — (x —iy)? = 16i
x? + 2ixy —y? — (x? — 2ixy — y?) = 16i
4ixy = 161
4xy = 16

y==
X

M I
=V
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6b (x+iy)?— (x —iy)? =12i
x? + 2ixy — y? — (x? — 2ixy — y?%) = 12i
4ixy = 12i
4xy = 12

y:;

7a |z — 3i| = Im(2)
lx +iy =3il =y
Ix+ily =3)| =y
lx +i(y —3)|2 = y?
X+ (y—-3) =y
x2+y2—6y+9 =y?
x2—6y+9=0

L4 9)

© Cambridge University Press 2019

73



Chapter 1 worked solutions — Complex numbers |

yﬁ

=V

7b |z + 2| = —Re(2)
lx +iy + 2| = —x
|(x +2) +iy|l = —x
|(x +2) + iy|? = x?
(x +2)? + y? = x?
x%+ 4x + 4+ y? = x?

4x +4+y*=0

(1+37)
X = 4}/
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7c

7d

|z| = Re(z + 2)

|x + iy| = Re(x + iy + 2)
lx +iy| = Re((x +2)+ iy)
lx + iyl =x+ 2

lx + iy|? = (x + 2)?

x*+yr=x*+4x+4

y2 =4x +4
1
x=Zy2—1
r A
d
E ?
EANGEE
-
v

|z —i]l = Im(z + 1)

lx + iy —i] = Im(x + iy + i)

|x +iy —i] = Im(x +i(y + 1))
x+ily—-1|=y+1

Ix +i(y = DI* = (y + 1)?
2+ (y-1D%2=y2+2y+1
x2+y2-2y+1=y2+2y+1

x? =4y

y=-x
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8a Im(z) = |z|

Im(x + iy) = |[x + iy|

y=lx+iyl
y? = lx +iyl?
y2 = x2 + y2
x2=0
x=0

Since we have taken the square, we must check if this works in the case where
y < 0. We can show it does not by considering y = —1 and x = 0. In this case,
Im(z) = —1but |z| = 1. Thus, the solution is x = 0 for y > 0.

Y

=V
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8b Re(1—§)=o

4(x —i
Re(1 — ( y)> 0
|z|?
4x 4y
Re ——+'—)=0
VIERNTEE
4x _0
|z|2
_ 4x
z)?
4x = |z|? (z # 0)
4x = x? + y?

Circle with centre (2, 0) and radius 2 units, omitting the origin.

L

2
NN
=V
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8c

Re(z—i)zo

|z|?
(x—iy)
Re(x+ BE ) 0
. y
Re<x—W+l(y+W)>—0
X =0
|z|2
X
P
x = x|z|? (z+#0)
1=|z|? (since z # 0)
1=x%+y?

Circle with centre (0, 0) and radius 1 unit (omitting the origin).

Y
1
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9a
(z — 2) T
arg(—— ) =7
s
arg(z —2) —argz = >
Consider point A = 2+ 0i =2 and point B =0+ 0i = 0.
The set of points z represents an arc of a circle with centre C and chord AB
where the point P moves anticlockwise along the curve from point A to point B,
with the endpoints 4 and B excluded.
/[
£APB = —
2
Hence the chord AB forms the diameter of the circle so € = 1 + 07 and radius is
unit.
y L]
O . O >
1 2 A
9b

z—1+1i T
HEE
z—1-—1i 2

/[
arg(z—1+1i) —arg(z—1-1) =3
Consider pointA=1—1i and pointB =1 +i.

The set of points z represents an arc of a circle with centre C and chord AB
where the point P moves anticlockwise along the curve from point 4 to point B,
with the endpoints 4 and B excluded.

T
LAPB = —
2

Hence the chord AB forms the diameter of the circle so C = 1 + 0i and radius is
unit.
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1

1

79



Chapter 1 worked solutions — Complex numbers |

9c

(.
=V

(Z—l)_T[
We\Z+i) T3

/[
arg(z —i) —arg(z+1i) = p
Consider point A = i and point B = —i.

The set of points z represents an arc of a circle with centre € and chord AB
where the point P moves anticlockwise along the curve from point A to point B,
with the endpoints 4 and B excluded.

I /[
2APB = 2 and £ACB = 5 (angles at the centre and circumference)

I
So £CAB = z (base angles of isosceles triangle)

T 0C OC
Using AAOC,tan—=-—=— so0 0C = 1.
4  0A 1

Hence C = —1 + 0i and AC = V12 + 12 = /2 is its radius.

=V
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9d

(Z+1>_7I
e\ -3) 73

T
arg(z+1) —arg(z—3) = 3

Consider point A = —1 + 0i and point B = 3 + 0i.

The set of points z represents an arc of a circle with centre C and chord AB

where the point P moves anticlockwise along the curve from point 4 to point B,

with the endpoints 4 and B excluded.

s 21
£LAPB = 3 and £ACB = 3 (angles at the centre and circumference)

s
So £CAB = s (base angles of isosceles triangle)

Let D be the pointat 1 + 0i (midpoint of AB).

Using AADC, t _n__C ——C CD =2 —1 ——2
, = = =2 X =—.
sing an G > S0 N

2 oz (22 A -
Hence C =1 ﬁlandAC— 2 +( ) = —isits radius.

V3 V3

yﬁ

=V
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9e

of

z— 2 s
(3]
z+ 20 6

T

arg(z — 2i) —arg(z + 2i) = s

Consider point A = 2i and point B = —2i.

The set of points z represents an arc of a circle with centre C and chord AB
where the point P moves anticlockwise along the curve from point 4 to point B,
with the endpoints 4 and B excluded.

I /[
2APB = a and £ACB = 3 (angles at the centre and circumference)

I
So £CAB = 3 (base angles of isosceles triangle)

T 0C OC
UsingAAOC,tan§=0—A=7 s0 OC = 2 x /3 = 2/3.

Hence C = —2+/3 + 0i and AC = /22 + (2v/3)2% = 4 is its radius.

yﬁ

4

z )=3T[

8 (5

3
arg(z) —arg(z+4) = T

Consider point A = 0 + 0i and point B = —4 + 0i.
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The set of points z represents an arc of a circle with centre C and chord AB
where the point P moves anticlockwise along the curve from point A to point B,
with the endpoints 4 and B excluded.

3 s
2APB = e and £ACB = > (angles at the centre and circumference)

I
So £CAB = Z (base angles of isosceles triangle)

Let D be the pointat —2 + 0i (midpoint of AB).

m CD CD
Using AADC,tan—=—=—so(CD =2 X1 =2.
4 AD 2

Hence C = —2 — 2i and AC = V22 + 22 = /8 s its radius.

yh
i RN

: e ’

] —2 kY X
! \
i

-
3
T

10a

O
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10b

11a

11b

11c

12a

© Cambridge University Press 2019

z lies somewhere on the red line (as argz = g). Now, |z — 2i| = 1 on and outside

the black circle which has centre 2i and radius 1. Hence, we can see that
|z —2i| > 1.

To find the solution we must find the point where the line and the circle in the
above diagram touch.

The distance between the origin and the point where the line touches the circle is
V22 — 12 = /3 (using the Pythagorean theorem)

Since argz = gand |z| =3,z =+/3cis g

arg(z+3) = tan‘l%g

T
arg(z+3) = 3

z will take on the minimum value when it is perpendicular to the line in the

argand diagram, hence argz = 5{. cosg = %, thus |z| =3 cos% =3 (\/;)
Thus |z| = 3\/5, argz = L
2 6
3V3  5m
|z| = ——cis—
2 6
A 3\/§< 5t s 57r>
=g \cos +isin—
9 33
T Ta g !
lz—1]| =2

Circle with centre at (1, 0) and radius 2 units.
Alternatively,
lx +iy—1| =2
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[(x—1) +iy| =2
|((x—1) +iy|>?=4

(x—1)%2+y?=4

yﬁ

24

4
- 1_\2“

The maximum and minimum values of |z| are given by the maximum and
minimum distance of a point on the circle to the origin. From the diagram, the
farthest point is at z = 3 whilst the closest is at z = —1. Thus, the maximum and
minimum values for |z| are 3 and 1 respectively.

s
ath

12b  Re(z) <2

x <2

lz—-3] =2

Circle with centre (3, 0) and radius 2 units.

ye oo

P2
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When x = 2,
2-3)2+y%?=4

1+y2=4
y* =
y=4V3

So the point with distance on the arc furthest from the origin is (2, ++/3). Hence

lz| = |22 + (i\/§)2 = V4 + 3 = V7 so the maximum value is v/7. Observe from

the diagram that the minimum value is when the arc intersects the x-axis. This is

when |z| = 1.

So1l<|z| <7

13ai Circle with centre (2, 0) and radius 1 unit.

yﬁ

n

=V

13aii Asis shown in the diagram, the maximum value of arg z occurs when the vector

. : - .11
formed by z is a tangent to the circle. This is when argz = sin™1= = z

2 6

s
Hence —% <argz <

NE

13b  This is simply part (a) shifted left by 2 units.
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14a |w| =10
I
0<argw < 5

These two constraints give that w lies on a circle of radius 10, centred at the
origin restricted to the first quadrant. z is w translated by 3 + 4i, hence itis a
circle of radius 10, centred (3, 4) restricted to the upper right-hand quarter.

yﬁi

=V

14b  The maximum value of z occurs when the vector for z passes through the origin.

The distance from the origin to the centre of the circle is V42 + 32 = 5. The
distance from the centre to the outside of the circle is 10 units. Hence the
maximum value of |z| is 15.

14c argz =tan™!

w [

Hence the value of z for which this occurs is

4
15 cis (tan‘1 5)

4 4
= 15 cos (tan_1 §> + 15i sin (tan‘1 §)

3 4
=15 X —=—=+ 15i X ———=
V32 442 V32 + 42
=9+ 12i

© Cambridge University Press 2019

87



Chapter 1 worked solutions — Complex numbers |

15a

|z =zl =7

|z — zo|? = 7?
(Z—Zo)m =r?
(z = 20)(Z—Zp) = r?

zZ — (zZy + 72g) + 2gZg — 12 =0

15bi zZ-— (z@ + z‘(—Z)) +(=2)=2-22=0

Hence using the above result
lz+2] =2

This is a circle with centre —2 + 0i or (-2, 0) and radius 2 units.

15b i ZZ—(Z(1+1)+Z(1+i))+(1+i)(1—i)—2+1=O

Zz'—(z(1+L)+Z(1+i))+(1+i)(1—i)—1=0
lz—(1+)]=1

This is a circle with centre 1 + i or (1, 1) and radius 1 unit.

15biii =4+~ =1
VA VA

ZZ ZZ _
—+—=2z
z z

Z+zZ=2zZ
zz—(z+2)+(1)A)—-1=0
lz—1] =1

This is a circle with centre 1 4+ 0i or (1, 0) and radius 1 unit.
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16a  The line through 1 and i, omitting i.
z—1

zZ—1

_x+iy—1

_x+iy—i

(=D +iy

S x+i(y-1)

_ (=D +inx-iy - 1)
(x+i(y—1))(x—i(y—1))
x(x-D+i--D@-D+xy-D+yly—-1)

x?+ (y —1)?
Cx(x-D+y@y-D+il—xy+x+y—1+xy)
B x?2+ (y—1)2
Cx(x-D+yy-D+ilx+y-1)

B x%+ (y—1)?

If the fraction is real, then the imaginary part must be equal to zero, hence

x+y-1)
x+y—1=0 (x2+(y—-1)2+*0)
x+y=1 (x,¥) # (1,0)

=
[
©n
/
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16b

The circle with diameter joining 1 and i, omitting these two points.

Using the above equation, if the fraction is to be purely imaginary, it follows that
the real component is equal to zero.

x(x-D+yly-1)

=0
x?+ (y —1)?
xz—x+y2—y_0
X2+ (y-12
x2—x+y?—y=0 (x2+ (y—-12+#0)

(c=3) +(-3) =3+3
XT3 Y=o) TaTa

G-D'+(-9 =t @nzanon

2

0.5
0.5 0 05 1
-0.5

<solution to come>
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yﬁ

—
=V

17b  arg (Z+i) =7

Z—

<solution to come>

yﬂ

—1

18a |z — 2 —i| = lis acircle with centre (2, 1) and radius 1 unit.

yﬁ

>
X

Observe that the vector passing through the origin and the centre of the circle
intersects the circle at the maximum and minimum values. The distance to the
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18b

18ci

18cii

18d

centre of the circle is V22 + 12 = /5. The distance from the centre of the circle to

the circumference is 1 unit. Hence the minimum value of |z| is v/5 — 1 and the
maximum is V5 + 1.

To consider the maximum and minimum values of |z — 3i| now consider the
vector passing through the point (0, 3) and the centre of the circle. The distance

between these two points is /(3 — 1)2 + 22 = 24/2. Hence the minimum value of

|z — 3i| is 2v/2 — 1 and the maximum is 2v/2 + 1.

The curve representing |z| = 3 is a circle with centre at (0, 0) and radius 3 units.

WV
_5 \j X

To consider the maximum and minimum values of |z + 5 — i| consider a line
passing through the point (=5, 1) and the centre of the circle. The distance

between these two points is {/(—5)? + 12 = v/26. Hence the minimum value of
|z + 5 —i|isv26 — 3 and the maximum is V26 + 3.

Like before, |z — z,| = r represents a circle of centre z, and radius r. The
distance to the centre of the circle from the origin is |z|, thus the minimum

distance from the origin to the circle circumference is ||z,| — r| and the

maximum distance is ||20| — r|. Hence ||Z0| — r| <|z| < |zpl + 1.

Like before, |z — z,| = r represents a circle of centre z, and radius r. The
distance to the centre of the circle from the origin is |z|, thus the minimum
distance from z; to the circle circumference is ||z, — z;| — r| and the maximum

distance is ||ZO — 74| +r|. Hence, ||z, — z; | —r| <lz—z| <lzg— 2| + 7.

In each case welet w = r and |z| be |z| or |z — zy| and observe that the above
inequalities are produced.
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Solutions to Exercise 1G Development questions

6a The coefficients of Q(x) are real, so complex zeroes occur in conjugate pairs.

6b a+pB+5+y=6
20 —2i+6+y=6
§+y=6

afdy = 16
(2i)(=2i) 6y = 16
46y = 16

oy =4

4
§=-
Y

4
—+y=6
14

4 +y?% =6y
y2—6y+4=0

_6+/62 4@

2(1)
_ 6++20
I o
_6+2V5

2
=345

6ci  (x—2i)(x + 20)(x =3 =5)(x — 3 ++5)

6cii  (x2+4)(x— 3 —5)(x — 3 +5)

6¢ciii  (x2+4)(x? — 6x + 4)
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7a Since all the coefficients are real, and since 1 + 3i is a root, its complex conjugate,
1 — 3i must also be a root. The sum of the roots is

b
0(+,B+)/+6=—a=—(—3)
1+3i+1-3i+y+6=3
2+y+6=3
y+46=1 (D
The product of the roots is

d
afdy =—=—-60
a

(1-3)(1 + 38y = —60

108y = —60
oy = —6
== @
Substituting (2) into (1):
V—9=1

|4
y?-6=y
Y2—y—-6=0
-3 +2)=0
y =-—2o0r3

Hencex =1 + 3i, 3 or —2.

7b Since all the coefficients are real, and since 1 — i is a root, its complex conjugate,
1 4 i must also be a root. The sum of the roots is

b
a+,8+y+8=—a=—(—6)

1—-i+1+i+y+6=6
2+y+6=6
y+6=4 (D

The product of the roots is
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5 —d—10
apB y=-=

1-D@+iddy=10
28y =10
oy =5

5
6=> @

Substituting (2) into (1):
5
y+-—=4
Y
Y2 +5=4y
Y2 —4y+5=0
, - —(—4) + /(=4)2 — 4(1)(5)
B 2

_4EV-4
2
4+ 2i

H o

=2xi

Hencex =2+1i,1 +i.

8a P(x) =x*—5x3+4x?>+3x+9
P'(x) = 4x3 —15x%2+8x + 3
P'(3) =4(3)2—15(3)2+8(3)+3=0

Hence, x = 3 is a double root.

8b The sum of the roots of the equation is
b -5
a+f+y+d=——=——
a 1
3+3+y+6=5
y+6=-1 (D
afyé =9
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(3B)ys =9
yé =1
1
6 =- 2
: ©)

Substituting (2) into (1):

1
y+-—=-1
Y
yi+1=—y
Y2 +y+1=0
_—1i 12 —4(1)(1)
r= 2(D)
~-1++v-3
B 2
-1+ 3i
2
Hencex=3,—l+\/—§i,—1—ﬁi.
2 2 2 2

9a Since a + ib and a + 2ib are roots, and since the coefficients of the equation are
real, their complex conjugates, a — ib and a — 2ib must also be roots.

The sum of the roots is

b
a+ﬁ+y+6=—a

—-12
a+ib+a+2ib+a—ib+a—2ib=—T
4a = 12
a=3

9b The product of the roots is

d
afyd =—
a

afyéd = 130
(a +ib)(a + 2ib)(a —ib)(a — 2ib) = 130
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(a+ib)(a—ib)(a + 2ib)(a — 2ib) = 130
(a? + b?)(a® + 4b%) = 130
Sincea = 3

(32 + b?)(3%2 + 4b?) = 130

(9 + b%)(9 + 4b?) = 130

81 + 36b? + 9b? + 4b* = 130
4b* + 45b% — 49 =0
4(b?)? + 45h% — 49 = 0

(4b2 + 49)(b% — 1) = 0

b? = —? orb?=1

Since b isreal, b? > 0, thus b? = 1.
Hence b = +1

Since b > 0,b = 1.

9c The roots are 3 + i, 3 £+ 2i, hence as a product of roots, the polynomial is
B-D)B+i)(B-2)(3+2i)
which is

(z2 — 6z + 10)(z%2— 62z + 13)

10a P20 = )3+ k(202 +6
=—8i—4k + 6
= (6 — 4k) — 8i

10b P(x) = (x?>+4)Q0(x) —4x —6
P(2i) = ((2D)? +4)Q2i) —4(2)) — 6
= (—4+4)Q(20) — 8i — 6
=0—-8i—6
=-8i—6
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11a

11b

12a

Equating this to the result in part a gives,

(6—4k)—8i= —8i—6

4k —6 =06
4k =12
k=3

P(=) =)} -2 +m(=i)+n
=i+1—im+n

=1+n)+i(1—-m)

P(x) =(x*+1)Q(x)+6x—3

P(=0) = (D + DQ(=D) + 6(~1) ~ 3
=(-1+1DQ(-i)—6i—3
=—6i—3

Equating this to the result in part a gives,

1+n)+i(1—-m)=-6i—3

Equating real parts,

1+n = -3

n=—4

Equating imaginary parts,

1-m=-6
m=7
Hencem =7,n = —4.

By the remainder theorem the remainder is

P(=2i) = (=203 + (=2)?+6(-2i)) -3
=8i—4—12i — 3
=—7 —4i
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12bi

12b ii

13a

By the remainder theorem the remainder is
P(2i) = (203 + (2i)* + 6(2i) — 3
=-8i—4+12i -3
= -7+ 4i

Since we are dividing by a degree 2 polynomial, the remainder will be of degree

1, hence

P(x) = (x?>+4)Q(x)+ax+b

P2 =(2D*+4)Qx) +a) + b
—7+4i=(-4+4)Qx)+a2i)+b
—74+4i=(0)Q(x)+a(2i)+b
—7+4+4i=2ai+b (1)

P(=2i) = ((-20)?+4)Q(x) +a(=2i) + b
—7—4i=(-44+4)Q(x)+a(-2i)+b
—7—4i=(0)Q(x)+a(=2i)+b
—7—4i=-2ai+b (2)

Adding (1) and (2):

—-14 =2b

b=-7

Subtracting (2) from (1):

8i = 4ai

a=2

Hence the remainder is 2x — 7.
P(iw) = (iw)® — g (w)* +1
5
= (i%w?) — E(i4W4) +1

5
=wl——w*+1
w 2W
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= P(w)
=0 (since w is aroot)
1 1\% 5/1y*
-3
w w 2\w
_ > +1
w8 2wt
1 5
(1 _2,4 8
—W8<1 2W +W>
1 5
=F<W8_EW4+1>
1
1
= —(0) (since w is a root)
w
=0

1 .
Hence w and —are both roots of the equation.

13b  Factorising the equation (treating it as a quadratic with z* as the variable) gives
P(z) = %(z4 —2)(2z* — 1) so one root is z = V/2.

13¢ z8 equation, so, 8 roots exist.
z4—-2=0
z=+\2
From parts(a) and (b),

+iv/2; + % and + %are also the roots of the equation

14a P(x) had minimum value B, when x = 0. We know that this is a minimum as
since A > 0 for all real x it will be the case that x* + Ax? > 0.

Since B > 0, it follows that P(x) > 0 for all real values of x.

14b  —ic, —id; the coefficients of P(x) are real, so zeroes occur in conjugate pairs.
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14c  Since ic isaroot,
P(ic) =0
(ic)* + A(ic)’+B =0
c*—Ac*>+B =0
Similarly, since id is a root,
d*—Ad*+B =0
Adding these two equations together gives
c*—Ac?+B+d*—Ad*+B=0
c*+d*=A(c? +d?) - 2B

Now, the product of the pairs of the roots will be

(ic)(=ic) + (id) (—id) + (ic) (id) + (—ic)(id) + (ic)(—id) + (—ic)(—id) = 2
c2+d? = ?

c2+d?*=4A

Hence

c*+d*=4A%-2B

15a  They form a conjugate pair, since P (x) has real coefficients.

15b  P'(x) =3x%+c

Since the graph has turning points, there must be real values of x such that
P'(x) = 0. That is for

3x2+c=0

c = —3x2

Since x and c are real in this case, it follows that ¢ < 0
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15c

VM

=V

15d  The sum of the products of the roots will be
(a+ib)(a—ib) + k(a+ib) + k(a—ib) =c
a? + b? + 2ka = ¢

2ka = ¢ — a? — b?
1
kzz(c—az—bz)

Now since a? + b? = 0 it follows that —a? — b? < 0 and hence from part (b),
¢ —a? — b? < 0. Thus 2ka < 0. Since k < 0 it follows that a > 0 as required.

15e  Roots of the equation are: k,a + ib
Sum of the roots:
0=k+ (a+ib) + (a—ib)
k =—2a (D
Sum of products of two roots:
c = k(a+ib) + k(a — ib) + (a? + b?)
= 2ka + a® + b?
Substituting (1):
c = 2(—2a) + a? + b?

= b? — 3a?
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16a

16b

16¢

b? = ¢ + 3a? (2)
Product of the roots:
—d =k(a+ib)(a— ib)
Substituting (1):

—d = (—2a)(a? + b?)
d = 2a(a? + b?)
Substituting (2):

d = 2a(a? +3a? + ¢)

= 8a3 + 2ac

The minimum stationary pointis at x = 1. f(1) = k — 2 > 0. Hence the graph of
f(x) has only one x-intercept which lies to the left of the maximum stationary
point at x = —1.

f(x) has real coefficients.

Let a be the third root of the equation, the sum of the roots is
a+ib+a—ib+a=0

Hence the third root is

a=-—2a

The sum of the products of pairs gives:

—2a(a +ib) —2a(a—ib) + (a + ib)(a — ib) = =3

—4a® + a* + b* = -3

b? =3a% -3

b? =3(a?-1)
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16d

17

18a

The product of the roots is
—2a(a + ib)(a — ib) = —2702
—2a(a? + b?) = —2702
—2a(a? +3(a? — 1)) = —2702
—2a(4a® —-1) = -2702

—8a3 + 2a = —2702

8a3 —2a+2702=0

4a3 —a+1351=0

Since a is an integer, it must also be a factor of 1351. The smallest factor greater
than 1 is 7. Substituting 7 into the equation solves it, hence a = -2 X 7 = —14
and b? =3(72 —1) = 144so b = +12.

Thus the roots of the equation are —14, 7 + 12i.

nxTL—l

2
PPx)=0+1+2+% 4.4
2! 3! n!
2

P'() = 14X+t oo b
=TT (n—1)!

n-1

Double roots will occur if any root occurs at maxima or minima. That is,
P(a) = 0 for a such that P'(a) =0
PX)—-P'(X)=0

For this case:

xn
P(X)=P'(X)=—,
n!
so the only point where double roots can occuris x = 0,

but P(X = 0) = 1, hence no double roots.

P(—1 + 2i)

=(-14+2D*+4(-1+ 203+ 14(—1 + 20)%? + 20(=1 + 2i) + 25
= —7+ 240 + 44 — 8i — 42 — 560 — 20 + 40i + 25

=0

P'(x) = 4z3 + 12z% + 28z + 20

© Cambridge University Press 2019 104



Chapter 1 worked solutions — Complex numbers |
P'(—1+ 2i)
=4(—1+2i)3+12(—1+ 2i)? +28(—1+ 2i) + 20
=44 — 8i — 36 — 48i — 28 + 56i + 20
=0

18b —1 + 2iis a double zero of P(z).

18c  The coefficients of P(z) are real and —1 + 2i counts as two of the zeroes of P(z)
so its conjugate —1 — 2i must also count as two zeroes.

18d P(2) = (z+1—20)2%(z+ 1+ 2i)?

= (z? + 2z + 5)?
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Solutions to Exercise 1H Chapter Review

1la

1b

1c

6z—w
=6(3—-i)— 07+
=18—-6i — (17 — i)

=1-—5i

ZS

=(3-1)3
=(3-)B-1i)?
= (3 -19)(9 —6i +i?
=(3-1(8-60)
=24 —18i — 8i + 6i2
= 18 — 26i
w

Z

17+
33—
_A7+)B+1D)
T 3=0D@B+0D
_51+20i+i2
N 9 — 2
_ 51420i—1
T 941

_ 50 +20i
10
=54 2i
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2a

2b

3a

z%2 + 100
= z2 —100i?
= z? — (10i)?

= (z + 10i)(z — 10i)

z? + 10z + 34

Using the quadratic formula,

—10 +,/10% — 4(1)(34)
‘T 2(1)
—-10 +v-36
- 2
—10 + 6i
=—
=-5+3i

Hence, the equation can be written as
(z —(-5- 3i))(z —(-5+ 3i))
=(z+5+3)(z+5-30)

7z —8z+4+25=0
Using the quadratic formula,
__ 8+ B 4D (D)
2x%x1
N 8++v64 — 100
2
B 81+ +vV-—36
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3b 16z%2 +16z+ 13 =0

Using the quadratic formula,

_ 16 +/16% — 4(16)(13)
B 2(16)

_ —16 +/16% — 4(16)(13)
B 2(16)

—16 + V256 — 832
32

-16 + V=576
32
—16 + 24i
32

t

I
N| =
S W

o~

4a Let z be a square root of 5 — 12i, then

z% = (a + bi)?
= a? 4 2abi + b?i?
= a? — b? + 2abi

Since z%2 =5 — 12i
5—12i = a? — b% + 2abi
Equating real parts,
5=a?2-b* (1
Equating imaginary parts,

—12 = 2ab

6
b=-—- (2)
Substituting (2) into (1):

2
5=a2—(—§)
a

36
— A2
SEE
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5a2 = a* — 36

a* —5a2-36=10

(a?-9)(a*+4) =0

Since aisreal, a? > 0,hence a? —9 = 0.Thus (a—3)(a+3) =0soa = +3.

Whena = 3,b = —2and whena = —3,b = 2 so theroots are z = +(3 — 2i).

4b Let z be a square root of 7 + 6v2i, then

z% = (a + bi)?
= a® + 2abi + b?i?
= a? — b? + 2abi

Since z2 = 7 + 6+/2i

7 + 6V2i = a? — b? + 2abi
Equating real parts,
7=a*-b%> (1)
Equating imaginary parts,
6V2 = 2ab
b — ﬂ

a

(2)

Substituting (2) into (1):

32\’
7=a*-|—
a
18
_ 2
7=a —;
7a% = a* - 18

a*—7a>-18=0
(a®>—-9)(a*+2)=0
Since aisreal, a? > 0,hence a? =9 =0.Thus (a+ 3)(a—3) =0soa = +3.

When a = 3,b=§\/§andwhena=—3,b = —\2

so the roots are z = +(3 + v/2i).
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5a z2-5z+(7+i) =0

(2 5 +25) 25+(7+')—0
zZ zZ 4 4 l) =

( 5)2+3+'—0
VA 2 4 L =

(=3) =4
z—z) =———i
2 4

3,
Let A2 be a square root of — 2 b

A% = (a + bi)?
= a® + 2abi + b?i?
= a? — b?% + 2abi

Equating real parts,
2 _p2_ _3
a“—b* = " (D

Equating imaginary parts,
2ab = -1
b ! 2

Substituting (2) into (1):

4a* +3a>-1=0

,  T3EV(=32-4@(=D
N 2(4)
-3++25

8
_ —3%5
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. . 2 2 1 1
Since a isreal, a© = 0 and hence a* = Jsoa= + p

Whena=l,b=—1andwhena=—l,b= 1so/1=i(l—i)
2 2 2
5 1
z——=i<——i>
2 2

z=24+ior3—1i

5 z2—(6+i)z+(14+8i)=0
A = b? — 4ac

= (~(6+D)" —4(1)(14 + 8i)
=36+ 12i —1—56 — 32i
= —21—20i
Let A2 be a square root of —21 — 12i,
A% = (a + bi)?
= a? + 2abi + b?i?
= a? — b? + 2abi
Equating real parts,
a? — b2 = —21 (1)
Equating imaginary parts,
ab = -10
p= 2 2
=— @
Substituting (2) into (1):
10y
a? — (— —) = —-21
a

, 100

Qs — — = —

a2
a* — 100 = —21a?

a* + 21a?>-100=0
(a? +25)(a*?-4)=0

Since a? > 0,a® = 4and hence a = +2
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7a

7b

Whena=2,b=—170=—5

Whena=—2,b=—%=5

Thus 4 = +(2 — 5i)
Hence the roots of the equation are
-b+A
2a
_—(=(6+D))+(2-50)
- 2(1)
_6+i1%(2-50)
- 2
z=2+3ior4-—2i

Z =

31 = —3iis also a zero, so (z — 3i)(z + 3i) = z? + 9 is a factor.

The coefficients of P(z) are real and hence the conjugate is also a root.

The sum of the zeroes is

b
0(+,8+)/=—a

0(+,8+)/=—T

a+pf+y=8

Hence
2—5i+2+5i+y=28
4+y=28

y =4

So the third root is 4.
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7c P =@E-4(z-2-5))(z—@2+50)
= (z—4)(z* — 4z + 29)

8a z =12+ 1% cis (tan_1 (—%)) (4th quadrant)
=2 cis (— %)
8b z= /(3\/§)2 + 32 cis (tan‘1 (%5)) (2nd quadrant)
5t
= 6. cis <?)
9a 4 cis=
2

= 4(cosg+ising)

=4(0+ix1)
= 4i

9b  +/6cis (— %n)
3 31T>

=\/g< 3t . 3m
COS4 lSlIl4

. I . TU
10a ZCISEX3CIS§

=(3x2)cis(g+g)

_ 6o (37r+27r>
= 6.cis 6 6

5T
= 6 cis (—)
6
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10b

10cis106
5cis50

10
= ?cis(loe — 50)

= 2cis(50)

10c  (3cis3a)?
= 32%cis(3a x 2)
= 9cis(6a)

11a |z -—2i| =2
Circle with centre 2i or (0, 2) and radius 2 units.

VA '
4

11b  |z| = |z — 2 — 2i|
Line equidistant from z = 0 and z = 2 + 2i.
Alternatively,
lx +iy| = |x + iy — 2 — 2i]
Ix + iyl = 1(x — 2) + (y — 2)i
lx +iyl? = [(x = 2) + (y — 2)il?
x2+y?2=(x—2)%+(y—2)?
x2+y2=x>—4x+4+y>—4y+4
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0=—4x+4—-4y+4
4x +4y =8
x+y=2
y=2-—-x

yll

Endpoint of line at —2 + 0i (not included) and line extending with angle — %.

Alternatively,

T
arg(x +iy +2) = ~

s
arg(x+2 +iy) = N

y [
t -1 = —— —2
an (x+2) d (x #—2)
y s
x+2_tan(_z)
y — 1
x+2
s
y=—(x+2) (For x < =2,y > 0 and the slope cannot be — Z'SO x> =2)
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11d

z—1 Y4
arg( )=—
z+1 2

T
arg(z—1) —arg(z+1) = >

Consider point A = 1+ 0i and point B = —1 + 0i.

The set of points z represents an arc of a circle with centre C and chord AB
where the point P moves anticlockwise along the curve from point A to point B,
with the endpoints 4 and B excluded.

T
2APB = —

2
Hence the chord AB forms the diameter of the circle so € = 0 + 0i and radiusis 1
unit.

y [

|
_] l X
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12 From |z| = 1 we get that |z|?> > 12 and hence x? + y? > 1
From Re(z) < 2 we get that x < 2

From—g <argz Sgwe getthat—g < tan_liﬁ gandhence —ﬁs%s V3 so

—/3x <y </3x.
yh

19
" _3_
z’l "ﬁ
£
i
P -
i -
H -
1 -..‘_:t_,.-"
~

e
L #
. e
-4—

=

1 2

13a

Z

w

_ —1+4/3i

T
_(=1+V3)(1-D)
R )
=1+ (1+v3)i - V3i?
B 1—i2
-1+ (1+V3)i+V3
\ 2

=%(\/§—1)+%(\/§+1)i

13b z= \/(—1)2 + (\/§)2 cis (tan_1 \_/—f) (2nd quadrant)

=\/Zcis(n—g)

21
= 2 cis—
3
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1
w =4/12 + 12 cis (tan‘1 I) (1st quadrant)
T
= /2 cis—
V2 cis 2

13c

13d  Equating parts (a) and (c),

\/—01s—=—(\/— 1)+%(\/§+1)i

\/E(cosi—g+151n—>:—(\/_—1)+ (\/_+1)L

Equating the real parts,

\/_cos—=—(\/——1)
5m V3-—1
COSE Nz
(VB3-1)v2
T 2(2)
VB2
4

14a zz=2z+2zZ
(x + iy)(x —iy) = (x +iy) + (x — iy)
x? —i%y? =2x
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x?+y?=2x
x2-2x+1+y%2=1
(x—12+y%2=1
Circle with centre (1, 0) and radius 1 unit.

VA |

b
=V

N
L/

14b Z =iz
x —iy =i(x+1iy)
x — iy =ix +i%y
x—iy=ix—y
(x+y)—i(x+y) =0

The real and imaginary parts must both be equal to zero, hence

x+y=0
y=-x
yﬁ
21
t >
=2 2 X
)
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l4c |z + 2| = 2|z — 4]
|(x + iy) + 2| = 2|(x + iy) — 4]
|(x +2) + iyl = 2|(x — 4) + iy|
[(x 4+ 2) +iy]|? = 4|(x — 4) + iy|?
(x+2)2+y?2=4((x —4)? + y?)
x2+4x+4+y?=4(x%—-8x+16 +y?)
X2+ 4x + 4+ y? = 4x% — 32x + 64 + 4y*?
0 = 3x2 —36x + 60 + 3y?
0 =x2—12x + 20 + y?
0= (x—6)%—36+ 20 + y?
(x—6)2+y?=16
Circle with centre (6, 0) and radius 4 units.

yh

15a ﬁ=ﬁ+0_Q)
=—0P +0Q
=—(4—-20)+(7+30)
=3+ 5i

15b PR = iPQ (since PQR isisosceles |PR| = |PQ| and since £P = 90° and hence

arg PR = arg PQ + g = iarg PQ). Hence

PR =i(3+5i) = 3i+ 5i2 = -5+ 3i
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15c¢

16a

16b

17

18a

OR = 0P + PR
=4—2i+ (=54 3i)

=—1+i

Since there is a right angle at z; and since two sides of the triangle are of equal
length, the sides z3 — z; and z, — z; must satisfy the equation.

(z3 — 7)) = ti(z, — z1)

(23— (4—1) = +iQ2i — (4— )

zz—4+i=4=i(3i —4)
zz=04—-0)+i(3i—4)
23 = (4— i) + (=3 — 4i)
z=1-5ior7+3i

Since there is a right angle at z, and since two sides of the triangle are of equal
length, the sides z3 — z, and z; — z, must satisfy the equation.

(23 — 23) = i(z; — 2)

(z3 —2i) = £i((4 — 1) — 20)

z3 — 210 = +i(4 — 3i)
zz3 =20 +i(4 - 3i)
Z3 =20+ (4i+3)
z=3+6ior—3—2i

<solution to come>

arg(z; + z,)

= arg (2 cis% + Zi)

= arg (2 cis% + 2 cisg)

= arg (cis % + cis g)
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T T T T[)

= arg(cosE+ lSll’lE-I- cos§+ i sin >

I T, T o
= arg cosE+ cosE+L(smE+smE)

sin I + sin n
= tan~! 12 2
cos 17 5

T,z n_r
/2sin<122 2>cos(122 2)\
1 i
= tan”™" | T\ T |
12 2 12 2
\2cos< 5 )cos( 5 )/
T T
__I__
/sin 12 2 \
1 2 i
—tan‘1| T |
+_
12 2
KCOS(Z )
T
__I__
— tan~!| tan| 122 )
2
71
—tan1<tan—>
24
71
24

18b  arg(z, — z;)

arg | 2i — 2 c1s—)

T
2 c1s—— 2 c1s—)

(
= arg( 12
= arg (Clsg — cis _)
= (COS%'i‘lSln_—COS;T_Z—lSln%)

_ 4 [ . . T
= arg COSE—COSE-FL(SIHE—SIHE)
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T T
_+_
—2 sin 2 212> i
T
__I__
= tan~!| — cot| 2—12 )
2
7
= tan~! —cot—)
24

24
197
= tan~! tan—)
24
191
24
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19

20

|Z1| = |Zz|

arg((z; + z,)?) = 2arg(z; + z,)

Now z; + z, bisects the angle between z; and z, as z; and z, represent two sides

of arhombus whilst z; + z, is the diagonal, thus

arg(z, + z,)

1
= 5 (arg(z,) + arg(z,))
= Earg(zﬂz)

Hence arg((z; + z,)?)

= 2arg(z; + z,)

-2 )

arg(z,z,)

z2 -1

z2+1
(cisf)? —1

- (cisf)? +1

(cos@ +isinf)? -1
" (cosO +isinh)?+1

cos? 6 4 2isin@cosO + i%?sin’6 — 1
c0s%260 + 2isinfcosf +i%sin?20 + 1

cos? 6 + 2isinf cosf —sin? 0 — 1
c0s260 + 2isinfcosf —sin?2 0 + 1

—(1—cos?8) + 2isin 6 cosf — sin?§

cos?26 + 2isin6 cos + 1 —sin? 6
—sin? 6 + 2i sin @ cos — sin? 4
cos2 6 + 2isin 6 cos 6 + cos? 6
2isin O cos@ — 2sin? @

- 2c0s20 + 2isin O cos b
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21a

isin @ cos @ — sin? 0

cos20 +isinf cosb
sin @ (i cos@ — sin9)
cosO (cosf + isin Q)

. e(icose—sin9>
an cosf +isinf

icos@ —sin 6 )

itanH(, —
i(cos@ +isinf)

icosfO —sinf )
icos@ +i%2sinf

itan@(

icosf —sin@
tan (L2202 sy

icosf —sinf

itan @

20AC

arg(40) — arg(AC)

arg(ﬁ) - arg(ﬁ + W'))

= arg(—O—A) - arg(—az + W)

= arg(—z) —arg(—z + 1)

= r8(57)
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22a

= arg(z i 1)

20CB
= argCO — arg CB
= arg(—0C) — arg(CO + OB)

= arg(—ﬁ) — arg(—ﬁ + ﬁ)

1
=argl —arg(—1+ ;)

Hence 2£0AC = 20CB.

|z; — z,| denotes the length of the black line in the diagram above. On the other
hand |z, | — | z,| is the difference in length between the green and blue lines. The
latter distance must be shorter (unless the blue and green lines overlap in which

case the two distances are equal). Thus |z; — z,| = |z;]| — |2,].
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22b

4
z——| =2
Z
22—4‘
=2
Z
|z% — 4
=2
|z|
|z2 — 4| = 2]|z]

|z2] — |4] < 2]z]
|z|? — 4 < 2|z|

|z]? = 2|z| =4 <0

The maximum value of |z| will occur when |z|? — 2|z| — 4 = 0.

_ —(=2)+/(=2)2 - 4(1)(-4)
B 2(1)

_2xv4+16
=

2 ++/20
T2

_2i2\/§
=——

=1+V5

So the maximum value is V5 + 1.

|z|
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