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CZI)(@) Jot n be an even number @
Then a:Zk)-ﬁ;rSOrnQ kéz
So n?z 4k Lhichis divisible by ¢ sinw k€ Z.

CL) let m be an odd numbac,
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when m* is divided by & .

CC> le t ¢:2F+] an b::ZJ{/-L}) w Asee Prq € 2

Thaon a2+ b? :‘(4‘?(?+])4—I> +(4—(P<ﬁ/+]) .;_Q
= 4plpHl) + 47/0];“) + 2 .

So the remainder (S 2 wlin a+b? isdivided by 4.
Since aZth® 18 evea it follows from ‘pz‘utéﬂ.)
'i"}\ﬁ't 424_52 ' S nof @ «5?/!»16!‘?_‘
CEven a'-?' 41462 wals oc{o?) f&“t (b) tells us Fhat
i1 cowldn't be a 5?,u4ne becanse thz rema’ndac ¢S 2

Whin 1 /s divided by g )



CambridgeMaths Extension 2 Year 12 Chapter 2 Enrichment Worked Solutions 3

(zz) let p be a prime greake than 30. @
Thom, when p is divided by 30 =2x3x5)
we have p = 30«1 tr , for soma ai/uc;‘b'eni' 9
and remaindss p)w)\m ©<r<30.
If r is composide | +han 't s Avisible by 2,3 0r5
Sinw oll the even compeoside numbS less Vthdnm 30 ax

obviously divisible by 2, and q,)5 2] 27 o
A+ v:.s“b(e bcj 3 Ww(ﬂ 25 g,_s A v 5:29&2 bJ b

i-}. r ,-5 c:drnfOS*Je O Fhan Boi/-#r = :5 Comdgo_g,'.}e)
Since 30 is Aivisible b3 2,3 and .‘5) wAJCe PR
Adivisible by 2,3 07 S,

But we know that p .S p"’.”’""-) 50 r canncotl be

cam';:ao_s.-'-)& ).Sa rras f o ,prz,m.e.,

(23><a.) The factors of © exclading tsel§ o 1,2,3
amd 1+2+3 =06,
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omd 1424 4+ T +14=28.
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= 2 -
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o n—-2 ned a that we
52 = CQ“ 'J)(Z -J—.ZI"’"'_"' 2 ) ) mustg’_.\:cf«csﬁﬁ
the nwmber t.‘{‘-‘;@’ﬁ)
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2;\.-1(2.&__1) _ (2”—-,>
So the Sum o-ﬁwu. +he -FaC‘Fof.S éxclwdl;nﬂ Yhe number
tsel§ 15 S 45, = 2m'(2¢“’>)5° ZVZ2Q"’) /8 pufect.
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(24—) = 2%x ] 6 = 2'x 3
Z:?-lx] 7 =2"x7
3 -2°%x3 Q:ZQXI
4:22x) OI:ZOXCI
lo = 2l x5
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C?‘S) Assumi +hait no x:'gjf-t 0TS mor Th s, ‘f:w;'a)__
an because pﬂ' s a 20 -da‘gr'f numbee @ach a)(’

the digits 0,1, 9 gccyns eyddl? twice

So the sum of +he 20 dig/s S
2(0+1+24 .-+ 9) = 2(45)
=90

From the aivisib Uty dest for 3 7t follows +hat

WA"CI"L ;.5 d,f"/;.gf'b(-{@. J:J ._'_?)

f.’l Js Adivisible by 3 .
This /s impossible, sin¢ce p s a prime geaks han 3,
and $0 Pn. s not &divisible 65 =

We have a.c‘an-h"ada'cb'onjsa thae must Le 4 0(.3.-'15

that occurs at least 3 HEmes .

(M) Assume that .‘Zk I5 the smallest power of 2
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It Lollows +hat 3¢a +b and 3Chb+a are
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sine 36a and 3Cb acre even.
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(Nc'k that | sinc p;i,ez , They g e fgs.s;'bte
values 0-? @ M{{ b rzsf-eg,{—;vg[j )]
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- o= (J%—a\vt;Ni bt +£l-}(—62+56>
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20 ,s5inte a Sq uare cannot be m:‘j:{ﬁ"’é"
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So (= +b~4>(a&.+cub> L a_z_
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Ca-rb»—c;)(&-#c —L) ¢ a?
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Cz::-)(b)(f) By the cosine ruls

2 2 2
505/45‘__1» +c” —a
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> 2be sult cos20=)-25:0%0
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s inz_i.- 5':02—‘237 & l.nlﬁ = (‘145“6>fa+c;b_>- CJ’*“'C,\@'+C’) ,(c.m@ém'&l
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)
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sincCe LHSJ,QHS > O

so singsgnf sin =
2

abc _

Sabc g ugl‘nj (q>«('l")-

S

Node: We camn use +he n’—Su{f? ) Cd)JbéCdk_Ce- RJE))C > 0
2
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by the %.‘mﬂte ;m,@um'fj,
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CH) a . 5 ., _<
b+c a+¢ a+ b
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@2}(},) Confirm -}Az result for nzl| and nz2

T, = 5'+3'=8
TZ: 54-.3 = 3%
So +he result s drue for el ognd =2

Assume Hhat the ~eSult s +rue for n=l and n= | w}'\ﬁrek?/S_
— I
ie.assume that 1), = 5‘4_3’& and 7; : 5k+f+3k+f @
+1
Prove Hhat the result 15 True for n= ](_;.2

Je. prore that "I_;;h?- - 5)“'2 + ]4.;.2

LHE = T,

k2

]

8Tew TIS Ty (hom the definibon of tia sequinc)

g(gku Jeu) 5(5 +3k>
k

ko, goax3F 155k _j5xa

i

_ 8x5x5
= 25y 5k + ‘Ix.gk
_ 5k+2 N 5]442
- RHS
So +he resuylt is tHue for nzk+d £ /4 is true $or azk
am & m=k+’.

But +he resull /s true fo n=l and Az2 |

S0, by inducbon | +he wsullt s Foue Lo r all fos,a{;«_
;'nkgﬁ.r volues ojf n .

ﬁ{lmr‘&aﬁf" sal'ui'l.onS .

The othar pacts of 822 have ver
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3]

(23)(a) Lhs

! I
-+ G 7 (2k~1 “5?) @
i : I
s ix2 P At * 2&(21:4)
———— Y .+ mS
7 (2la@krdy  (kHDQkK2) ‘ Qk+ Ny kt2) )
(since 1x2 ,3x9, ... ) 2kk-1) arc all less than @k-!—(ﬁk-}?
_k
T (2kHD)(2k+2)

= RHS
_ el
a,)wum nc2, LHS = 2( B
RHS = 3 (3 +%

S0 the ré.jtv(/t (s frne 1@;;‘ n

Acsume Yhat +he result s +ue for ﬂ-:!c} wheee k 2 2
: A [ . !
e assima tmat k(14573 """"ek—!)> ez 572+ ”sz)

Prove +hat Hhe nejw{i /s trune -ﬁ;:‘ /1,::}(_.,!_['

le. prove that
Ckt)(1 454+ : >(}<+z)(—— Lyat—
3 2| QLH ’ :g,k DY)

) |
LHS :(ku)(né'— ST + 2f<+;) k
L ! e K+
= k(14344 ﬂ>+)<)+3+ 21’_,) ey

L4l L ,_J‘ _ R A vy ’ A+l
> Ekj?(z +4+..; Gty + (= / +2ky]
B /

) (4 rart )
- (ku)(‘;f*%i‘ + ‘*"’“)4 k+Ck+Nops2)

C,?ku)(.zku_j

/ 2k 5k4+2
- (k *'—+-L-1—---+-—*~*> + __

l_+_L+_,_+-—'—»—) (RAFTy(k+2
Ck+2)( Sk )+ Qkfrj(zk +2)

/
L “—"—“4
Ou-l)( + _ -+ 2L 2bia
:RHS) <, J-ﬂdﬂ“C‘ban thz »{Su/{/ﬁ‘;_s %m_ﬁpw{,{ nz= 2.

11

I
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(24) 6, =1x2 =2 (2)

o d 5 u.SL'nj the formula Lr s
- L
S2 = 57(DCY(3)(8) - 2
50 J—)‘\Q f‘éSW{/& ;5 'J'(‘m.ﬂ -..gp nz- 2. .
Assuma +hat the psuld Is teuae 7@;‘ n=lk 5, Whse k > 2 .
jo. assume #hat Sy = —k(k-DCk+)(3k+>)  (E)
Prgyg %s’(t +he r‘e_S&I/(/t 1'5 #K-Q ‘ﬁ?f‘ f‘-:k+(

pewprove that 5, =~ k(keD(kr2)(3k+5).

oy

1

S, + Gt D)(l+2+ --—+‘4)
- Lkl D3R + (ke). 2hCkH) oy ®)
;_drk(kﬂ)((k-f)(smz) + 12.k+D)
- L )4(14+1>(3}41+2k~3kﬂ2_ + f2k+fz>
24
Lk (ke D(ER I 10)
2
_ ).:’:Lkék+1>ék+z>(3/¢+5>)45 H:{kf‘necg.

Sk+;

So by indwcton, the reSult Vs feue for all L‘aJej@-_r nz22,
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(25')(4-) Thece are (n.-f) Piaduj with whem Bern can Swap
tops. This eaves (n.«—Z) Pédjcu-s Sor whom there are
Da-l ‘teﬂmﬂe”‘-"—ﬂf*’s, So the number g-f such ééﬁf{nje.mf_c

LS (“"Q' D"L—z

Cb> Bes : des Be‘n} thae a~ (n-l> fldng.ﬂ$ Sor whom there
are D“_, o{eﬂanjerﬂ.a.nt.s, _1'7\211. Bera. muSt 5¢Vﬂf’ ‘{“-’Jf’é

wiTh one of the otTher (ﬂ"o players, w)vd) at +h.s
stﬂjé 5 does NoT hgve his own ‘éo)p

{5.0 e ﬂgmbﬂ-f" 07(’ £¢;Ch Aenmgem/-s LS 'Da_[ . (n,_.o'

Now e/ tha Ben does a Ai-ect swap w-th anothe ~
player o° he deesn't,

So D,,_:(n—l) an-} ‘*"(ﬂ-‘o. D-)_ > o n>2

CC.) Drz, (“—"J>(D,\_) + .Dn.-z
- rn. D,L,_} = Dy + (”‘“O-D,L_-,_
o Py = (Dt D b

i1

(&) D, z0 and Dy = | (,‘{’ there are 2 5layars, the only
derzngemnt /s :'{)-szj Swap tops
W Ae A "‘-:2) Dn "'"?---Dn.—[ = DZ'Q-DI

1

] - 2 (o)
|
-1°

So the result s rue £ - nz 2,

I

3!
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(25) (L) (continuad )

Assume +hat the wsulk /s true Sor nzle | whie k32,

r.e. assume that Dl'c - Je. D.k.—; = (-—I_)k_ @
Prove vhat the wesuedt /5 teue —fqr n:k-f-f_

. k+1
[-a. prowe +hat Dk-}-l - (k+D D :C_D ""

LHS = D-k"‘f —(j<+f>.Dk

- (Dk - /c.Dk_l,> | (u.siﬁ pact (C>>

ED XD Cusing ®)

(h,')k”

= RHS
So') by Cnducbion, the resull s Youe Ly oAl '-"Jeé'”‘; ol

fr

I

|

(€-> When nc=| > pn. = Dj

i

14(—0
- O .

So +the resqlt (5 tae “c"”"

Assume +hat the resalt (s Gue -ﬁor n.:tﬁ.

k r
Je. assume that Dk:kfx > @ : @

=0 .

Drove thit the result /s trae for n=fy .
I+{ (_,D"

joe. prové that Dk-” = (fc-)—D{ x 1
r=0 .
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(253() (eonbinued) (=)

D = (kD). Dy = (Y (from L))
so D, = (k). D, + (-
[< r
-Gkl T ED L ) i, @)

=0 r,

. k r
Gl x D L i) D
r=o ., Ck'f“)!

i

Lk ~ ks |
(k-!-f)!x 2. ‘-C"—I—Q— -+ (_D )
r=o s ki)

I+ r
= (.‘-’.4-0’ x ‘i (‘D S A4S f{{k‘-’ﬁi-

rso ,.f

I

50) ij ;‘n&u('{ﬁlon) "L)\f. rE.Su!/é (s frue -Q;- gu ne ZZ.+





