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Solutions to Exercise 2A Development questions 

7a True. 

 

7b False. 3𝑥 < 𝑥 whenever 𝑥 < 0, e.g. if 𝑥 = −1. 

 

7c True. 

 

7d False. 𝑥 > 𝑥2 whenever 0 < 𝑥 < 1, e.g. if 𝑥 =
1

2
. 

 

7e False. When 𝑥 < 0, |−𝑥| = −𝑥 ≠ 𝑥, e.g. if 𝑥 = −1.  

 

7f True. 

 

8a False. For example, 2 > −3 but 22 < (−3)2. 

 

8b False. For example, (−3)2 > 22 but −3 < 2. 

 

8c True. We can divide this problem into cases based on the signs of 𝑎 and 𝑏. 

Case 1: If 𝑎 > 𝑏 and 𝑎, 𝑏 are both non-negative 

Then: 

|𝑎| > |𝑏| 

𝑎2 > 𝑏2 

𝑎 × 𝑎2 > 𝑏 × 𝑏2 (since all terms on LHS are positive and all terms on RHS are 

non-negative) 

𝑎3 > 𝑏3 

Case 2: If 𝑎 > 𝑏 and 𝑎, 𝑏 are both non-positive 

Then:  

𝑏 < 𝑎 ≤ 0 



 
Chapter 2 worked solutions – Proof 
 

© Cambridge University Press 2019  2 
 

Therefore: 

|𝑏| > |𝑎| 

𝑎 = −|𝑎| 

𝑎3 = −|𝑎|3 

𝑏 < 0 

𝑏 = −|𝑏| 

𝑏3 = −|𝑏|3 

Since |𝑏| > |𝑎| 

−|𝑏|3 < −|𝑎|3 

Therefore 𝑎3 > 𝑏3. 

Case 3: If 𝑎 > 𝑏 and 𝑎 > 0 but 𝑏 < 0 

Then 𝑎3 > 0 and  𝑏3 < 0 

Therefore 𝑎3 > 𝑏3 

So in all possible cases, 𝑎3 > 𝑏3. 

 

8d True. If 𝑎 < 𝑏 < 0, then 
1

𝑏
<

1

𝑎
< 0 so 

1

𝑎
>

1

𝑏
. 

 

8e False. If 𝑎 and 𝑏 have opposite signs then |𝑎 + 𝑏| < |𝑎| + |𝑏|.  

For instance, |2 + (−1)| = 1 which is less than |2| + |−1|. 

 

8f True. We can divide this problem into cases based on the signs of 𝑎 and 𝑏. 

Case 1: 𝑎 and 𝑏 both non-negative. 

Then: 

|𝑎| − |𝑏| = 𝑎 − 𝑏 

||𝑎| − |𝑏|| = |𝑎 − 𝑏| 

So RHS equals LHS. 

Case 2: 𝑎 and 𝑏 both negative. 

Then: 
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|𝑎| − |𝑏| = −𝑎 + 𝑏 

||𝑎| − |𝑏|| = |−𝑎 + 𝑏| 

= |𝑎 − 𝑏| 

So RHS equals LHS. 

Case 3: 𝑎 negative, 𝑏 non-negative. 

Then: 

|𝑎 − 𝑏| = |−|𝑎| − |𝑏|| 

= |𝑎| + |𝑏| 

= ||𝑎| + |𝑏|| 

||𝑎| − |𝑏|| ≤ ||𝑎| + |𝑏|| 

So LHS ≥ RHS. 

Case 4: 𝑎 non-negative, 𝑏 negative. 

Then: 

|𝑎 − 𝑏| = ||𝑎| + |𝑏|| 

||𝑎| − |𝑏|| ≤ ||𝑎| + |𝑏|| 

So LHS ≥ RHS. 

So the result is true for all possible cases. 

 

9a Rain only happens when there are clouds, but clouds can exist without rain, so 
this is an “implies” statement: ⇒. 

 

9b If 3𝑎 = 6 then 𝑎 = 2 so 5𝑎 must always equal 10.  

Similarly, if 5𝑎 = 10 then 𝑎 = 2 so 3𝑎 must always equal 6.  

Therefore the two sides are equivalent: ⇔. 

 

9c If 𝑎 > 𝑏 then −𝑏 is always greater than −𝑎, and vice versa.  

Therefore the two sides are equivalent: ⇔. 
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9d If 𝑥 = 5 then 𝑥2 = 25. 

But 𝑥2 = 25 doesn’t guarantee that 𝑥 = 5, as 𝑥 = −5 is also possible.  

Therefore this is an “implies” statement: ⇒. 

 

9e If 𝑥 = 5 then 𝑥3 = 125, and if 𝑥3 = 125 then 𝑥 must equal 5, assuming 𝑥 is real. 

Therefore the two sides are equivalent: ⇔. 

 

9f If 𝑎 is an integer then 𝑎2 is an integer. 

But if (for example) 𝑎2 = 2, then 𝑎 is not an integer. 

Therefore this is an “implies” statement: ⇒. 

 

10a False. If 𝜃 =
5𝜋

6
 then sin 𝜃 =

1

2
 but 𝜃 ≠

𝜋

6
. 

 

10b False. If 𝜃 =
𝜋

4
 then tan 𝜃 = ±1 but sin 𝜃 ≠ −

1

√2
. 

 

10c True. 

 

10d True. 

 

11a If Jack does Extension 2 Mathematics then he is crazy. 

 

11b Jack does Extension 2 Mathematics and he is not crazy. 

 

11c If Jack does not do Extension 2 Mathematics then he is crazy. 

 

11d If Jack is not crazy then he does Extension 2 Mathematics. 

 

11e If Jack does not do Extension 2 Mathematics then he is not crazy. 
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11f Jack does Extension 2 Mathematics and he is not crazy. 

 

12a For every integer, there exists an integer which is larger. 

 

12b Any positive number added to its reciprocal gives at least two. 

 

13a True, because the premise is false, or alternately because the conclusion is true. 

(Either is enough to prove the implication true.) 

 

13b False, because the premise is true but the conclusion is not. 

 

13c True, because the premise is false. 

 

13d True, because the premise is true and the conclusion is true. 

 

14a If a number is less than zero, then by definition it is a negative number, and vice 

versa. 

 

14b If 1 < 0 then 1 is a negative number. This statement is true, because “1 < 0” is 

false. 

 

15a Yes. “If I do not do my homework, then I will fail” is equivalent to “If I do not fail, 

then I have done my homework”. 

 

15b Cannot be determined. While studying hard implies passing, passing doesn’t 

necessarily imply studying hard. 
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Solutions to Exercise 2B Development questions 

7 Since 𝑎 − 𝑏 is even, it can be expressed as 2𝑚 for some integer 𝑚. 

𝑎2 − 𝑏2 

= (𝑎 − 𝑏)(𝑎 + 𝑏) 

= (𝑎 − 𝑏)((𝑎 − 𝑏) + 2𝑏) 

= 2𝑚(2𝑚 + 2𝑏) 

= 4𝑚(𝑚 + 𝑏) 

which must be a multiple of 4. 

 

8 Let: 

 2𝑎 + 𝑏 = 𝑐𝑛  (1) 

3𝑎 + 2𝑏 = 𝑑𝑛  (2) 

for integers 𝑐, 𝑑. 

4𝑎 + 2𝑏 = 2𝑐𝑛  (3) (multiplying (1) by 2) 

Subtracting (2) from (3): 

𝑎 = 𝑐𝑛 − 𝑑𝑛 

𝑎 = (𝑐 − 𝑑)𝑛  (4) 

2𝑎 = 2(𝑐 − 𝑑)𝑛 (5) 

Subtracting (5) from (1): 

2𝑎 + 𝑏 − 2𝑎 = 𝑐𝑛 − 2(𝑐 − 𝑑)𝑛 

𝑏 = (2𝑑 − 𝑐)𝑛 

Hence 𝑎 and 𝑏 are both multiples of 𝑛. 

 

9 Let: 

𝑎2 + 𝑎 = 4𝑐  (1) 

𝑎2 − 𝑎 = 4𝑑  (2) 

Subtracting (2) from (1): 

2𝑎 = 4𝑐 − 4𝑑 
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𝑎 = 2(𝑐 − 𝑑) 

Therefore 𝑎 is even. 

 

10 𝑎3 − 𝑎 

= 𝑎(𝑎2 − 1) 

= (𝑎 − 1)𝑎(𝑎 + 1) 

Since (𝑎 − 1) and 𝑎 are consecutive, one of them must be a multiple of 2. 

Since (𝑎 − 1), 𝑎, and (𝑎 + 1) are consecutive integers, one of them must be a 
multiple of 3. 

Therefore 𝑎3 − 𝑎 is a multiple of 2 and of 3, making it a multiple of 6. 

 

11 If 𝑎 is even, then there is an integer 𝑛 such that 𝑎 = 2𝑛. 

𝑎3 + 2𝑎2 

= (2𝑛)3 + 2(2𝑛)2 

= 8𝑛3 + 8𝑛2 

= 8(𝑛3 + 𝑛2) 

So 𝑎3 + 2𝑎2 must be a multiple of 8. 

 

12 Part 1: 

Suppose a number 𝑎 is divisible by 6. 

This means there is an integer 𝑏 such that 𝑎 = 6𝑏. 

We can rewrite this as 𝑎 = 2(3𝑏) showing that 𝑎 is divisible by 2. 

We can also rewrite this as 𝑎 = 3(2𝑏) showing that 𝑎 is divisible by 3. 

Therefore if 𝑎 is divisible by 6, it is divisible by both 2 and 3. 

Part 2: 

Now suppose a number 𝑎 is divisible by both 2 and 3. 

This means there is an integer 𝑚 such that 𝑎 = 2𝑚, and also that 2𝑚 is divisible 
by 3.  

Since 3 is a prime number, either 3 divides 2 or 3 divides 𝑚. 
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Since 3 doesn’t divide 2, it must divide 𝑚. 

Therefore there is an integer 𝑛 such that 𝑚 = 3𝑛. 

Therefore 𝑎 = 2(3𝑛) 

𝑎 = 6𝑛 

Therefore 𝑎 is divisible by 6. 

We have now proved that if a number is divisible by 6, it is divisible by 2 and 3, 

and we have also proved that if a number is divisible by 2 and 3, it is divisible by 
6. 

Therefore a number is divisible by 6 if and only if it is divisible by both 2 and 3. 

 

13 Part 1: 

Suppose an integer 𝑎 is the sum of 7 consecutive numbers. That is: 

𝑎 = 𝑛 + (𝑛 + 1) + (𝑛 + 2) + ⋯ + (𝑛 + 6) 

for some integer 𝑛. 

Therefore, 

𝑎 = 7𝑛 + 1 + 2 + ⋯ + 6 

    = 7𝑛 + 21 

    = 7(𝑛 + 3) 

Therefore 𝑎 is divisible by 7. 

Part 2: 

Suppose an integer 𝑎 is divisible by 7. That is: 

𝑎 = 7𝑚 for some integer 𝑚. 

Therefore, 

𝑎 = 7𝑚 + (−3) + (−2) + (−1) + 0 + (1) + (2) + (3) 

    = (𝑚 − 3) + (𝑚 − 2) + (𝑚 − 1) + 𝑚 + (𝑚 + 1) + (𝑚 + 2) + (𝑚 + 3) 

So 𝑎 is the sum of 7 consecutive numbers, beginning at 
𝑎

7
− 3. 

We have now proved that if an integer is the sum of 7 consecutive integers, then 

it is a multiple of 7, and we have also proved that it is a multiple of 7 then it is the 

sum of 7 consecutive integers. 
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Therefore an integer is the sum of 7 consecutive integers if and only if it is 

divisible by 7. 

 

14a If 𝑛 is odd, there exists an integer 𝑚 such that 𝑛 = 2𝑚 + 1. 

Consider the sum of 𝑛 consecutive numbers: 𝑎 + (𝑎 + 1) + (𝑎 + 2) + ⋯ +
(𝑎 + 𝑛 − 1) where 𝑎 is the first number in the sequence. 

This sum is equal to 

𝑎𝑛 + 1 + 2 + ⋯ + (𝑛 − 1) 

= 𝑎𝑛 +
(𝑛 − 1)𝑛

2
 

= 𝑛 (𝑎 +
(𝑛 − 1)

2
) 

= 𝑛 (𝑎 +
(2𝑚 + 1 − 1)

2
) 

= 𝑛(𝑎 + 𝑚) 

Therefore when 𝑛 is odd, the sum is divisible by 𝑛. 

 

14b By the same proof as above, the sum of 𝑛 consecutive integers is equal to 

𝑛 (𝑎 +
(𝑛 − 1)

2
) 

= 𝑛 (𝑎 +
𝑛

2
−

1

2
) 

In this case, since 𝑛 is even, 
𝑛

2
 is an integer, so (𝑎 +

𝑛

2
−

1

2
) cannot be an integer. 

There is a remainder of  
𝑛

2
. 

Therefore the sum cannot be divisible by 𝑛 when 𝑛 is even. 

 

15 Let the digits of a 4-digit number 𝑛 be 𝑎, 𝑏, 𝑐, 𝑑. 

That is, 

𝑛 = 1000𝑎 + 100𝑏 + 10𝑐 + 𝑑 

    = (999𝑎 + 99𝑏 + 9𝑐) + (𝑎 + 𝑏 + 𝑐 + 𝑑) 

    = 3(333𝑎 + 33𝑏 + 3𝑐) + (𝑎 + 𝑏 + 𝑐 + 𝑑) 
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Part 1: 

If 𝑛 is divisible by 3, then 𝑛 = 3𝑚 for some integer 𝑚. 

Therefore: 

3𝑚 = 3(333𝑎 + 33𝑏 + 3𝑐) + (𝑎 + 𝑏 + 𝑐 + 𝑑) 

(𝑎 + 𝑏 + 𝑐 + 𝑑) = 3(𝑚 − 333𝑎 − 33𝑏 − 3𝑐) 

Therefore the sum of the digits (𝑎 + 𝑏 + 𝑐 + 𝑑) is a multiple of 3. 

Part 2: 

If the sum of the digits is a multiple of 3, then (𝑎 + 𝑏 + 𝑐 + 𝑑) = 3𝑘 for some 
integer 𝑘. 

Therefore: 

𝑛 = 3(333𝑎 + 33𝑏 + 3𝑐) + 3𝑘 

    = 3(333𝑎 + 33𝑏 + 3𝑐 + 𝑘) 

Therefore 𝑛 is divisible by 3. 

We have now proved the result in both directions, so a 4-digit number is divisible 

by 3 if and only if the sum of its digits is divisible by 3. 

 

16a If 𝑛 is divisible by 13, then 10𝑥 + 𝑦 = 13𝑚 for some integer 𝑚. 

Multiplying this by 4 gives: 

40𝑥 + 4𝑦 = 13(4𝑚) 

39𝑥 + 𝑥 + 4𝑦 = 13(4𝑚) 

13(3𝑥) + 𝑥 + 4𝑦 = 13(4𝑚) 

𝑥 + 4𝑦 = 13(4𝑚 − 3𝑥) 

Therefore 𝑥 + 4𝑦 is divisible by 13. 

 

16b If 𝑥 + 4𝑦 is divisible by 13, then 𝑥 + 4𝑦 = 13𝑘 for some integer 𝑘. 

Multiplying by 10: 

10𝑥 + 40𝑦 = 13(10𝑘) 

10𝑥 + 𝑦 + 39𝑦 = 13(10𝑘) 

10𝑥 + 𝑦 + 13(3𝑦) = 13(10𝑘) 
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10𝑥 + 𝑦 = 13(10𝑘 − 3𝑦) 

Therefore 10𝑥 + 𝑦 is divisible by 13. 

 

16c ∀𝑥, 𝑦 ∈ ℤ+: [∃𝑚 ∈ ℤ: 10𝑥 + 𝑦 = 13𝑚] ⇔ [∃𝑘 ∈ ℤ: 𝑥 + 4𝑦 = 13𝑘]  

 

16d From part a, if 10𝑥 + 𝑦 is divisible by 13, then so is 𝑥 + 4𝑦. 

So, if 8112 = 10 × 811 + 2 is divisible by 13, 

then so is 811 + 4 × 2 = 819. 

If 819 = 10 × 81 + 9 is divisible by 13, 

then so is 81 + 4 × 9 = 117. 

If 117 = 10 × 11 + 7 is divisible by 13, 

then so is 11 + 4 × 7 = 39, which 𝑖𝑠 divisible by 13. 

We can reverse the above argument because we proved in part b 

that the converse of part a is true. 

So, because 39 is divisible by 13, so is 8112. 

 

17a (𝑥 − 1)(𝑥𝑛−1 + 𝑥𝑛−2 + 𝑥𝑛−3 + ⋯ + 𝑥 + 1) 

= 𝑥𝑛−1(𝑥 − 1) + 𝑥𝑛−2(𝑥 − 1) + 𝑥𝑛−3(𝑥 − 1) + ⋯ + 𝑥(𝑥 − 1) + 1(𝑥 − 1) 

= 𝑥𝑛 − 𝑥𝑛−1 + 𝑥𝑛−1 − 𝑥𝑛−2 + 𝑥𝑛−2 − ⋯ − 𝑥2 + 𝑥2 − 𝑥 + 𝑥 − 1 

= 𝑥𝑛 + 0 + 0 + ⋯ + 0 + 0 − 1 

= 𝑥𝑛 − 1 

 

17b i From part a: 

7𝑛 − 1 

= (7 − 1)(7𝑛−1 + 7𝑛−2 + 7𝑛−3 + ⋯ + 7 + 1) 

= 6(7𝑛−1 + 7𝑛−2 + 7𝑛−3 + ⋯ + 7 + 1) 

Therefore 7𝑛 − 1 is a multiple of 6. 

 

17b ii Note: we must also assume that 𝑎 is positive here. Otherwise a counterexample is 
𝑎 = −2, 𝑛 = 2. 

From part a: 

𝑎𝑛 − 1 = (𝑎 − 1)(𝑎𝑛−1 + 𝑎𝑛−2 + 𝑎𝑛−3 + ⋯ + 𝑎 + 1) 
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(𝑎𝑛−1 + 𝑎𝑛−2 + 𝑎𝑛−3 + ⋯ + 𝑎 + 1) ≥ 𝑎 + 1 ≥ 2 

If 𝑎𝑛 − 1 is prime, then its divisors can only be itself and 1. 

Since (𝑎𝑛−1 + 𝑎𝑛−2 + 𝑎𝑛−3 + ⋯ + 𝑎 + 1) ≠ 1, its other divisor (𝑎 − 1) must 
equal 1. 

Therefore 𝑎 = 2. 

 

18a Any factor of 𝑛 must be of the form 𝑝𝑖𝑞𝑗  where 0 ≤ 𝑖 ≤ 𝑎 and 0 ≤ 𝑗 ≤ 𝑏. 

This gives 𝑎 + 1 possible values for 𝑖 and 𝑏 + 1 possible values for 𝑗. 

Multiplying these together, there are (𝑎 + 1)(𝑏 + 1) possible choices to make a 

factor of 𝑛. 

 

18b 80 000 = 27 × 54 

Therefore there are (7 + 1)(4 + 1) = 40 different factors of 80 000. 

 

19 If 𝑎 − 𝑐 is a divisor of 𝑎𝑏 + 𝑐𝑑, there is an integer 𝑛 such that 𝑎𝑏 + 𝑐𝑑 = 𝑛(𝑎 − 𝑐) 

(𝑎 − 𝑐)(𝑏 − 𝑑) 

= 𝑎𝑏 + 𝑐𝑑 − 𝑎𝑑 − 𝑏𝑐 

= (𝑎 − 𝑐)𝑛 − (𝑎𝑑 + 𝑏𝑐) 

𝑎𝑑 + 𝑏𝑐 

= (𝑎 − 𝑐)𝑛 + (𝑎 − 𝑐)(𝑑 − 𝑏) 

= (𝑎 − 𝑐)(𝑛 + 𝑑 − 𝑏) 

Therefore 𝑎 − 𝑐 is a divisor of 𝑎𝑑 + 𝑏𝑐. 
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Solutions to Exercise 2C Development questions 

6a Proof by contradiction: 

Suppose ∃𝑚, 𝑛 ∈ ℤ+ such that 
𝑚

𝑛
= log3 5. 

𝑚

𝑛
= log3 5 

3
𝑚
𝑛 = 5 

3𝑚 = 5𝑛 

But this contradicts the Fundamental Theorem of Arithmetic, since it would 

imply that 3𝑚 has two different prime factorisations. 

Therefore no such 𝑚, 𝑛 exist. 

Therefore log3 5 is irrational. 

 

6b log3 15 

= log3(5 × 3) 

= log3 5 + log3 3 

= log3 5 + 1 

Since log3 5 is irrational, log3 5 + 1 must also be irrational. 

Therefore log3 15 is irrational. 

 

7a Proof by contradiction: 

Suppose ∃𝑚, 𝑛 ∈ ℤ+ such that 
𝑚

𝑛
= √11 and the HCF of 𝑚 and 𝑛 is 1. 

𝑚2

𝑛2
= 11 

𝑚2 =
11

𝑛2
 

Therefore 11 divides 𝑚2. 

Since 11 is prime, if 𝑚 is not divisible by 11 then 𝑚2 would not be divisible by 11. 

Therefore 11 must divide 𝑚, so we can write 𝑚 = 11𝑘. 

Therefore 
(11𝑘)2

𝑛2
= 11 
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11 × 11𝑘2

𝑛2
= 11 

11𝑘2

𝑛2
= 1 

𝑛2 = 11𝑘2 

Thus 𝑛2 is divisible by 11. 

Since 11 is prime, if 𝑛 is not divisible by 11 then 𝑛2 would not be divisible by 11. 

Therefore 𝑛 is divisible by 11. 

That is, 11 is a common factor of 𝑚 and 𝑛. But the HCF is 1, so there is a 
contradiction. 

Hence √11 is irrational. 

 

7b √44 = √4 × 11 

          = 2√11 

Since √11 is irrational, 2√11 is also irrational. 

 

8 Proof by contradiction: 

Suppose 𝑝1 and 𝑝2 are both greater than or equal to √𝑛. 

Since they cannot be equal to one another, at least one must be greater than √𝑛. 

Therefore 𝑝1𝑝2 > √𝑛 × √𝑛 

Therefore 𝑛 > √𝑛 × √𝑛 

But √𝑛 × √𝑛 = 𝑛 so this leads to a contradiction. 

Therefore at least one of 𝑝1 and 𝑝2 is less than √𝑛. 

 

9a Proof by contradiction: 

If 𝑛 is odd, 𝑛2 must be odd. 

Therefore 𝑛2 + 2 must also be odd, and cannot be divisible by 4. 

This leads to a contradiction. 

Therefore 𝑛 must be even. 



 
Chapter 2 worked solutions – Proof 
 

© Cambridge University Press 2019  3 
 

9b Since 𝑛 is even, we know 𝑛 = 2𝑚 for some integer 𝑚. 

Therefore 𝑛2 + 2 = (2𝑚)2 + 2 

                                  = 4𝑚2 + 2 

But this must have remainder 2 when divided by 4, leading to a contradiction. 

Hence 𝑛 cannot be either even or odd, leading to a contradiction. 

Therefore no such number exists. 

 

10a Every odd number 𝑎 can be written in the form 2𝑛 + 1. 

If 𝑛 is odd, then 𝑛 = 2𝑚 + 1 for some 𝑚.  

Therefore: 

𝑎 = 2(2𝑚 + 1) + 1 

    = 4𝑚 + 3 

    = 4𝑚 + 4 − 1 

    = 4(𝑚 + 1) − 1 

which is 1 less than a multiple of 4. 

If 𝑛 is even, then 𝑛 = 2𝑚 for some 𝑚. 

Therefore: 

𝑎 = 2(2𝑚) + 1 

    = 4𝑚 + 1 

which is 1 more than a multiple of 4. 

Therefore, 𝑎 is either 1 more or 1 less than a multiple of 4. 

 

10b Suppose the integers are 4𝑛 + 1 and 4𝑚 + 1. 

Then their product is  

(4𝑚 + 1)(4𝑛 + 1) 

= 16𝑚𝑛 + 4𝑚 + 4𝑛 + 1 

= 4(4𝑚𝑛 + 𝑚 + 𝑛) + 1 

= 4𝑘 + 1 

where 𝑘 = 4𝑚𝑛 + 𝑚 + 𝑛. 
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10c Proof by contradiction: 

Suppose a composite number 𝑎 of the form 4𝑛 − 1 has no prime factors of the 

form 4𝑛 − 1. 

Since 4𝑛 − 1 is odd, all prime factors must be odd. 

From part a, any odd number must be of the form 4𝑛 + 1 or 4𝑛 − 1. 

Since 𝑎 has no prime factors of the form 4𝑛 − 1, all its prime factors must be of 
the form 4𝑛 + 1. 

However, from part b, every time we multiply two numbers of the form 4𝑛 + 1 

we get another number of the form 4𝑛 + 1. 

Therefore, multiplying out all the prime factors of 𝑎 results in a number of the 
form 4𝑛 + 1.  

Therefore 𝑎 is of the form 4𝑛 + 1.  

A number cannot be both one greater and one less than a multiple of 4. 

Therefore 𝑎 cannot also be of the form 4𝑛 − 1.  

This creates a contradiction, proving that any composite number of the form 

4𝑛 − 1 must have at least one prime factor of the form 4𝑛 − 1. 

 

11 Proof by contradiction: 

Suppose √4𝑛 − 2 is rational. 

Since 𝑛 ≥ 1, √4𝑛 − 2 > 0  

Therefore √4𝑛 − 2 =
𝑎

𝑏
 for some 𝑎, 𝑏 ∈ ℤ+ with HCF 1 

4𝑛 − 2 =
𝑎2

𝑏2
 

LHS is an integer, therefore 
𝑎2

𝑏2
 is an integer. 

Therefore 𝑏2 divides 𝑎2. 

But 𝑎 and 𝑏 have no common factors, so 𝑏 must equal 1. 

Therefore:  

√4𝑛 − 2 = 𝑎 

4𝑛 − 2 = 𝑎2 

If 𝑎 is odd, then 𝑎2 must be odd, but 4𝑛 − 2 is even so this is impossible. 
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If 𝑎 is even, then we can write 𝑎 = 2𝑐 for some 𝑐 ∈ ℤ+. 

Therefore: 

4𝑛 − 2 = 4𝑐2 

𝑐2 = 𝑛 −
1

2
 

But the LHS must be an integer, and the RHS cannot be an integer, so this is also 
impossible. 

Hence, assuming that √4𝑛 − 2 is rational leads to a contradiction. 

Therefore √4𝑛 − 2 is irrational. 

 

12 Proof by contradiction: 

Suppose √3 + 1 is rational. 

Therefore √3 is rational and can be written as 
𝑚

𝑛
 for some 𝑚, 𝑛 ∈ ℤ+ with HCF 1 

√3 =
𝑚

𝑛
 

3 =
𝑚2

𝑛2
 

3𝑛2 = 𝑚2 

Therefore 3 divides 𝑚2 and hence 𝑚. 

Therefore we can write 𝑚 = 3𝑘 for some 𝑘 ∈ ℤ+. 

Therefore: 

3𝑛2 = (3𝑘)2 

3𝑛2 = 9𝑘2 

𝑛2 = 3𝑘2 

Therefore 3 divides 𝑛2 and hence 𝑛.  

But this contradicts the assumption that 𝑚 and 𝑛 have no common factors. 

Assuming √3 + 1 is rational leads to a contradiction, therefore it is irrational. 
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13a Proof by contradiction: 

Suppose √6 is rational. 

Therefore √6 can be written as 
𝑚

𝑛
 for some 𝑚, 𝑛 ∈ ℤ+ with HCF 1 

√6 =
𝑚

𝑛
 

6 =
𝑚2

𝑛2
 

6𝑛2 = 𝑚2 

Therefore 2 and 3 both divide 𝑚2. 

Since each is prime, it follows that each divides 𝑚. 

Therefore 6 divides 𝑚. 

Therefore we can write 𝑚 = 6𝑘 for some 𝑘 ∈ ℤ+. 

Therefore: 

6𝑛2 = (6𝑘)2 

6𝑛2 = 36𝑘2 

𝑛2 = 6𝑘2 

Therefore 2 divides 𝑛2 and hence 2 divides 𝑛.  

But this contradicts the assumption that 𝑚 and 𝑛 have no common factors. 

Assuming √6 is rational leads to a contradiction, therefore it is irrational. 

 

13b Proof by contradiction: 

Suppose √3 + √2 is rational. 

Then √3 + √2 =
𝑚

𝑛
 for some 𝑚, 𝑛 ∈ ℤ+ with HCF 1 

Therefore: 

(√3 + √2)
2

= (
𝑚

𝑛
)

2

 

3 + 2√6 + 2 =
𝑚2

𝑛2
 

2√6 =
𝑚2

𝑛2
− 5 



 
Chapter 2 worked solutions – Proof 
 

© Cambridge University Press 2019  7 
 

√6 =
𝑚2 − 5𝑛2

2𝑛2
 

which is rational, since all terms on the RHS are integers. 

But we know from part a that √6 is irrational.  

The assumption that  √3 + √2 is rational leads to a contradiction. 

Therefore √3 + √2 is irrational. 

 

14 The contrapositive statement is: if 𝑛 is not prime, then 2𝑛 − 1 is not prime. 

If 𝑛 is not prime, we can write 𝑛 = 𝑎𝑏 for some 𝑎, 𝑏 ∈ ℤ+, with both greater than 
1. 

Then  

2𝑛 − 1 

= 2𝑎𝑏 − 1 

= (2𝑎)𝑏 − 1𝑏 

= (2𝑎 − 1)((2𝑎)𝑏−1 + (2𝑎)𝑏−2 + (2𝑎)𝑏−3 + ⋯ + (2𝑎)1 + (2𝑎)0)  

                                                                                    (using difference of powers) 

Since 𝑎 > 1, 𝑎 ≥ 2. 

Therefore 2𝑎 − 1 is an integer greater than or equal to 22 − 1 = 3. 

Since 𝑏 > 1, 𝑏 ≥ 2. 

Therefore: 

((2𝑎)𝑏−1 + (2𝑎)𝑏−2 + (2𝑎)𝑏−3 + ⋯ + (2𝑎)1 + (2𝑎)0) 

≥ (2𝑎)1 + (2𝑎)0 

= 2𝑎 + 1 

≥ 22 + 1 

And ((2𝑎)𝑏−1 + (2𝑎)𝑏−2 + (2𝑎)𝑏−3 + ⋯ + (2𝑎)1 + (2𝑎)0) must be an integer 

since each term of the sum is an integer. 

Therefore 2𝑛 − 1 is the product of two integers, each greater than 1, so it cannot 

be prime. 

By proving the contrapositive, we have proved the original statement. 
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15 Proof by contradiction: 

Suppose there are only finitely many prime numbers. 

Therefore there must be a largest prime number, 𝑝. 

Note that 𝑝! is divisible by every number up to and including 𝑝, including all the 
prime numbers (since 𝑝 is the largest prime number). 

Hence, for every prime number 𝑞, there exists an integer 𝑚 such that 
𝑝!

𝑞
= 𝑚. 

Therefore  
𝑝! + 1

𝑞
= 𝑚 +

1

𝑞
 

This cannot be an integer. 

Therefore 𝑝! + 1 is not divisible by any prime number between 1 and 𝑝. 

If 𝑝! + 1 can be factorised, then each of its prime factors must be larger than 𝑝. 

If it cannot be factorised, then it is itself a prime number, larger than 𝑝. 

Either way, 𝑝 cannot be the largest prime number, so we have a contradiction. 

Therefore there are infinitely many prime numbers. 
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Solutions to Exercise 2D Development questions 

7a 𝑝 − 𝑞 ≠ 0 

Therefore: 

(𝑝 − 𝑞)2 > 0 

𝑝2 − 2𝑝𝑞 + 𝑞2 > 0 

𝑝2 + 𝑞2 > 2𝑝𝑞 

 

7b 𝑝2 + 𝑞2 > 2𝑝𝑞  (1) 

𝑞2 + 𝑟2 > 2𝑞𝑟   (2) by the same proof as above 

𝑟2 + 𝑝2 > 2𝑟𝑝   (3) by the same proof as above 

Adding (1), (2) and (3) together: 

𝑝2 + 𝑞2 + 𝑞2 + 𝑟2 + 𝑟2 + 𝑝2 > 2𝑝𝑞 + 2𝑞𝑟 + 2𝑟𝑝 

2𝑝2 + 2𝑞2 + 2𝑟2 > 2𝑝𝑞 + 2𝑞𝑟 + 2𝑟𝑝 

𝑝2 + 𝑞2 + 𝑟2 > 𝑝𝑞 + 𝑞𝑟 + 𝑟𝑝 

 

7c (𝑝 + 𝑞 + 𝑟)2 = 1 

𝑝2 + 𝑞2 + 𝑟2 + 2𝑝𝑞 + 2𝑞𝑟 + 2𝑟𝑝 = 1  (1) 

From part b, 𝑝2 + 𝑞2 + 𝑟2 > 𝑝𝑞 + 𝑞𝑟 + 𝑟𝑝 

Substituting this into (1): 

2𝑝𝑞 + 2𝑞𝑟 + 2𝑟𝑝 + 𝑝𝑞 + 𝑞𝑟 + 𝑟𝑝 < 1 

3𝑝𝑞 + 3𝑞𝑟 + 3𝑟𝑝 < 1 

𝑝𝑞 + 𝑞𝑟 + 𝑟𝑝 <
1

3
 

 

8a (𝑎2 − 𝑏2)2 ≥ 0 

𝑎4 − 2𝑎2𝑏2 + 𝑏4 ≥ 0 

𝑎4 + 𝑏4 ≥ 2𝑎2𝑏2  (1) 

Similarly: 

𝑏4 + 𝑐4 ≥ 2𝑏2𝑐2  (2) 
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𝑐4 + 𝑎4 ≥ 2𝑐2𝑎2  (3) 

Adding (1), (2) and (3) together: 

2𝑎4 + 2𝑏4 + 2𝑐4 ≥ 2𝑎2𝑏2 + 2𝑏2𝑐2 + 2𝑐2𝑎2 

𝑎4 + 𝑏4 + 𝑐4 ≥ 𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 

 

8b (𝑎𝑏 − 𝑏𝑐)2 ≥ 0 

 𝑎2𝑏2 − 2𝑎𝑏2𝑐 + 𝑏2𝑐2 ≥ 0 

𝑎2𝑏2 + 𝑏2𝑐2 ≥ 2𝑎𝑏2𝑐 (1) 

Similarly: 

𝑏2𝑐2 + 𝑐2𝑎2 ≥ 2𝑏𝑐2𝑎 (2) 

𝑐2𝑎2 + 𝑎2𝑏2 ≥ 2𝑐𝑎2𝑏 (3) 

Adding (1), (2) and (3) together: 

2𝑎2𝑏2 + 2𝑏2𝑐2 + 2𝑐2𝑎2 ≥ 2𝑎𝑏2𝑐 + 2𝑏𝑐2𝑎 + 2𝑐𝑎2𝑏 

𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 ≥ 𝑎2𝑏𝑐 + 𝑏2𝑎𝑐 + 𝑐2𝑎𝑏 

 

8c 𝑎𝑏𝑐𝑑 = 𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐) 

           = 𝑎2𝑏𝑐 + 𝑏2𝑎𝑐 + 𝑐2𝑎𝑏 

From parts a and b above, 

𝑎4 + 𝑏4 + 𝑐4 ≥ 𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 ≥ 𝑎2𝑏𝑐 + 𝑏2𝑎𝑐 + 𝑐2𝑎𝑏 

Therefore: 

𝑎4 + 𝑏4 + 𝑐4 ≥ 𝑎𝑏𝑐𝑑 

 

9a (𝑎 − 𝑏)2 ≥ 0 

𝑎2 − 2𝑎𝑏 + 𝑏2 ≥ 0 

𝑎2 + 𝑏2 ≥ 2𝑎𝑏 
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9b 𝑎2 + 𝑏2 ≥ 2𝑎𝑏 (1) 

Similarly: 

𝑏2 + 𝑐2 ≥ 2𝑏𝑐 (2) 

𝑐2 + 𝑎2 ≥ 2𝑐𝑎 (3) 

Adding (1), (2) and (3) together: 

2𝑎2 + 2𝑏2 + 2𝑐2 ≥ 2𝑎𝑏 + 2𝑏𝑐 + 2𝑐𝑎 

𝑎2 + 𝑏2 + 𝑐2 ≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎  

 

9c From 9b, 𝑎2 + 𝑏2 + 𝑐2 ≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 

Therefore: 

𝑎2 + 𝑏2 + 𝑐2 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎 ≥ 0 

𝑎 + 𝑏 + 𝑐 > 0 since all three are positive. 

Therefore (𝑎 + 𝑏 + 𝑐)(𝑎2 + 𝑏2 + 𝑐2 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎) ≥ 0 as the product of two 
non-negative terms 

Therefore 𝑎3 + 𝑏3 + 𝑐3 − 3𝑎𝑏𝑐 ≥ 0 

𝑎3 + 𝑏3 + 𝑐3 ≥ 3𝑎𝑏𝑐 

 

9d Let 𝑎 = √𝑥
3

, 𝑏 = √𝑦3 , 𝑐 = √𝑧
3

 

Substituting into the result from part c above: 

𝑥 + 𝑦 + 𝑧 ≥ 3√𝑥
3

× √𝑦3 × √𝑧
3

 

𝑥 + 𝑦 + 𝑧 ≥ 3√𝑥𝑦𝑧3  

𝑥 + 𝑦 + 𝑧 ≥ 3(𝑥𝑦𝑧)
1
3 

 

10a Using the result from part a above, substitute 𝑎 = 1, 𝑏 = √𝑥 to get the required 

result. 
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10b 1 + 𝑥 ≥ 2√𝑥  (1)      (from part a) 

Similarly: 

1 + 𝑦 ≥ 2√𝑦  (2) 

1 + 𝑧 ≥ 2√𝑧  (3) 

Multiplying (1), (2) and (3), and noting that all terms are positive: 

(1 + 𝑥)(1 + 𝑦)(1 + 𝑧) ≥ (2√𝑥)(2√𝑦)(2√𝑧) 

(1 + 𝑥)(1 + 𝑦)(1 + 𝑧) ≥ 8√𝑥𝑦𝑧 

Substituting (1 + 𝑥)(1 + 𝑦)(1 + 𝑧) = 8: 

8 ≥ 8√𝑥𝑦𝑧 

1 ≥ √𝑥𝑦𝑧 

 

11a  

(
𝑎

𝑏
−

𝑏

𝑎
)

4

= (
𝑎

𝑏
)

4

− 4 (
𝑎

𝑏
)

3

(
𝑏

𝑎
) + 6 (

𝑎

𝑏
)

2

(
𝑏

𝑎
)

2

− 4 (
𝑎

𝑏
) (

𝑏

𝑎
)

3

+ (
𝑏

𝑎
)

4

 

                   = (
𝑎

𝑏
)

4

− 4 (
𝑎

𝑏
)

2

+ 6 − 4 (
𝑏

𝑎
)

2

+ (
𝑏

𝑎
)

4

 

                   =
𝑎4

𝑏4
− 4

𝑎2

𝑏2
+ 6 − 4

𝑏2

𝑎2
+

𝑏4

𝑎4
 

 

11b  

(
𝑎

𝑏
−

𝑏

𝑎
)

4

≥ 0 

Using the equivalency from part a,  

𝑎4

𝑏4
− 4

𝑎2

𝑏2
+ 6 − 4

𝑏2

𝑎2
+

𝑏4

𝑎4
≥ 0 

𝑎4

𝑏4
+

𝑏4

𝑎4
+ 6 ≥ 4

𝑎2

𝑏2
+ 4

𝑏2

𝑎2
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11c Since 𝑥, 𝑦 > 0 we can write 𝑥 = 𝑎2, 𝑦 = 𝑏2. 

Substituting into the result from part b then gives: 

𝑥2

𝑦2
+

𝑦2

𝑥2
+ 6 ≥ 4 (

𝑥

𝑦
+

𝑦

𝑥
) 

 

12a By the arithmetic mean – geometric mean inequality: 

√𝑎2𝑏2 ≤
𝑎2 + 𝑏2

2
 

Therefore: 

𝑎𝑏 ≤
𝑎2 + 𝑏2

2
                     (1) 

Likewise: 

𝑐𝑑 ≤
𝑐2 + 𝑑2

2
                     (2) 

And applying the AM/GM inequality again: 

√𝑎𝑏 × 𝑐𝑑 ≤
𝑎𝑏 + 𝑐𝑑

2
         (3) 

Substituting (1) and (2) into (3) gives: 

√𝑎𝑏 × 𝑐𝑑 ≤

𝑎2 + 𝑏2

2 +
𝑐2 + 𝑑2

2
2

 

√𝑎𝑏𝑐𝑑 ≤
𝑎2 + 𝑏2 + 𝑐2 + 𝑑2

4
 

 

12b Write 𝑤 = 𝑎2, 𝑥 = 𝑏2, 𝑦 = 𝑐2, 𝑧 = 𝑑2 and then substitute into the inequality 

proved in part a: 

√√𝑤√𝑥√𝑦√𝑧 ≤
𝑤 + 𝑥 + 𝑦 + 𝑧

4
 

√𝑤𝑥𝑦𝑧4 ≤
𝑤 + 𝑥 + 𝑦 + 𝑧

4
 

 

13a See proof for question 9a. 
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13b See proof for question 9b to show that 𝑎2 + 𝑏2 + 𝑐2 ≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎, and then 

subtract 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 from both sides. 

 

13c (𝑎 + 𝑏 + 𝑐)2 = 𝑎2 + 𝑏2 + 𝑐2 + 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) 

(𝑎 + 𝑏 + 𝑐)2 ≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 + 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) (substituting result from part b) 

(𝑎 + 𝑏 + 𝑐)2 ≥ 3(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) 

 

13d i By the triangle inequality,  

𝑏 ≤ 𝑎 + 𝑐 

𝑏 − 𝑐 ≤ 𝑎 

and similarly:  
𝑐 − 𝑏 ≤ 𝑎 

Therefore  
|𝑏 − 𝑐| ≤ |𝑎| 

(𝑏 − 𝑐)2 ≤ 𝑎2 

 

13d ii From part i: 

(𝑏 − 𝑐)2 ≤ 𝑎2 

𝑏2 + 𝑐2 − 𝑎2 ≤ 2𝑏𝑐 (1) 

Similarly: 

𝑎2 + 𝑏2 − 𝑐2 ≤ 2𝑎𝑏 (2) 

𝑐2 + 𝑎2 − 𝑏2 ≤ 2𝑐𝑎 (3) 

Adding (1), (2) and (3) together: 

𝑎2 + 𝑏2 + 𝑐2 ≤ 2𝑎𝑏 + 2𝑏𝑐 + 2𝑐𝑎 (4) 

(𝑎 + 𝑏 + 𝑐)2 = 𝑎2 + 𝑏2 + 𝑐2 + 2𝑎𝑏 + 2𝑏𝑐 + 2𝑐𝑎 (5) 

Substituting (4) into (5): 

(𝑎 + 𝑏 + 𝑐)2 ≤ 2𝑎𝑏 + 2𝑏𝑐 + 2𝑐𝑎 + 2𝑎𝑏 + 2𝑏𝑐 + 2𝑐𝑎 

(𝑎 + 𝑏 + 𝑐)2 ≤ 4(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) 
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14a From question 9, we know 𝑎2 + 𝑏2 ≥ 2𝑎𝑏. 

Dividing by 𝑎𝑏 then gives 

𝑎

𝑏
+

𝑏

𝑎
≥ 2 

 

14b (𝑎 + 𝑏 + 𝑐) (
1

𝑎
+

1

𝑏
+

1

𝑐
) 

= 1 +
𝑎

𝑏
+

𝑎

𝑐
+

𝑏

𝑎
+ 1 +

𝑏

𝑐
+

𝑐

𝑎
+

𝑐

𝑏
+ 1 

= 3 + (
𝑎

𝑏
+

𝑏

𝑎
) + (

𝑏

𝑐
+

𝑐

𝑏
) + (

𝑐

𝑎
+

𝑎

𝑐
) 

From question 14a,   
𝑎

𝑏
+

𝑏

𝑎
≥ 2. 

Similarly,
𝑏

𝑐
+

𝑐

𝑏
≥ 2  and 

𝑐

𝑎
+

𝑎

𝑐
≥ 2. 

Therefore: 

(𝑎 + 𝑏 + 𝑐) (
1

𝑎
+

1

𝑏
+

1

𝑐
) ≥ 3 + 2 + 2 + 2 

(𝑎 + 𝑏 + 𝑐) (
1

𝑎
+

1

𝑏
+

1

𝑐
) ≥ 9 

 

14c i Subtracting RHS from LHS gives: 

𝑎3 + 𝑏3 − (
𝑎

𝑐
+

𝑏

𝑐
) 𝑎𝑏𝑐 

= 𝑎3 + 𝑏3 − (𝑎 + 𝑏)𝑎𝑏 

= 𝑎3 − 𝑎2𝑏 − 𝑎𝑏2 + 𝑏3 

= (𝑎2 − 𝑏2)(𝑎 − 𝑏) 

= (𝑎 + 𝑏)(𝑎 − 𝑏)2 

(𝑎 − 𝑏)2 ≥ 0 

Since 𝑎 and 𝑏 are positive, (𝑎 + 𝑏) > 0. 

Therefore LHS − RHS is non-negative and so LHS ≥ RHS. 

This proves that   𝑎3 + 𝑏3 ≥ (
𝑎

𝑐
+

𝑏

𝑐
) 𝑎𝑏𝑐            (1) 
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Similarly: 

𝑏3 + 𝑐3 ≥ (
𝑏

𝑎
+

𝑐

𝑎
) 𝑎𝑏𝑐             (2) 

𝑐3 + 𝑎3 ≥ (
𝑐

𝑏
+

𝑎

𝑏
) 𝑎𝑏𝑐             (3) 

  

14c ii Adding (1), (2) and (3) from above: 

2𝑎3 + 2𝑏3 + 2𝑐3 ≥ (
𝑎

𝑏
+

𝑏

𝑎
+

𝑏

𝑐
+

𝑐

𝑏
+

𝑐

𝑎
+

𝑎

𝑐
) 𝑎𝑏𝑐 

2𝑎3 + 2𝑏3 + 2𝑐3 ≥ (2 + 2 + 2)𝑎𝑏𝑐          (using the result from part a) 

𝑎3 + 𝑏3 + 𝑐3 ≥ 3𝑎𝑏𝑐 

 

14c iii Let:  

𝑥 = √
𝑎

𝑏

3
 

𝑦 = √
𝑏

𝑐

3

 

𝑧 = √
𝑐

𝑎

3
 

From the result of part c ii: 

𝑥3 + 𝑦3 + 𝑧3 ≥ 3𝑥𝑦𝑧 

𝑎

𝑏
+

𝑏

𝑐
+

𝑐

𝑎
≥ 3√

𝑎𝑏𝑐

𝑏𝑐𝑎

3

 

𝑎

𝑏
+

𝑏

𝑐
+

𝑐

𝑎
≥ 3 
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15  

𝑎

𝑏
+

𝑏

𝑎
+

𝑏

𝑐
+

𝑐

𝑏
+

𝑐

𝑎
+

𝑎

𝑐
≥ 2 + 2 + 2 

𝑎

𝑐
+

𝑏

𝑐
+

𝑏

𝑎
+

𝑐

𝑎
+

𝑐

𝑏
+

𝑎

𝑏
≥ 6    (rearranging and simplifying) 

(
𝑎 + 𝑏

𝑐
) + (

𝑏 + 𝑐

𝑎
) + (

𝑐 + 𝑎

𝑏
) ≥ 6 

Multiplying by 𝑎𝑏𝑐: 

𝑎𝑏(𝑎 + 𝑏) + 𝑏𝑐(𝑏 + 𝑐) + 𝑐𝑎(𝑐 + 𝑎) ≥ 6𝑎𝑏𝑐 

 

16a 𝑥2 + 𝑦2 ≥ 2𝑥𝑦             (as proved in question 9a) 

𝑥2 + 2𝑥𝑦 + 𝑦2 ≥ 4𝑥𝑦 

(𝑥 + 𝑦)2 ≥ 4𝑥𝑦 

𝑥 + 𝑦

𝑥𝑦
≥

4

𝑥 + 𝑦
 

1

𝑥
+

1

𝑦
≥

4

𝑥 + 𝑦
 

 

16b i  

𝑥

𝑦
+

𝑦

𝑥
≥ 2           (see proof for question 14a) 

Dividing by 𝑥𝑦: 

1

𝑦2
+

1

𝑥2
≥

2

𝑥𝑦
 

 

16b ii  

1

𝑥
+

1

𝑦
≥

4

𝑥 + 𝑦
     (from part a) 

Squaring: 

1

𝑥2
+

2

𝑥𝑦
+

1

𝑦2
≥

16

(𝑥 + 𝑦)2
 

From part b i, 
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2

𝑥𝑦
≤

1

𝑥2
+

1

𝑦2
 

Therefore: 

1

𝑥2
+

1

𝑥2
+

1

𝑦2
+

1

𝑦2
≥

16

(𝑥 + 𝑦)2
 

2

𝑥2
+

2

𝑦2
≥

16

(𝑥 + 𝑦)2
 

1

𝑥2
+

1

𝑦2
≥

8

(𝑥 + 𝑦)2
 

 

17 LHS2 − RHS2 = (𝑥 − 𝑦)2 − (|𝑥| − |𝑦|)2 

                           = 𝑥2 − 2𝑥𝑦 + 𝑦2 − |𝑥|2 + 2|𝑥||𝑦| − |𝑦|2 

                           = 𝑥2 − 2𝑥𝑦 + 𝑦2 − 𝑥2 + 2|𝑥𝑦| − 𝑦2 

                           = 2|𝑥𝑦| − 2𝑥𝑦 

Since |𝑥𝑦| ≥ 𝑥𝑦,  

LHS2 − RHS2 ≥ 0 

LHS2 ≥ RHS2 

(𝑥 − 𝑦)2 ≥ (|𝑥| − |𝑦|)2 

Since both sides are non-negative, we can take the square root while preserving 
the inequality: 

|𝑥 − 𝑦| ≥ ||𝑥| − |𝑦|| 

 

18a (Re(𝑧))
2

− |𝑧|2 = 𝑥2 − (𝑥2 + 𝑦2) 

(Re(𝑧))
2

− |𝑧|2 = −𝑦2 

(Re(𝑧))
2

− |𝑧|2 ≤ 0 

Therefore: 

(Re(𝑧))
2

≤ |𝑧|2 

Since |𝑧| is positive, we can take square roots of both sides while preserving the 

inequality: 

Re(𝑧) ≤ |𝑧| 
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18b Squaring the LHS: 

|𝑧 + 𝑤|2 

= (𝑧 + 𝑤)(𝑧 + 𝑤) 

= 𝑧𝑧 + 𝑧𝑤 + 𝑧𝑤 + 𝑤𝑤 

= |𝑧|2 + |𝑤|2 + 𝑧𝑤 + 𝑧𝑤 

Let 𝑧 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) and let 𝑤 = 𝑠(cos 𝜙 + 𝑖 sin 𝜙) 

with 𝑟, 𝑠 ≥ 0. 

Then LHS2 

= |𝑧|2 + |𝑤|2 + 𝑟𝑠(cos 𝜃 + 𝑖 sin 𝜃)(cos 𝜙 − 𝑖 sin 𝜙)

+ 𝑟𝑠(cos 𝜃 − 𝑖 sin 𝜃)(cos 𝜙 + 𝑖 sin 𝜙) 

= |𝑧|2 + |𝑤|2 + 2𝑟𝑠(cos 𝜃 cos 𝜙 + sin 𝜃 sin 𝜙) 

= |𝑧|2 + |𝑤|2 + 2𝑟𝑠 cos(𝜃 − 𝜙) 

= |𝑧|2 + |𝑤|2 + 2|𝑧||𝑤| cos(𝜃 − 𝜙) 

Squaring the RHS: 

(|𝑧| + |𝑤|)2 = |𝑧|2 + |𝑤|2 + 2|𝑧||𝑤| 

Therefore RHS2 − LHS2 = 2|𝑧||𝑤|(1 − cos(𝜃 − 𝜙)) 

If 𝑧 = 0 or 𝑤 = 0 or cos(𝜃 − 𝜙) = 1: 

RHS2 − LHS2 = 0 

RHS2 = LHS2 

RHS = LHS (since both are non-negative) 

If none of these three conditions hold:  

2|𝑧||𝑤|(1 − cos(𝜃 − 𝜙)) > 0 

Therefore:  

RHS2 > LHS2 

RHS > LHS (since both are non-negative) 

Therefore |𝑧 + 𝑤| ≤ |𝑧| + |𝑤|. 

 

18c In the working for part b, we saw that equality holds only when one of 𝑧 and 𝑤 is 
zero, or when cos(𝜃 − 𝜙) = 1. That is, 𝑧 = 𝑘𝑤 for some real 𝑘 > 0. 
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Solutions to Exercise 2E Development questions 

3a A. When 𝑛 = 1, LHS = 1  

RHS =
1

6
× 1 × (1 + 1)(1 + 2) 

          = 1 

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 

 1 + (1 + 2) + (1 + 2 + 3) + ⋯ + (1 + 2 + ⋯ + 𝑘) =
1

6
𝑘(𝑘 + 1)(𝑘 + 2) 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

1 + (1 + 2) + (1 + 2 + 3) + ⋯ + (1 + 2 + ⋯ + (𝑘 + 1))

=
1

6
(𝑘 + 1)(𝑘 + 2)(𝑘 + 3) 

From the inductive assumption: 

LHS =
1

6
𝑘(𝑘 + 1)(𝑘 + 2) + (1 + 2 + ⋯ + (𝑘 + 1)) 

         =
1

6
𝑘(𝑘 + 1)(𝑘 + 2) +

(𝑘 + 1)(𝑘 + 2)

2
 (using the result from question 1a)   

         =
1

6
(𝑘 + 1)(𝑘 + 2)(𝑘 + 3) 

         = RHS 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

3b A. When 𝑛 = 1, LHS = 1 = RHS  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 
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 13 + 23 + ⋯ + 𝑘3 = (1 + 2 + ⋯ + 𝑘)2 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

 13 + 23 + ⋯ + 𝑘3 + (𝑘 + 1)3 = (1 + 2 + ⋯ + 𝑘 + (𝑘 + 1))
2
 

From the inductive assumption: 

LHS = (1 + 2 + ⋯ + 𝑘)2 + (𝑘 + 1)3 

LHS − RHS 

= (1 + 2 + ⋯ + 𝑘)2 + (𝑘 + 1)3 − (1 + 2 + ⋯ + 𝑘 + (𝑘 + 1))
2
 

= (
𝑘(𝑘 + 1)

2
)

2

+ (𝑘 + 1)3 − (
(𝑘 + 1)(𝑘 + 2)

2
)

2

  

                                                                                 (using the result from part a) 

=
1

4
((𝑘2 + 𝑘)2 + 4𝑘3 + 12𝑘2 + 12𝑘 + 4 − (𝑘2 + 3𝑘 + 2)2) 

=
1

4
(𝑘4 + 2𝑘3 + 𝑘2 + 4𝑘3 + 12𝑘2 + 12𝑘 + 4 − 𝑘4 − 6𝑘3 − 13𝑘2 − 12𝑘 − 4) 

= 0 

Therefore LHS = RHS. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

4a A. When 𝑛 = 0, 𝑛2 + 2𝑛 = 0  

So the result is true for 𝑛 = 0. 

 

B. Assume the statement is true for the positive even integer 𝑛 = 2𝑘. 

That is, assume that 

(2𝑘)2 + 2(2𝑘) = 8𝑙 for some integer 𝑙. 

Now prove the statement for 𝑛 = 2(𝑘 + 1). That is, prove that  

(2𝑘 + 2)2 + 2(2𝑘 + 2) is a multiple of 8. 

(2𝑘 + 2)2 + 2(2𝑘 + 2) 

= (2𝑘)2 + 2 × 2 × 2𝑘 + 22 + 2(2𝑘) + 4 
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= (2𝑘)2 + 2(2𝑘) + 8𝑘 + 8 

= 8𝑙 + 8𝑘 + 8 (from the inductive assumption) 

= 8(𝑙 + 𝑘 + 1) 

Therefore (2𝑘 + 2)2 + 2(2𝑘 + 2) is a multiple of 8. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all even integers 𝑛 ≥ 0. 

 

4b A. When 𝑛 = 0, 𝑛3 + 2𝑛 = 0  

So the result is true for 𝑛 = 0. 

 

B. Assume the statement is true for the even integer 𝑛 = 2𝑘. 

That is, assume that 

(2𝑘)3 + 2(2𝑘) = 12𝑙 for some integer 𝑙. 

Now prove the statement for 𝑛 = 2(𝑘 + 1). That is, prove that  

(2𝑘 + 2)3 + 2(2𝑘 + 2)  is a multiple of 12. 

(2𝑘 + 2)3 + 2(2𝑘 + 2) 

= (2𝑘)3 + 3 × 2 × (2𝑘)2 + 3 × 22 × 2𝑘 + 23 + 2(2𝑘) + 4 

= (2𝑘)3 + 2(2𝑘) + 24𝑘2 + 24𝑘 + 12 

= 12𝑙 + 24𝑘2 + 24𝑘 + 12 (from the inductive assumption) 

= 12(𝑙 + 2𝑘2 + 2𝑘 + 1) 

Therefore (2𝑘 + 2)3 + 2(2𝑘 + 2) is a multiple of 12. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all even integers 𝑛 ≥ 0. 
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5a A. When 𝑛 = 1, 7𝑛 + 2𝑛 = 9  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for the odd integer 𝑛 = 𝑘. 

That is, assume that 

7𝑘 + 2𝑘 = 9𝑙 for some integer 𝑙. 

Now prove the statement for 𝑛 = 𝑘 + 2. That is, prove that  

7𝑘+2 + 2𝑘+2 is a multiple of 9. 

7𝑘+2 + 2𝑘+2 

= 49 × 7𝑘 + 4 × 2𝑘 

= (45 + 4) × 7𝑘 + 4 × 2𝑘 

= 45 × 7𝑘 + 4(7𝑘 + 2𝑘) 

= 9(5 × 7𝑘) + 4(9𝑙)     (from the inductive assumption) 

= 9(5 × 7𝑘 + 4𝑙) 

Therefore 7𝑘+2 + 2𝑘+2 is a multiple of 9. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all odd integers 𝑛 ≥ 1. 

 

5b A. When 𝑛 = 1, 7𝑛 + 13𝑛 + 19𝑛 = 39 which is a multiple of 13.  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for the odd integer 𝑛 = 𝑘. 

That is, assume that 

7𝑘 + 13𝑘 + 19𝑘 = 13𝑙 for some integer 𝑙. 

Now prove the statement for 𝑛 = 𝑘 + 2. That is, prove that  

7𝑘+2 + 13𝑘+2 + 19𝑘+2 is a multiple of 13. 

7𝑘+2 + 13𝑘+2 + 19𝑘+2 

= 49 × 7𝑘 + 169 × 13𝑘 + 361 × 19𝑘 
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= 49 × 7𝑘 + (49 + 120) × 13𝑘 + (49 + 312) × 19𝑘 

= 49 × (7𝑘 + 13𝑘 + 19𝑘) + 120 × 13𝑘 + 312 × 19𝑘 

= 49 × 13𝑙 + 120 × 13𝑘 + 13 × 24 × 19𝑘      (from the inductive assumption) 

= 13(49𝑙 + 120 × 13𝑘−1 + 24 × 19𝑘) 

Therefore 7𝑘+2 + 13𝑘+2 + 19𝑘+2 is a multiple of 13, noting that 𝑘 − 1 ≥ 2 so 

13𝑘−1 is an integer. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all odd integers 𝑛 ≥ 1. 

 

6a A. When 𝑛 = 1, LHS = 1 and RHS = 1.  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑘2 ≥ 3𝑘 − 2 

Therefore 

𝑘2 − 3𝑘 + 2 ≥ 0 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

(𝑘 + 1)2 ≥ 3(𝑘 + 1) − 2  

LHS − RHS 

= 𝑘2 + 2𝑘 + 1 − 3𝑘 − 3 + 2 

= (𝑘2 − 3𝑘 + 2) + 2𝑘 − 2 

From the inductive assumption, 𝑘2 − 3𝑘 + 2 ≥ 0. 

Since 𝑘 ≥ 1, 2𝑘 − 2 ≥ 0. 

Therefore LHS − RHS ≥ 0 

So (𝑘 + 1)2 ≥ 3(𝑘 + 1) − 2  

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 
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6b A. When 𝑛 = 4, LHS = 16 and RHS = 13.  

So the result is true for 𝑛 = 4. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 4. 

That is, assume that 

2𝑘 ≥ 1 + 3𝑘 

Therefore 

2𝑘 − 1 − 3𝑘 ≥ 0 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

2𝑘+1 ≥ 1 + 3(𝑘 + 1) 

LHS − RHS 

= 2𝑘+1 − 1 − 3(𝑘 + 1) 

= 2𝑘 + 2𝑘 − 1 − 3𝑘 − 3 

= (2𝑘 − 1 − 3𝑘) + 2𝑘 − 3 

From the inductive assumption, (2𝑘 − 1 − 3𝑘) ≥ 0. 

Since 𝑘 ≥ 4, 2𝑘 − 3 ≥ 0. 

Therefore LHS − RHS ≥ 0 

So  

2𝑘+1 ≥ 1 + 3(𝑘 + 1) 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 4. 

 

7a A. When 𝑛 = 2, (1 + 𝑐)𝑛 = 1 + 2𝑐 + 𝑐2 

Since 𝑐 is non-zero, 𝑐2 > 0 

Therefore: 

(1 + 𝑐)𝑛 > 1 + 2𝑐 

(1 + 𝑐)𝑛 > 1 + 𝑐𝑛 

So the result is true for 𝑛 = 2. 
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B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 2. 

That is, assume that 

(1 + 𝑐)𝑘 > 1 + 𝑐𝑘 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

(1 + 𝑐)𝑘+1 > 1 + 𝑐(𝑘 + 1) 

(1 + 𝑐)𝑘+1 

= (1 + 𝑐)(1 + 𝑐)𝑘 

> (1 + 𝑐)(1 + 𝑐𝑘) (from the inductive assumption) 

= 1 + 𝑐(𝑘 + 1) + 𝑘𝑐2 

> 1 + 𝑐(𝑘 + 1) 

 Therefore: 

(1 + 𝑐)𝑘+1 > 1 + 𝑐(𝑘 + 1) 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 2. 

 

7b Let 𝑐 = −
1

2𝑛
.  

Since 𝑛 ≥ 2, 𝑐 ≥ −
1

4
 

Therefore we can use the result from part a: 

(1 + 𝑐)𝑛 > 1 + 𝑐𝑛 

(1 −
1

2𝑛
)

𝑛

> 1 −
𝑛

2𝑛
 

(1 −
1

2𝑛
)

𝑛

> 1 −
1

2
 

(1 −
1

2𝑛
)

𝑛

>
1

2
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8a 𝑥2 > 2𝑥 + 1 

𝑥2 − 2𝑥 − 1 > 0 

𝑥2 − 2𝑥 + 1 > 2 

(𝑥 − 1)2 > 2 

𝑥 − 1 > √2 or 𝑥 − 1 < −√2 

𝑥 > 1 + √2 or 𝑥 < 1 − √2 

 

8b A. When 𝑛 = 5, 2𝑛 = 32 and 𝑛2 = 25.  

So the result is true for 𝑛 = 5. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 5. 

That is, assume that 

2𝑘 > 𝑘2 

2𝑘 − 𝑘2 > 0 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

2𝑘+1 > (𝑘 + 1)2 

Note that 𝑘 ≥ 5 > 1 + √2. 

Therefore 𝑘2 > 2𝑘 + 1 from part a. 

2𝑘+1 − (𝑘 + 1)2 

= 2(2𝑘) − 𝑘2 − 2𝑘 − 1 

> 2(2𝑘) − 𝑘2 − 𝑘2 

= 2(2𝑘 − 𝑘2) 

> 0 from the inductive assumption 

Therefore  

2𝑘+1 > (𝑘 + 1)2. 

  

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 5. 
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9a A. When 𝑛 = 1, 𝑇1 = 1 =
1

2
𝑛(𝑛 + 1).  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑇𝑘 =
1

2
𝑘(𝑘 + 1) 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑇𝑘+1 =
1

2
(𝑘 + 1)(𝑘 + 2) 

 From the inductive assumption, 𝑇𝑘 =
1

2
𝑘(𝑘 + 1). 

𝑇𝑘+1 

= 𝑇𝑘 + 𝑘 + 1 

=
1

2
𝑘(𝑘 + 1) + 𝑘 + 1 

=
1

2
(𝑘2 + 𝑘 + 2𝑘 + 2) 

=
1

2
(𝑘2 + 3𝑘 + 2) 

=
1

2
(𝑘 + 1)(𝑘 + 21) 

  

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

9b A. When = 1, 𝑇1 = 1 = 21 − 1.  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑇𝑘 = 2𝑘 − 1 
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Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑇𝑘+1 = 2𝑘+1 − 1. 

By definition,  

𝑇𝑘+1 

= 2𝑇𝑘 + 1 

= 2(2𝑘 − 1) + 1 (from the inductive assumption) 

= 2(2𝑘) − 2 + 1 

= 2𝑘+1 − 1 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

9c A. When 𝑛 = 1, 𝑇1 = 5 = 6 × 21−1 − 1.  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑇𝑘 = 6 × 2𝑘−1 − 1 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑇𝑘+1 = 6 × 2𝑘 − 1 

By definition,  

𝑇𝑘+1 

= 2𝑇𝑘 + 1 

= 2(6 × 2𝑘−1 − 1) + 1         (from the inductive assumption) 

= 6 × 2 × 2𝑘−1 − 2 + 1 

= 6 × 2𝑘 − 1 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 
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9d A. When 𝑛 = 1, 𝑇1 = 1 =
𝑛

2𝑛−1
.  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑇𝑘 =
𝑘

2𝑘 − 1
 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑇𝑘+1 

=
𝑘 + 1

2(𝑘 + 1) − 1
 

=
𝑘 + 1

2𝑘 + 1
 

By definition, 

𝑇𝑘+1 

=
3𝑇𝑘 − 1

4𝑇𝑘 − 1
 

=
3

𝑘
2𝑘 − 1

− 1

4
𝑘

2𝑘 − 1
− 1

 

=
3𝑘 − (2𝑘 − 1)

4𝑘 − (2𝑘 − 1)
 

=
𝑘 + 1

2𝑘 + 1
 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 
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10a  

𝑑

𝑑𝑥
(𝑥) = lim

ℎ→0

(𝑥 + ℎ) − 𝑥

ℎ
 

             = lim
ℎ→0

ℎ

ℎ
 

             = 1 

 

10b A. When 𝑛 = 1, 

 
𝑑

𝑑𝑥
(𝑥) = 1 = 𝑛𝑥𝑛−1 

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑑

𝑑𝑥
(𝑥𝑘) = 𝑘𝑥𝑘−1 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑑

𝑑𝑥
(𝑥𝑘+1) = (𝑘 + 1)𝑥𝑘  

We start with the identity 

𝑥𝑘+1 = 𝑥 × 𝑥𝑘 

Therefore, from the product rule,  

𝑑

𝑑𝑥
(𝑥𝑘+1) 

= 𝑥
𝑑

𝑑𝑥
(𝑥𝑘) + 𝑥𝑘

𝑑

𝑑𝑥
(𝑥) 

= 𝑥𝑘𝑥𝑘−1 + 𝑥𝑘 (from the inductive assumption and the result in part a) 

= 𝑘𝑥𝑘 + 𝑥𝑘 

= (𝑘 + 1)𝑥𝑘 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 
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11 A. When 𝑛 = 3, the polygon is a triangle with interior angles adding to 180. 

180° = (𝑛 − 2) × 180°  

So the result is true for 𝑛 = 3. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 3. 

That is, assume that the interior angle sum of a polygon with 𝑘 sides is  

(𝑘 − 2) × 180° 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that the interior angle sum 
of a polygon with 𝑘 + 1 sides is (𝑘 − 2 + 1) × 180°. 

To show this, choose any two vertices of the polygon that are separated by just 

one other vertex, and draw a line between them: 

 

This divides the (𝑘 + 1)-sided polygon into a triangle and a 𝑘-sided polygon. 

The sum of internal angles of the (𝑘 + 1)-sided polygon equals the sum of 

internal angles of the triangle, and the sum of internal angles of the 𝑘-sided 

polygon. 

From the inductive assumption, the internal angles of the 𝑘-sided polygon total 
(𝑘 − 2) × 180°. Adding this to the 180° from the triangle gives  

(𝑘 − 2 + 1) × 180° as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 3. Since all polygons have at least three sides, this completes 

the proof. 
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12 A. When 𝑛 = 3, we have a triangle with no diagonals.  

1

2
3(3 − 3) = 0.  

So the result is true for 𝑛 = 3. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 3. 

That is, assume that a 𝑘-sided polygon has 
1

2
𝑘(𝑘 − 3) diagonals. 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that a (𝑘 + 1)-sided 

polygon has 
1

2
(𝑘 + 1)(𝑘 − 2) diagonals. 

Consider a (𝑘 + 1)-sided polygon 𝑃, with vertices labelled 𝑉1 to 𝑉𝑘+1 in clockwise 
order around the polygon.  

Let 𝑃′ be the 𝑘-sided polygon with vertices 𝑉1 to 𝑉𝑘 in clockwise order around 

the polygon, but not 𝑉𝑘+1. 

By the inductive hypothesis, 𝑃′ has 
1

2
𝑘(𝑘 − 3) diagonals. Note that each of these 

diagonals of 𝑃′ is also a diagonal of 𝑃.  

The other diagonals of 𝑃 are: 

One diagonal between 𝑉𝑘 and 𝑉1 (this wasn’t counted in the diagonals of 𝑃′ 
because it is an edge of 𝑃′). 

Diagonals between 𝑉𝑘+1 and 𝑉2, 𝑉3, … , 𝑉𝑘−1 (but not 𝑉1 or 𝑉𝑘 since these are edges 

of 𝑃). There are 𝑘 − 2 such diagonals. 

Adding these together, 𝑃 has a total of  
1

2
𝑘(𝑘 − 3) + 1 + 𝑘 − 2 diagonals. 

1

2
𝑘(𝑘 − 3) + 1 + 𝑘 − 2 

=
1

2
(𝑘2 − 3𝑘 + 2𝑘 − 2) 

=
1

2
(𝑘2 − 𝑘 − 2) 

=
1

2
(𝑘 + 1)(𝑘 + 2) 

as required. 

  

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 3, and hence for all non-trivial polygons. 
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13 A. When 𝑛 = 0, the plane forms a single region.  

1

2
(𝑛2 + 𝑛 + 2) = 1 

So the result is true for 𝑛 = 0. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 0. 

That is, assume that 𝑘 lines in the plane, with no two being parallel and no three 

concurrent, divide the plane into 
1

2
(𝑘2 + 𝑘 + 2) regions. 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑘 + 1 lines in the plane, with no two being parallel and no three concurrent, 

divide the plane into 
1

2
((𝑘 + 1)2 + (𝑘 + 1) + 2) =

1

2
(𝑘2 + 3𝑘 + 4) regions. 

From the inductive assumption, the first 𝑘 lines divide the plane into 
1

2
(𝑘2 + 𝑘 + 2) regions.  

The (𝑘 + 1)th line crosses each of the other 𝑘 lines, each at a separate point.  

Therefore it passes through 𝑘 + 1 of the regions formed by the first 𝑘 lines, 

dividing each in two. 

Therefore the total number of regions formed by 𝑘 + 1 lines is 

 
1

2
(𝑘2 + 𝑘 + 2) + 𝑘 + 1 

=
1

2
(𝑘2 + 𝑘 + 2 + 2𝑘 + 2) 

=
1

2
(𝑘2 + 3𝑘 + 4) 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 0. 

 

14 A. When 𝑛 = 0, 2𝑛 = 1. 

Every set with 0 members has 1 subset (the empty set) so the result is true for 
𝑛 = 0. 
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B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 0. 

That is, assume that every set with 𝑘 members has 2𝑘 subsets. 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that every set with 𝑘 + 1 

members has 2𝑘+1 subsets. 

We have assumed that a set with 𝑘 elements has 2𝑘 subsets.  

If we add a new element to the set, we get 2𝑘 new subsets by adding the new 

element to each of the subsets of the original 𝑘-element set.  

So, the new set has 2𝑘 subsets that contain the new element as well as the 

original 2𝑘 subsets that don’t contain the new element.  

So, a (𝑘 + 1)-element set has 2𝑘 + 2𝑘 = 2 × 2𝑘 = 2𝑘+1 subsets. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 0. 

 

15a A. When 𝑛 = 1: 

LHS =
1

12
= 1 

RHS = 2 −
1

1
= 1 

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

1

12
+

1

22
+ ⋯ +

1

𝑘2
≤ 2 −

1

𝑘
 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

1

12
+

1

22
+ ⋯ +

1

𝑘2
+

1

(𝑘 + 1)2
≤ 2 −

1

𝑘 + 1
 

 From the inductive assumption: 

1

12
+

1

22
+ ⋯ +

1

𝑘2
≤ 2 −

1

𝑘
 

Therefore: 
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1

12
+

1

22
+ ⋯ +

1

𝑘2
+

1

(𝑘 + 1)2
 

≤ 2 −
1

𝑘
+

1

(𝑘 + 1)2
 

≤ 2 −
1

𝑘
+

1

𝑘(𝑘 + 1)
 

= 2 +
1 − (𝑘 + 1)

𝑘(𝑘 + 1)
 

= 2 −
𝑘

𝑘(𝑘 + 1)
 

= 2 −
1

𝑘 + 1
 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

15b A. When 𝑛 = 1: 

LHS =
1

2
= RHS  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

1 × 3 × … × (2𝑘 − 1)

2 × 4 × … × 2𝑘
≥

1

2𝑘
 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

1 × 3 × … × (2𝑘 − 1) × (2𝑘 + 1)

2 × 4 × … × 2𝑘 × (2𝑘 + 2)
≥

1

2𝑘 + 2
 

 From the inductive assumption: 

1 × 3 × … × (2𝑘 − 1)

2 × 4 × … × 2𝑘
≥

1

2𝑘
 

Therefore: 
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1 × 3 × … × (2𝑘 − 1)

2 × 4 × … × 2𝑘
×

2𝑘 + 1

2𝑘 + 2
≥

1

2𝑘
×

2𝑘 + 1

2𝑘 + 2
 

1 × 3 × … × (2𝑘 − 1) × (2𝑘 + 1)

2 × 4 × … × 2𝑘 × (2𝑘 + 2)
≥

2𝑘 + 1

2𝑘
×

1

2𝑘 + 2
 

1 × 3 × … × (2𝑘 − 1) × (2𝑘 + 1)

2 × 4 × … × 2𝑘 × (2𝑘 + 2)
≥ (1 +

1

2𝑘
) ×

1

2𝑘 + 2
 

1 × 3 × … × (2𝑘 − 1) × (2𝑘 + 1)

2 × 4 × … × 2𝑘 × (2𝑘 + 2)
≥

1

2𝑘 + 2
 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

16 A. When 𝑛 = 1, 𝑛3 − 𝑛 = 0 which is divisible by 24.  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for odd integer 𝑛 = 2𝑘 − 1, 𝑘 ≥ 1. 

That is, assume that 

(2𝑘 − 1)3 − (2𝑘 − 1) = 24𝑙 for some integer 𝑙. 

That is, 

8𝑘3 − 12𝑘2 + 4𝑘 = 24𝑙 

Now prove the statement for 𝑛 = 2𝑘 + 1. That is, prove that  

(2𝑘 + 1)3 − (2𝑘 + 1) is a multiple of 24. 

(2𝑘 + 1)3 − (2𝑘 + 1) 

= 8𝑘3 + 12𝑘2 + 4𝑘 

= (8𝑘3 − 12𝑘2 + 4𝑘) + 24𝑘2 

= 24𝑙 + 24𝑘2 from the inductive assumption 

= 24(𝑙 + 𝑘2) 

which is a multiple of 24. 
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C. It follows from parts A and B by mathematical induction that the result is true 

for all odd integers 𝑛 ≥ 1. 

 

17a A. When 𝑛 = 1,  

𝑇𝑛 = 𝑇1 = 𝑎 = 𝑎 + (𝑛 − 1)𝑑.  

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑇𝑘 = 𝑎 + (𝑘 − 1)𝑑 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑇𝑘+1 = 𝑎 + (𝑘 − 1 + 1)𝑑 

          = 𝑎 + 𝑘𝑑 

 From the inductive assumption,  

𝑇𝑘 = 𝑎 + (𝑘 − 1)𝑑 

By definition,  

𝑇𝑘+1 

= 𝑇𝑘 + 𝑑 

= 𝑎 + (𝑘 − 1)𝑑 + 𝑑 from the inductive assumption 

= 𝑎 + 𝑘𝑑 

as required. 

  

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

17b A. When 𝑛 = 1,  

𝑇𝑛 = 𝑇1 = 𝑎 = 𝑎𝑟1−1.  

So the result is true for 𝑛 = 1. 
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B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑇𝑘 = 𝑎𝑟𝑘−1 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑇𝑘+1 = 𝑎𝑟𝑘−1+1 

          = 𝑎𝑟𝑘 

From the inductive assumption,  

𝑇𝑘 = 𝑎𝑟𝑘−1. 

By definition,  

𝑇𝑘+1 

= 𝑟𝑇𝑘 

= 𝑟 × 𝑎𝑟𝑘−1 

= 𝑎𝑟𝑘 

as required. 

  

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

17c A. When 𝑛 = 1,  

𝑆𝑛 = 𝑆1 = 𝑎 

1

2
𝑛(2𝑎 + (𝑛 − 1)𝑑) 

=
1

2
(2𝑎 + 0) 

= 𝑎 

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑆𝑘 =
1

2
𝑘(2𝑎 + (𝑘 − 1)𝑑) 
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Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑆𝑘+1 =
1

2
(𝑘 + 1)(2𝑎 + (𝑘 + 1 − 1)𝑑) 

          =
1

2
(𝑘 + 1)(2𝑎 + 𝑘𝑑) 

From the inductive assumption,  

𝑆𝑘 =
1

2
𝑘(2𝑎 + (𝑘 − 1)𝑑) 

𝑆𝑘+1 

= 𝑆𝑘 + 𝑎 + (𝑘 + 1 − 1)𝑑 

=
1

2
𝑘(2𝑎 + (𝑘 − 1)𝑑) + 𝑎 + 𝑘𝑑 

=
1

2
(2𝑘𝑎 + 𝑘(𝑘 − 1)𝑑 + 2𝑎 + 2𝑘𝑑) 

=
1

2
(2𝑘𝑎 + 2𝑎 + 𝑘2𝑑 + 𝑘𝑑) 

=
1

2
(𝑘 + 1)(2𝑎 + 𝑘𝑑) 

as required. 

  

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

17d A. When 𝑛 = 1,  

𝑆𝑛 = 𝑆1 = 𝑎 

𝑎(𝑟𝑛 − 1)

𝑟 − 1
 

=
𝑎(𝑟 − 1)

𝑟 − 1
 

= 𝑎      (assuming 𝑟 ≠ 1) 

So the result is true for 𝑛 = 1. 
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B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

𝑆𝑘 =
𝑎(𝑟𝑘 − 1)

𝑟 − 1
 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑆𝑘+1 =
𝑎(𝑟𝑘+1 − 1)

𝑟 − 1
 

 From the inductive assumption: 

𝑆𝑘 =
𝑎(𝑟𝑘 − 1)

𝑟 − 1
 

By definition: 

𝑆𝑘+1 

= 𝑆𝑘 + 𝑎𝑟𝑘 

=
𝑎(𝑟𝑘 − 1)

𝑟 − 1
+ 𝑎𝑟𝑘 

=
𝑎(𝑟𝑘 − 1) + 𝑎𝑟𝑘(𝑟 − 1)

𝑟 − 1
 

=
𝑎𝑟𝑘 − 𝑎 + 𝑎𝑟𝑘+1 − 𝑎𝑟𝑘

𝑟 − 1
 

=
𝑎𝑟𝑘+1 − 𝑎

𝑟 − 1
 

=
𝑎(𝑟𝑘+1 − 1)

𝑟 − 1
 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

18a 𝑎𝑛+1 + 𝑏𝑛+1 − 𝑎𝑛𝑏 − 𝑏𝑛𝑎 

= (𝑎𝑛 − 𝑏𝑛)(𝑎 − 𝑏) 

= (𝑎𝑛−1 + 𝑎𝑛−2𝑏 + 𝑎𝑛−3𝑏2 + ⋯ + 𝑎𝑏𝑛−2 + 𝑏𝑛−1)(𝑎 − 𝑏)2 
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Given that 𝑎, 𝑏 > 0,  

𝑎𝑛−1 + 𝑎𝑛−2𝑏 + 𝑎𝑛−3𝑏2 + ⋯ + 𝑎𝑏𝑛−2 + 𝑏𝑛−1 > 0  

and (𝑎 − 𝑏)2 ≥ 0 

Therefore: 

(𝑎𝑛−1 + 𝑎𝑛−2𝑏 + 𝑎𝑛−3𝑏2 + ⋯ + 𝑎𝑏𝑛−2 + 𝑏𝑛−1)(𝑎 − 𝑏)2 ≥ 0 

𝑎𝑛+1 + 𝑏𝑛+1 − 𝑎𝑛𝑏 − 𝑏𝑛𝑎 ≥ 0 

𝑎𝑛+1 + 𝑏𝑛+1 ≥ 𝑎𝑛𝑏 + 𝑏𝑛𝑎 

 

18b A. When 𝑛 = 1, 

(
𝑎 + 𝑏

2
)

𝑛

=
𝑎𝑛 + 𝑏𝑛

2
 

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

(
𝑎 + 𝑏

2
)

𝑘

≤
𝑎𝑘 + 𝑏𝑘

2
 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

(
𝑎 + 𝑏

2
)

𝑘+1

≤
𝑎𝑘+1 + 𝑏𝑘+1

2
 

 From the inductive assumption: 

(
𝑎 + 𝑏

2
)

𝑘

≤
𝑎𝑘 + 𝑏𝑘

2
 

(
𝑎 + 𝑏

2
)

𝑘

× (
𝑎 + 𝑏

2
) ≤

𝑎𝑘 + 𝑏𝑘

2
× (

𝑎 + 𝑏

2
)             (since 

𝑎 + 𝑏

2
> 0)  

(
𝑎 + 𝑏

2
)

𝑘+1

≤
1

2
×

(𝑎𝑘 + 𝑏𝑘)(𝑎 + 𝑏)

2
 

(
𝑎 + 𝑏

2
)

𝑘+1

≤
1

2
×

𝑎𝑘+1 + 𝑏𝑘+1 + 𝑎𝑘𝑏 + 𝑎𝑏𝑘

2
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Using the result from part a: 

(
𝑎 + 𝑏

2
)

𝑘+1

≤
1

2
×

𝑎𝑘+1 + 𝑏𝑘+1 + 𝑎𝑘+1 + 𝑏𝑘+1

2
 

(
𝑎 + 𝑏

2
)

𝑘+1

≤
𝑎𝑘+1 + 𝑏𝑘+1

2
 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

19a √𝑛 + 1 − √𝑛 

=
(√𝑛 + 1 − √𝑛)(√𝑛 + 1 + √𝑛)

√𝑛 + 1 + √𝑛
 

=
𝑛 + 1 − 𝑛

√𝑛 + 1 + √𝑛
 

=
1

√𝑛 + 1 + √𝑛
 

>
1

√𝑛 + 1 + √𝑛 + 1
 

=
1

2√𝑛 + 1
 

Therefore 

√𝑛 + 1 − √𝑛 >
1

2√𝑛 + 1
 

 

19b A. When 𝑛 = 7,  

1 +
1

2
+ ⋯ +

1

𝑛
=

363

140
 

(
363

140
)

2

=
131769

19600
 

which is less than 7 
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Therefore  

1 +
1

2
+ ⋯ +

1

𝑛
< √7 

 So the result is true for 𝑛 = 7. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 7. 

That is, assume that 

1 +
1

2
+ ⋯ +

1

𝑘
< √𝑘 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

1 +
1

2
+ ⋯ +

1

𝑘
+

1

𝑘 + 1
< √𝑘 + 1 

From the inductive assumption, 

1 +
1

2
+ ⋯ +

1

𝑘
+

1

𝑘 + 1
< √𝑘 +

1

𝑘 + 1
              (1) 

From the result in part a,  

√𝑘 + 1 − √𝑘 >
1

2√𝑘 + 1
 

√𝑘 + 1 > √𝑘 +
1

2√𝑘 + 1
                                      (2) 

Since 𝑘 ≥ 7, √𝑘 + 1 > 2 

Therefore 

𝑘 + 1 > 2√𝑘 + 1 

1

𝑘 + 1
<

1

2√𝑘 + 1
 

Combining with (2) gives: 

√𝑘 + 1 > √𝑘 +
1

𝑘 + 1
 

Combining with (1) then gives 

√𝑘 + 1 > 1 +
1

2
+ ⋯ +

1

𝑘
+

1

𝑘 + 1
 

as required. 
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C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 7. 

 

20a sin(𝐴 + 𝐵) − sin(𝐴 − 𝐵) 

= sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 − sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

= 2 cos 𝐴 sin 𝐵 

 

20b A. When 𝑛 = 1,  

LHS =
1

2
 

RHS =
sin

𝜃
2

2 sin
𝜃
2

=
1

2
 

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

1

2
+ cos 𝜃 + cos 2𝜃 + ⋯ + cos(𝑘 − 1)𝜃 =

sin (𝑘 −
1
2) 𝜃

2 sin
1
2 𝜃

 

That is: 

2 sin
1

2
𝜃 (

1

2
+ cos 𝜃 + cos 2𝜃 + ⋯ + cos(𝑘 − 1)𝜃) = sin (𝑘 −

1

2
) 𝜃 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

2 sin
1

2
𝜃 (

1

2
+ cos 𝜃 + cos 2𝜃 + ⋯ + cos(𝑘 − 1)𝜃 + cos 𝑘𝜃) = sin (𝑘 +

1

2
) 𝜃 

From the result in part a, 

2 cos 𝑘𝜃 sin
1

2
𝜃 = sin (𝑘 +

1

2
) 𝜃 − sin (𝑘 −

1

2
) 𝜃 

 From the inductive assumption,  

2 sin
1

2
𝜃 (

1

2
+ cos 𝜃 + cos 2𝜃 + ⋯ + cos(𝑘 − 1)𝜃) = sin (𝑘 −

1

2
) 𝜃 
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Adding these two identities together: 

2 sin
1

2
𝜃 (

1

2
+ cos 𝜃 + cos 2𝜃 + ⋯ + cos(𝑘 − 1)𝜃) + 2 cos 𝑘𝜃 sin

1

2
𝜃

= sin (𝑘 −
1

2
) 𝜃 + sin (𝑘 +

1

2
) 𝜃 − sin (𝑘 −

1

2
) 𝜃 

2 sin
1

2
𝜃 (

1

2
+ cos 𝜃 + cos 2𝜃 + ⋯ + cos(𝑘 − 1)𝜃 + cos 𝑘𝜃) = sin (𝑘 +

1

2
) 𝜃 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

21a (𝑥 − 𝑦)2 ≥ 0 

𝑥2 − 2𝑥𝑦 + 𝑦2 ≥ 0 

𝑥2 + 𝑦2 ≥ 2𝑥𝑦 

𝑥

𝑦
+

𝑦

𝑥
≥ 2    (dividing by 𝑥𝑦) 

  

21b A. When 𝑛 = 1, 

LHS =
𝑎1

𝑎1
= 1 

RHS = 12 = 1 

So the result is true for 𝑛 = 1. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 1. 

That is, assume that 

(𝑎1 + 𝑎2 + ⋯ + 𝑎𝑘) (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑘
) ≥ 𝑘2 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

(𝑎1 + 𝑎2 + ⋯ + 𝑎𝑘 + 𝑎𝑘+1) (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑘
+

1

𝑎𝑘+1
) ≥ (𝑘 + 1)2 

(𝑎1 + 𝑎2 + ⋯ + 𝑎𝑘 + 𝑎𝑘+1) (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑘
+

1

𝑎𝑘+1
) 
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= (𝑎1 + 𝑎2 + ⋯ + 𝑎𝑘) (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑘
) + 𝑎𝑘+1 (

1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑘
)

+ (𝑎1 + 𝑎2 + ⋯ + 𝑎𝑘)
1

𝑎𝑘+1
+

𝑎𝑘+1

𝑎𝑘+1
 

≥ 𝑘2 + 𝑎𝑘+1 (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑘
) + (𝑎1 + 𝑎2 + ⋯ + 𝑎𝑘)

1

𝑎𝑘+1
+ 1 

                                     (from the inductive assumption) 

= 𝑘2 + (
𝑎𝑘+1

𝑎1
+

𝑎1

𝑎𝑘+1
) + (

𝑎𝑘+1

𝑎2
+

𝑎2

𝑎𝑘+1
) + ⋯ + (

𝑎𝑘+1

𝑎𝑘
+

𝑎𝑘

𝑎𝑘+1
) + 1 

≥ 𝑘2 + 2 + 2 + ⋯ + 2 + 1              (using the result from part a) 

= 𝑘2 + 2𝑘 + 1 

= (𝑘 + 1)2 

Therefore 

(𝑎1 + 𝑎2 + ⋯ + 𝑎𝑘 + 𝑎𝑘+1) (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑘
+

1

𝑎𝑘+1
) ≥ (𝑘 + 1)2 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

21c From part b: 

(𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛) (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑛
) ≥ 𝑛2 

Let 𝑛 = 3, 𝑎1 = sin2 𝜃, 𝑎2 = cos2 𝜃, 𝑎3 = tan2 𝜃. 

(𝑎1 + 𝑎2 + 𝑎3) (
1

𝑎1
+

1

𝑎2
+

1

𝑎3
) ≥ 32 

(sin2 𝜃 + cos2 𝜃 + tan2 𝜃) (
1

sin2 𝜃
+

1

cos2 𝜃
+

1

tan2 𝜃
) ≥ 32 

(1 + tan2 𝜃)(cosec2 𝜃 + sec2 𝜃 + cot2 𝜃) ≥ 9 

sec2 𝜃 (cosec2 𝜃 + sec2 𝜃 + cot2 𝜃) ≥ 9 

cosec2 𝜃 + sec2 𝜃 + cot2 𝜃 ≥
9

sec2 𝜃
 

cosec2 𝜃 + sec2 𝜃 + cot2 𝜃 ≥ 9 cos2 𝜃   as required. 
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Solutions to Exercise 2F Development questions 

6a Consider the area under the curve, between 𝑥 = 1 and 𝑥 = 𝑛 + 1.  

∫
1

𝑥

𝑛

1

𝑑𝑥 = [log 𝑥]1
𝑛+1 

              = log(𝑛 + 1) − log 1 

              = log(𝑛 + 1) 

The area under the curve must be less than or equal to the sum of upper rectangles 
over the same range.  

Since the height of the upper rectangle beginning at 𝑥 = 𝑛 is 
1

𝑛
, the sum of upper 

rectangles between 𝑥 = 1 and 𝑥 = 𝑛 + 1 is  

1 +
1

2
+ ⋯ +

1

𝑛
 

Therefore: 

1 +
1

2
+ ⋯ +

1

𝑛
≥ log(𝑛 + 1) 

 

6b Since there is no upper limit to log(𝑛 + 1), the infinite series becomes infinitely 
large. 

 

7a 
𝑑

𝑑𝑥
ln 𝑥 =

1

𝑥
 

𝑑2

𝑑𝑥2
ln 𝑥 = −

1

𝑥2
 

This is negative for all positive 𝑥 and so the graph is concave down. 
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7b  

  

 

 

7c 𝑃 = (𝑎 +
2

3
(𝑏 − 𝑎), ln 𝑎 +

2

3
(ln 𝑏 − ln 𝑎)) 

     = (
𝑎 + 2𝑏

3
,
ln 𝑎 + 2 ln 𝑏

3
) 

  

7d Since the graph of ln 𝑥 is concave down, the value of the function at 𝑥 =
𝑎+2𝑏

3
 

must be greater than the 𝑦-value at 𝑃. 

That is: 

ln (
𝑎 + 2𝑏

3
) >

ln 𝑎 + 2 ln 𝑏

3
 

 

8a  

𝑑𝑓

𝑑𝑥
= 𝑥𝑛

𝑑

𝑑𝑥
(𝑒−𝑥) + 𝑒−𝑥

𝑑

𝑑𝑥
(𝑥𝑛) 

       = −𝑥𝑛𝑒−𝑥 + 𝑛𝑥𝑛−1𝑒−𝑥 

       = 𝑥𝑛−1𝑒−𝑥(𝑛 − 𝑥) 

 

  

𝐵 

𝐴 
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8b When 𝑥 = 𝑛, 𝑓(𝑥) = 𝑛𝑛𝑒−𝑛 

For 𝑥 > 0, 𝑥𝑛−1𝑒−𝑥 < 0. 

When 0 < 𝑥 < 𝑛, 𝑛 − 𝑥 ≥ 0  

Therefore 
𝑑𝑓

𝑑𝑥
> 0 here, 

When 𝑥 > 𝑛, 𝑛 − 𝑥 < 0 

Therefore 
𝑑𝑓

𝑑𝑥
< 0 here. 

So the gradient is zero or increasing for all points to the left of 𝑥 = 𝑛, and 
decreasing for all points to the right, with zero gradient at 𝑥 = 𝑛.  

Hence (𝑛, 𝑛𝑛𝑒−𝑛) is a maximum turning point. 

Alternately: 

When 𝑥 = 𝑛, 𝑛 − 𝑥 = 0 so 
𝑑𝑓

𝑑𝑥
= 0. 

𝑑𝑓

𝑑𝑥
= 𝑥𝑛−1𝑒−𝑥(𝑛 − 𝑥) 

       = 𝑛𝑥𝑛−1𝑒−𝑥 − 𝑓(𝑥) 

𝑑2𝑓

𝑑𝑥2
= 𝑛𝑥𝑛−2𝑒−𝑥(𝑛 − 1 − 𝑥) − 𝑥𝑛−1𝑒−𝑥(𝑛 − 𝑥) 

         = 𝑥𝑛−2𝑒−𝑥(𝑛(𝑛 − 1 − 𝑥) − 𝑥𝑛 + 𝑥2) 

         = 𝑥𝑛−2𝑒−𝑥(𝑥2 − 2𝑥𝑛 + 𝑛2 − 𝑛) 

At 𝑥 = 𝑛,  

𝑑2𝑓

𝑑𝑥2
= 𝑛𝑛−2𝑒−𝑛(𝑛2 − 2𝑛2 + 𝑛2 − 𝑛) 

         = −𝑛𝑛−1𝑒−𝑛 

         < 0 

since 𝑒−𝑛 > 0 and −𝑛𝑛−1 < 0. 

So at this point the gradient is zero and the second derivative is negative, making 
it a maximum turning point.  
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8c For 𝑥 > 𝑛, 𝑓′(𝑥) < 0 

Therefore 𝑓(𝑥) < 𝑓(𝑛) 

𝑓(𝑥) < 𝑛𝑛𝑒−𝑛 

 

8d Let 𝑥 = 𝑛 + 1 

From part c, it then follows that 

(𝑛 + 1)𝑛𝑒−(𝑛+1) < 𝑛𝑛𝑒−𝑛 

(𝑛 + 1)𝑛

𝑛𝑛
< 𝑒−𝑛𝑒𝑛+1 

(
𝑛 + 1

𝑛
)

𝑛

< 𝑒1 

(1 +
1

𝑛
)

𝑛

< 𝑒 

 

 

9a 𝑓′(𝑥) = 1 −
2𝑥

1+𝑥2
 

Note that (1 − 𝑥)2 ≥ 0 

with equality only when 𝑥 = 1 

1 − 2𝑥 + 𝑥2 ≥ 0 

1 + 𝑥2 ≥ 2𝑥 

  



 
Chapter 2 worked solutions – Proof 
 

© Cambridge University Press 2019  5 
 

Therefore  

2𝑥

1 + 𝑥2
≤ 1 

1 −
2𝑥

1 + 𝑥2
≥ 0 

So 𝑓′(𝑥) ≥ 0  

with equality only when 𝑥 = 1 

 

9b 𝑓(0) = 0 − log𝑒(1 + 02) 

          = 0 − 0 

          = 0 

From part a, the gradient is positive for 𝑥 between 0 and 1, hence the function is 

increasing in this domain and so 𝑓(𝑥) > 0 for 0 < 𝑥 < 1. 

At 𝑥 = 1, 𝑓(𝑥) = 1 − log𝑒2 

𝑓(𝑥) > 0 

For 𝑥 > 1 the gradient is positive again, so the function is increasing in this range 

and so 𝑓(𝑥) ≥ 𝑓(1) > 0 

So 𝑓(𝑥) > 0 for all 𝑥 > 0. 

 

9c For positive 𝑥, 

𝑥 − log𝑒(1 + 𝑥2) > 0 

𝑥 > log𝑒(1 + 𝑥2) 

𝑒𝑥 > 𝑒log𝑒(1+𝑥2) 

𝑒𝑥 > 1 + 𝑥2 
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10a 𝑦 = 𝑒𝑥 (1 −
𝑥

10
)

10

 

𝑑𝑦

𝑑𝑥
= (1 −

𝑥

10
)

10 𝑑

𝑑𝑥
(𝑒𝑥) + 𝑒𝑥

𝑑

𝑑𝑥
(1 −

𝑥

10
)

10

 

= 𝑒𝑥 (1 −
𝑥

10
)

10

+ 𝑒𝑥 × 10 × −
1

10
× (1 −

𝑥

10
)

9

 

= 𝑒𝑥 (1 −
𝑥

10
)

9

(1 −
𝑥

10
− 1) 

= −
𝑥

10
𝑒𝑥 (1 −

𝑥

10
)

9

 

Therefore 
𝑑𝑦

𝑑𝑥
= 0 if 𝑥 = 0 or 𝑥 = 10. 

Turning points are (0,1) and (10,0). 

 

10b As 𝑥 → ∞, 𝑒𝑥 → ∞. 

1 −
𝑥

10
→ −∞ 

(1 −
𝑥

10
)

10

→ ∞ 

So 𝑒𝑥 (1 −
𝑥

10
)

10

→ ∞ 

As 𝑥 → −∞, 𝑒𝑥𝑥𝑛  tends to zero for any 𝑛 and so  

𝑒𝑥 (1 −
𝑥

10
)

10

→ 0 

since (1 −
𝑥

10
)

10

 expands to a sum of powers of 𝑛. 
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10c  

  

 

10d From the graph, 𝑦 ≤ 1 for 𝑥 < 10 

Therefore, for 𝑥 < 10, 

𝑒𝑥 (1 −
𝑥

10
)

10

≤ 1 

𝑒𝑥 ≤ (1 −
𝑥

10
)

−10

 

(noting that 1 −
𝑥

10
> 0 for 𝑥 < 10) 

 

10e Letting 𝑥 = 1, 

𝑒1 ≤ (1 −
1

10
)

−10

 

𝑒 ≤ (
9

10
)

−10

 

𝑒 ≤ (
10

9
)

10

 

Letting 𝑥 = −1, 

𝑒−1 ≤ (1 +
1

10
)

−10

 

𝑒−1 ≤ (
11

10
)

−10

 

(
11

10
)

10

≤ 𝑒 



 
Chapter 2 worked solutions – Proof 
 

© Cambridge University Press 2019  8 
 

11a By the cosine rule,  

𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴 

cos 𝐴 ≥ −1 

Therefore 

𝑎2 ≤ 𝑏2 + 𝑐2 + 2𝑏𝑐 

𝑎2 ≤ (𝑏 + 𝑐)2 

𝑎 ≤ 𝑏 + 𝑐 

Also: 

cos 𝐴 ≤ 1 

Therefore 

𝑎2 ≥ 𝑏2 + 𝑐2 − 2𝑏𝑐 

𝑎2 ≥ (𝑏 − 𝑐)2 

𝑎 ≥ √(𝑏 − 𝑐)2 

𝑎 ≥ |𝑏 − 𝑐| 

Note that 𝑎 = |𝑏 − 𝑐| if and only if 𝑏 = 0 or 𝑐 = 0 or cos 𝐴 = 1. This result will be 

used in part c. 

 

11b Consider the triangle in the complex plane formed by 𝑧, 𝑤, and the origin 𝑂. 

Let 𝑎 be the distance between 𝑧 and 𝑤, i.e. |𝑧 − 𝑤|. 

Let 𝑏 be the length of the line from 𝑂 to 𝑧, i.e. |𝑧|. 

Let 𝑐 be the length of the line from 𝑂 to 𝑤, i.e. |𝑤|. 

From the result in part a,  

|𝑏 − 𝑐| ≤ 𝑎 ≤ 𝑏 + 𝑐 

||𝑧| − |𝑤|| ≤ |𝑧 − 𝑤| ≤ |𝑧| + |𝑤| 

By replacing 𝑤 in the above inequality with −𝑤, we get: 

||𝑧| − |−𝑤|| ≤ |𝑧 − (−𝑤)| ≤ |𝑧| + |−𝑤| 

||𝑧| − |𝑤|| ≤ |𝑧 + 𝑤| ≤ |𝑧| + |𝑤| 

Combining these two results: 

||𝑧| − |𝑤|| ≤ |𝑧 ± 𝑤| ≤ |𝑧| + |𝑤| 
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11c Let 𝑎 = |𝑧 − (−𝑤)|. 

Let 𝑏 = |𝑧|. 

Let 𝑐 = |−𝑤|. 

Let 𝐴 be the angle between the line from the origin to 𝑧, and the line from the 
origin to 𝑤, in the complex plane. 

From the result in part a: 

𝑎 = |𝑏 − 𝑐| if and only if 𝑏 = 0 or 𝑐 = 0 or cos 𝐴 = 1 

|𝑧 − (−𝑤)| = ||𝑧| − |−𝑤|| if and only if |𝑧| = 0 or |𝑤| = 0 or cos 𝐴 = 1 

|𝑧 + 𝑤| = ||𝑧| − |𝑤|| if and only if |𝑧| = 0 or |𝑤| = 0 or cos 𝐴 = 1 

That is, |𝑧| = 0 or |𝑤| = 0, or 𝑧 and −𝑤 have the same argument, or 𝑧 = 𝑘𝑤 for 
some negative 𝑘. 

 

12a i 66 = 46656,   3 × 56 = 46 875 

 

12a ii 5 × 66 = 233 280,   2 × 76 = 235 298 

 

12b i 66 <  3 × 56 

3 > (
6

5
)

6

 

3
1
6 >

6

5
 

3−
1
6 <

5

6
 

1 − 3−
1
6 >

1

6
      (1) 

Gradient of 𝐴𝐵 equals  

1 − 3−
1
6

0 +
1
6

 

= 6 (1 − 3−
1
6) 
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> 6 (
1

6
)            substituting from (1) 

                     

So the gradient of 𝐴𝐵 is greater than 1. 

5 × 66 < 2 × 76 

5

2
< (

7

6
)

6

 

(
5

2
)

1
6

<
7

6
 

 

Gradient of 𝐵𝐶 equals 

(
5
2)

1
6

− 1

1
6

 

= 6 ((
5

2
)

1
6

− 1) 

< 6 (
7

6
− 1) 

= 6 (
1

6
) 

= 1 

So gradient of 𝐵𝐶 is less than 1. 

 

12b ii Gradient of 𝐴𝐵 is greater than 1. Since the curve is concave up, gradient of 𝑦 = 3𝑥 

at 𝑥 = 0 (i.e. 𝐵) is greater than the gradient of 𝐴𝐵, so must be greater than 1. 

Gradient of 𝐵𝐶 is less than 1. Since the curve is concave up, gradient of 𝑦 = (
5

2
)

𝑥

 

at 𝑥 = 0 (i.e. 𝐵) is less than the gradient of 𝐵𝐶, so must be less than 1. 

Consider the function 𝑓(𝑥) = 𝑎𝑥. 

𝑓(𝑥) = 𝑒𝑥 ln 𝑎 

𝑑𝑓

𝑑𝑥
= ln 𝑎 × 𝑒𝑥 ln 𝑎 
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At 𝑥 = 0,  

𝑑𝑓

𝑑𝑥
= ln 𝑎 

Gradient of 𝑦 = 3𝑥 at 𝑥 = 0 is greater than 1. Therefore:  

ln 3 > 1 

3 > 𝑒 

Gradient of 𝑦 = (
5

2
)

𝑥

 at 𝑥 = 0 is less than 1. Therefore:  

ln
5

2
< 1 

5

2
< 𝑒 

 

13a Let 𝑢 = 𝑡2, noting that 0 ≤ 𝑢 < 1 

1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁 

= 1 + 𝑢 + 𝑢2 + ⋯ + 𝑢𝑁 

=
1 − 𝑢𝑁+1

1 − 𝑢
 

=
1 − 𝑢𝑁+1

1 − 𝑢
 

<
1

1 − 𝑢
       (since numerator and denominator are both positive) 

=
1

1 − 𝑡2
 

Therefore 

1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁 <
1

1 − 𝑡2
 

 

13b As shown above,  

1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁 

=
1 − 𝑢𝑁+1

1 − 𝑢
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=
1 − 𝑡2𝑁+2

1 − 𝑡2
 

Therefore 

1

1 − 𝑡2
− (1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁) 

=
1

1 − 𝑡2
−

1 − 𝑡2𝑁+2

1 − 𝑡2
 

=
𝑡2𝑁+2

1 − 𝑡2
 

 

13c  

1

1 − 𝑡2
 

=
1

(1 + 𝑡)(1 − 𝑡)
 

=
1

2(1 − 𝑡)
+

1

2(1 + 𝑡)
 

∫ (1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁)𝑑𝑡 < ∫
1

1 − 𝑡2
𝑑𝑡

𝑥

0

𝑥

0

 

∫ (1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁)𝑑𝑡 <
1

2
∫ (

1

(1 − 𝑡)
+

1

(1 + 𝑡)
) 𝑑𝑡

𝑥

0

𝑥

0

 

[𝑡 +
𝑡3

3
+

𝑡5

5
+ ⋯ +

𝑡2𝑁+1

2𝑁 + 1
]

0

𝑥

<
1

2
[log(1 + 𝑡) − log(1 − 𝑡)]0

𝑥 

𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
− 0 <

1

2
(log(1 + 𝑥) − log(1 − 𝑥) − 0 + 0) 

𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
<

1

2
log (

1 + 𝑥

1 − 𝑥
) 

 

13d Over the interval, 𝑡 ≤ 𝑥  

Therefore 𝑡2𝑁+2 ≤ 𝑥2𝑁+2 

Furthermore, 

1 − 𝑡2 > 0 
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Therefore 

𝑡2𝑁+2

1 − 𝑡2
≤

𝑥2𝑁+2

1 − 𝑡2
 

Therefore, since the LHS term is less than or equal to the RHS term everywhere 

in the interval of integration and the upper limit of integration is greater than the 

lower limit: 

∫
𝑡2𝑁+2

1 − 𝑡2

𝑥

0

≤ ∫
𝑥2𝑁+2

1 − 𝑡2

𝑥

0

 

 

13e From part b: 

1

1 − 𝑡2
= 1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁 +

𝑡2𝑁+2

1 − 𝑡2
 

∫
1

1 − 𝑡2
𝑑𝑡

𝑥

0

= ∫ (1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁)𝑑𝑡
𝑥

0

+ ∫
𝑡2𝑁+2

1 − 𝑡2
𝑑𝑡

𝑥

0

 

Using the result from part d: 

∫
1

1 − 𝑡2
𝑑𝑡

𝑥

0

≤ ∫ (1 + 𝑡2 + 𝑡4 + ⋯ + 𝑡2𝑁)𝑑𝑡
𝑥

0

+ ∫
𝑥2𝑁+2

1 − 𝑡2
𝑑𝑡

𝑥

0

 

1

2
log (

1 + 𝑥

1 − 𝑥
) ≤ (𝑥 +

𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
) + 𝑥2𝑁+2 ∫

1

1 − 𝑡2
𝑑𝑡

𝑥

0

 

1

2
log (

1 + 𝑥

1 − 𝑥
) ≤ (𝑥 +

𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
) +

𝑥2𝑁+2

2
log (

1 + 𝑥

1 − 𝑥
) 

And using the result from part c: 

(𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
) ≤

1

2
log (

1 + 𝑥

1 − 𝑥
)

≤ (𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
) +

𝑥2𝑁+2

2
log (

1 + 𝑥

1 − 𝑥
) 

Therefore 

|(𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
) −

1

2
log (

1 + 𝑥

1 − 𝑥
)| ≤

𝑥2𝑁+2

2
log (

1 + 𝑥

1 − 𝑥
) 

As 𝑁 → ∞, 𝑥2𝑁+2 → 0 since 0 < 𝑥 < 1 

Therefore, as 𝑁 → ∞,  

𝑥2𝑁+2

2
log (

1 + 𝑥

1 − 𝑥
) → 0 
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Therefore 

lim
𝑁→∞

(𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
) −

1

2
log (

1 + 𝑥

1 − 𝑥
) = 0 

lim
𝑁→∞

(𝑥 +
𝑥3

3
+

𝑥5

5
+ ⋯ +

𝑥2𝑁+1

2𝑁 + 1
) =

1

2
log (

1 + 𝑥

1 − 𝑥
) 

 

13f Substitute 𝑥 =
1

3
 

From part e: 

lim
𝑁→∞

(
1

3
+

(
1
3)

3

3
+

(
1
3)

5

5
+ ⋯ +

(
1
3)

2𝑁+1

2𝑁 + 1
) 

=
1

2
log (

1 +
1
3

1 −
1
3

) 

=
1

2
log (

3 + 1

3 − 1
) 

=
1

2
log(2) 

Therefore 

log(2) = 2 × lim
𝑁→∞

(
1

3
+

(
1
3)

3

3
+

(
1
3)

5

5
+ ⋯ +

(
1
3)

2𝑁+1

2𝑁 + 1
) 

Summing a few terms of this series gives: 

log(2) ≑ 0.693 

 

14a For 1 ≤ 𝑡 ≤ 𝑥
𝛼

2 , 

𝑥−
𝛼
2 ≤

1

𝑡
≤ 1 

Therefore: 

∫ 𝑥−
𝛼
2

𝑥
𝛼
2

1

𝑑𝑡 ≤ ∫
1

𝑡

𝑥
𝛼
2

1

𝑑𝑡 ≤ ∫ 1
𝑥

𝛼
2

1

𝑑𝑡 
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𝑥−
𝛼
2[𝑡]1

𝑥
𝛼
2 ≤ [log 𝑡]1

𝑥
𝛼
2 ≤ [𝑡]1

𝑥
𝛼
2  

𝑥−
𝛼
2 (𝑥

𝛼
2 − 1) ≤ log (𝑥

𝛼
2) − log(1) ≤ 𝑥

𝛼
2 − 1 

1 − 𝑥−
𝛼
2 ≤

𝛼

2
log 𝑥 ≤ 𝑥

𝛼
2 − 1 

Since 𝑥 > 1, 𝑥−
𝛼

2 < 1 

Therefore  

1 − 𝑥−
𝛼
2 > 0 

and 𝑥
𝛼

2 − 1 < 𝑥
𝛼

2  

Therefore 

0 <
𝛼

2
log 𝑥 ≤ 𝑥

𝛼
2  

 

14b Divide through by 
𝛼

2
𝑥𝛼  to get: 

0 <
log 𝑥

𝑥𝛼
<

2

𝛼
𝑥−

𝛼
2  

As 𝑥 → ∞, 𝑥−
𝛼

2 → 0 

Therefore 
2

𝛼
𝑥−

𝛼

2 → 0 

Therefore  

lim
𝑥→∞

(
log 𝑥

𝑥𝛼
) = 0 

 

15a When 𝑛𝑘 ≤ 𝑥 ≤ 𝑛𝑘+1, 

1

𝑥
≥

1

𝑛𝑘+1
 

Therefore 

∫
1

𝑥
𝑑𝑥

𝑛𝑘+1

𝑛𝑘

≥ ∫
1

𝑛𝑘+1
𝑑𝑥

𝑛𝑘+1

𝑛𝑘

 

∫
1

𝑥
𝑑𝑥

𝑛𝑘+1

𝑛𝑘

≥ [
𝑥

𝑛𝑘+1
]

𝑛𝑘

𝑛𝑘+1
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∫
1

𝑥
𝑑𝑥

𝑛𝑘+1

𝑛𝑘

≥
𝑛𝑘+1 − 𝑛𝑘

𝑛𝑘+1
 

∫
1

𝑥
𝑑𝑥

𝑛𝑘+1

𝑛𝑘

≥ 1 −
1

𝑛
 

 

15b By dividing the interval of integration, we can see that 

∫
1

𝑥
𝑑𝑥

𝑛𝑘

1

= ∫
1

𝑥
𝑑𝑥

𝑛

1

+ ∫
1

𝑥
𝑑𝑥

𝑛2

𝑛

+ ⋯ + ∫
1

𝑥
𝑑𝑥

𝑛𝑘

𝑛𝑘−1

 

Using the result from part a, each of the RHS integrals is ≥ 1 −
1

𝑛
 

Therefore: 

∫
1

𝑥
𝑑𝑥

𝑛𝑘

1

≥ (1 −
1

𝑛
) + (1 −

1

𝑛
) + ⋯ + (1 −

1

𝑛
) 

∫
1

𝑥
𝑑𝑥

𝑛𝑘

1

≥ 𝑘 (1 −
1

𝑛
) 

Since 𝑛 > 1,  1 −
1

𝑛
> 0 

Therefore as 𝑘 → ∞, 𝑘 (1 −
1

𝑛
) → ∞ 

Therefore 

∫
1

𝑥
𝑑𝑥

𝑛𝑘

1
→ ∞ as 𝑘 → ∞ 

 

16a When 𝑛 ≤ 𝑡 ≤ 𝑛 + 𝑥, 

1

𝑛 + 𝑥
≤

1

𝑡
≤

1

𝑛
 

Therefore 

∫
1

𝑛 + 𝑥
𝑑𝑡

𝑛+𝑥

𝑛

≤ ∫
1

𝑡
𝑑𝑡

𝑛+𝑥

𝑛

≤ ∫
1

𝑛
𝑑𝑡

𝑛+𝑥

𝑛

 

Therefore 

𝑥

𝑛 + 𝑥
≤ log(𝑛 + 𝑥) − log(𝑛) ≤

𝑥

𝑛
 

𝑥

𝑛 + 𝑥
≤ log (

𝑛 + 𝑥

𝑛
) ≤

𝑥

𝑛
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𝑥

𝑛 + 𝑥
≤ log (1 +

𝑥

𝑛
) ≤

𝑥

𝑛
 

Multiply through by 𝑛: 

𝑥

1 +
𝑥
𝑛

≤ 𝑛 log (1 +
𝑥

𝑛
) ≤ 𝑥 

 

16b As 𝑛 → ∞, 1 +
𝑥

𝑛
→ 1 

Therefore 
𝑥

1+
𝑥

𝑛

→ 𝑥 

Since 𝑛 log (1 +
𝑥

𝑛
) is sandwiched between 

𝑥

1+
𝑥

𝑛

 and 𝑥, and both of these tend to 𝑥 

as 𝑛 → ∞, 

lim
𝑛→∞

𝑛 log (1 +
𝑥

𝑛
) = 𝑥 

Therefore 

lim
𝑛→∞

𝑒𝑛 log(1+
𝑥
𝑛

) = 𝑒𝑥 

lim
𝑛→∞

(1 +
𝑥

𝑛
)

𝑛

= 𝑒𝑥 

 

16c The exact value of 𝑒0.1 is 1.105 to three decimal places. By trial and error, 𝑛 
needs to be at least 9 to agree to three decimal places. 
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Solutions to Exercise 2G Review questions 

1a If the opposite angles of a quadrilateral are supplementary, then it is cyclic. True. 

 

1b If the sum of two numbers is even, then they are both odd. False. 
(Counterexample: 1 + 1 = 2.) 

 

1c Every parallelogram is a rhombus. False. 

 

2a Not all mathematicians are intelligent. (Alternately: there exists a mathematician 

who is not intelligent.) 

 

2b Suzie doesn’t like both of Physics and Chemistry, that is, she dislikes at least one 

of them. 

 

2c I am on vacation and I am working. 

 

3a If I don’t have two wheels, then I am not a bicycle. 

 

3b If a number’s last digit is 6, then it is not odd. (i.e. it is even, assuming it’s an 
integer.) 

 

3c If a shape does not have four equal sides, then it is not a square. 

 

4a If a number is even, it is divisible by 2; if a number is divisible by 2, it is even. 

 

4b If a quadrilateral’s diagonals bisect one another, it is a parallelogram; if a 

quadrilateral is a parallelogram, its diagonals bisect one another. 

 

4c If 𝑎 is divisible by 𝑏, ∃𝑐 ∈ ℤ such that 𝑎 = 𝑏𝑐; if ∃𝑐 ∈ ℤ such that 𝑎 = 𝑏𝑐, then 𝑎 is 

divisible by 𝑏. 
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5a Let 𝑛 be the first of the three numbers.  

Then the other two are 𝑛 + 1 and 𝑛 + 2. 

Therefore their sum is  

𝑛 + 𝑛 + 1 + 𝑛 + 2 

= 3𝑛 + 3 

= 3(𝑛 + 1) 

So their sum is divisible by 3. 

 

5b Let 2𝑛 be the first of the three numbers. 

Then the other two are 2𝑛 + 2 and 2𝑛 + 4. 

Therefore their product is  

2𝑛(2𝑛 + 2)(2𝑛 + 4) 

= 2𝑛 × 2(2 + 1) × 2(2 + 2) 

= 2 × 2 × 2𝑛(𝑛 + 1)(𝑛 + 2) 

= 8 × 𝑛(𝑛 + 1)(𝑛 + 2) 

So their product is divisible by 8. 

 

5c Let 2𝑛 be the first of the two numbers.  

Then the other is 2𝑛 + 2. 

Their product is 4𝑛2 + 4𝑛 = 4𝑛(𝑛 + 1) 

Case 1: If 𝑛 is even, then 4𝑛 is a multiple of 8.  

Therefore 4𝑛(𝑛 + 1) is a multiple of 8. 

Case 2: If 𝑛 is odd, then 𝑛 + 1 is even. 

Therefore 4(𝑛 + 1) is a multiple of 8. 

Therefore 4𝑛(𝑛 + 1) is a multiple of 8. 

So in either case, the product of the two numbers is divisible by 8. 
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6 If a square number is odd, then its square root is also odd. 

Let 2𝑛 + 1 be the square root. 

Therefore the square number is  

(2𝑛 + 1)2 

= 4𝑛2 + 4𝑛 + 1 

= 4(𝑛2 + 𝑛) + 1 

Since 4(𝑛2 + 𝑛) is divisible by 4, the remainder when (2𝑛 + 1)2 is divisible by 4 

is 1. 

 

7 Suppose a number 𝑛 is divisible by 15. 

Therefore 𝑛 = 15𝑎 for some integer 𝑎. 

Therefore 𝑛 = 3(5𝑎) so it is divisible by 3. 

Similarly, 𝑛 = 5(3𝑎) so it is divisible by 5. 

 

8 𝑛3 − 𝑛 

= 𝑛(𝑛2 − 1) 

= (𝑛 − 1)(𝑛)(𝑛 + 1) 

Since 𝑛 is odd, 𝑛 − 1 and 𝑛 + 1 are consecutive even numbers, so their product 

must be divisible by 8. (See proof in question 5c.) 

Since 𝑛 − 1, 𝑛, and 𝑛 + 1 are three consecutive integers, one of them must be a 
multiple of 3, therefore their product must be divisible by 3. 

Therefore 𝑛3 − 𝑛 is divisible by both 3 and 8.  

Since 3 and 8 have no common factors, it must therefore be divisible by 3 × 8 =

24. 

 

9 If 𝑛 is not divisible by 3, then it must be either one greater than or one less than a 
multiple of 3. 

Therefore 𝑛 = 3𝑚 + 𝑎, where 𝑚 is an integer and 𝑎 is either 1 or −1. 

Therefore  

𝑛2 + 2 
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= (3𝑚 + 𝑎)2 + 2 

= 9𝑚2 + 6𝑚𝑎 + 𝑎2 + 2 

= 9𝑚2 + 6𝑚𝑎 + 1 + 2       (since 𝑎2 = 1) 

= 9𝑚2 + 6𝑚𝑎 + 3 

= 3(3𝑚2 + 2𝑚𝑎 + 1) 

Therefore 𝑛2 + 2 is divisible by 3. 

 

10a (𝑥 + 1)(𝑥𝑛−1 − 𝑥𝑛−2 + 𝑥𝑛−3 − 𝑥𝑛−4 + ⋯ + 𝑥2 − 𝑥 + 1) 

= (𝑥 + 1)𝑥𝑛−1 − (𝑥 + 1)𝑥𝑛−2 + (𝑥 + 1)𝑥𝑛−3 − (𝑥 + 1)𝑥𝑛−4 + ⋯ + (𝑥 + 1)𝑥2

− (𝑥 + 1)𝑥 + (𝑥 + 1) 

= 𝑥𝑛 + 𝑥𝑛−1 − 𝑥𝑛−1 − 𝑥𝑛−2 + 𝑥𝑛−2 + 𝑥𝑛−3 − 𝑥𝑛−3 − 𝑥𝑛−4 + ⋯ + 𝑥3 + 𝑥2 − 𝑥2

− 𝑥 + 𝑥 + 1 

= 𝑥𝑛 + 0 + 0 + ⋯ + 0 + 1 

= 𝑥𝑛 + 1 

 

10b i If 𝑛 is odd,  

2𝑛 + 1 

= (2 + 1)(2𝑛−1 − 2𝑛−2 + ⋯ − 2 + 1) 

= 3(2𝑛−1 − 2𝑛−2 + ⋯ − 2 + 1) 

Therefore 2𝑛 + 1 is divisible by 3. 

 

10b ii If 𝑛 is odd, 

2𝑚𝑛 + 1 

= (2𝑚)𝑛 + 1 

= (2𝑚 + 1)((2𝑚)𝑛−1 − (2𝑚)𝑛−2 + ⋯ − (2𝑚) + 1) 

Therefore 2𝑚𝑛 + 1 is divisible by 2𝑚 + 1. 
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11a Proof by contradiction: 

Suppose √7 =
𝑚

𝑛
 where 𝑚 and 𝑛 are integers with 𝑛 ≥ 1 and their HCF is 1. That 

is, they have been reduced to lowest terms. 

Squaring and re-arranging gives 

7𝑛2 = 𝑚2 

Thus 𝑚2 is divisible by 7. 

If 𝑚 were not divisible by 7 then 𝑚2 would not be divisible by 7. 

Hence 𝑚 is also divisible by 7. So let 𝑚 = 7𝑝 and write 

7𝑛2 = 49𝑝2 

or 𝑛2 = 7𝑚2 

Thus 𝑛2 is divisible by 7. 

Now if 𝑛 were not divisible by 7 then 𝑛2 would not be divisible by 7. 

Hence 𝑛 is also divisible by 7. 

That is, 7 is a common factor of 𝑚 and 𝑛. 

But the HCF is 1, so there is a contradiction. 

Hence √7 is irrational. 

 

11b Proof by contradiction: 

Suppose log3 7 =
𝑚

𝑛
 where 𝑚 and 𝑛 are integers with 𝑛 ≥ 1 and their HCF is 1. 

That is, they have been reduced to lowest terms. 

By definition,  

3
𝑚
𝑛 = 7 

Raising both sides to the power 𝑛, 

3𝑚 = 7𝑛 

But this implies that 3 divides 7𝑛 which is impossible as the only factors of this 

number are powers of 7. 

This is a contradiction, hence log3 7 is irrational. 
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12 If 𝑎 is not even, then 𝑎 is odd and 𝑎 = 2𝑚 + 1 for some integer 𝑚. 

Therefore 𝑎2 = 4𝑚2 + 4𝑚 + 1 

                          = 2(2𝑚2 + 2𝑚) + 1 

Therefore 𝑎2 is odd (and not even). 

Proving this proves the contrapositive: if 𝑎2 is even then 𝑎 is odd. 

 

13a (√𝑥 − √𝑦)
2

≥ 0 

𝑥 − 2√𝑥𝑦 + 𝑦 ≥ 0 

𝑥 + 𝑦 ≥ 2√𝑥𝑦 

 

13b Substituting 𝑦 =
1

𝑥
 into the inequality derived above: 

𝑥 +
1

𝑥
≥ 2√

𝑥

𝑥
 

𝑥 +
1

𝑥
≥ 2        (1) 

(𝑎 + 𝑏)(1 + 𝑎𝑏) 

= 𝑎 + 𝑎2𝑏 + 𝑏 + 𝑎𝑏2 

= 𝑎 + 𝑎𝑏2 + 𝑏 + 𝑎2𝑏 

= 𝑎(1 + 𝑏2) + 𝑏(1 + 𝑎2) 

= 𝑎𝑏 (𝑏 +
1

𝑏
) + 𝑎𝑏 (𝑎 +

1

𝑎
) 

≥ 𝑎𝑏(2) + 𝑎𝑏(2)       using (1) 

= 4𝑎𝑏 

Therefore 

(𝑎 + 𝑏)(1 + 𝑎𝑏) ≥ 4𝑎𝑏 
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14a A. When 𝑛 = 1,  

LHS = 2 × 2 = 4 

RHS = 1 × 22 = 4 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 

∑(𝑟 + 1) × 2𝑟

𝑘

𝑟=1

= 𝑘 × 2𝑘+1 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

∑(𝑟 + 1) × 2𝑟

𝑘+1

𝑟=1

= (𝑘 + 1) × 2𝑘+2 

From the inductive assumption: 

∑(𝑟 + 1) × 2𝑟

𝑘+1

𝑟=1

 

= (∑(𝑟 + 1) × 2𝑟

𝑘

𝑟=1

) + (𝑘 + 1 + 1) × 2𝑘+1 

= 𝑘 × 2𝑘+1 + (𝑘 + 2) × 2𝑘+1 

= (2𝑘 + 2) × 2𝑘+1 

= (𝑘 + 1) × 2𝑘+2 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 
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14b A. When 𝑛 = 1, 

LHS = 1(1 + 1) = 2 

RHS =
1

12
× 1 × (1 + 1) × (1 + 2) × (3 + 1) = 1 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 

∑ 𝑟2(𝑟 + 1)

𝑘

𝑟=1

=
1

12
𝑘(𝑘 + 1)(𝑘 + 2)(3𝑘 + 1) 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

∑ 𝑟2(𝑟 + 1)

𝑘+1

𝑟=1

=
1

12
(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)(3𝑘 + 4) 

From the inductive assumption: 

∑ 𝑟2(𝑟 + 1)

𝑘+1

𝑟=1

 

= (∑ 𝑟2(𝑟 + 1)

𝑘

𝑟=1

) + (𝑘 + 1)2(𝑘 + 2) 

=
1

12
𝑘(𝑘 + 1)(𝑘 + 2)(3𝑘 + 1) + (𝑘 + 1)2(𝑘 + 2) 

=
1

12
𝑘(𝑘 + 1)(𝑘 + 2)(3𝑘 + 1) + (𝑘 + 1)2(𝑘 + 2) 

=
1

12
𝑘(𝑘 + 1)(𝑘 + 2)(3𝑘 + 1) + (𝑘3 + 4𝑘2 + 5𝑘 + 2) 

=
1

12
(𝑘(𝑘 + 1)(𝑘 + 2)(3𝑘 + 1) + 12(𝑘3 + 4𝑘2 + 5𝑘 + 2)) 

=
1

12
(𝑘(𝑘 + 1)(𝑘 + 2)(3𝑘 + 1) + 12(𝑘3 + 4𝑘2 + 5𝑘 + 2)) 

=
1

12
(3𝑘4 + 10𝑘3 + 9𝑘2 + 2𝑘 + 12𝑘3 + 48𝑘2 + 60𝑘 + 24) 

=
1

12
(3𝑘4 + 22𝑘3 + 57𝑘2 + 62𝑘 + 24) 
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=
1

12
(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)(3𝑘 + 4) 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

15a A. When 𝑛 = 1, 6𝑛 + 4 = 10 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 

6𝑘 + 4 = 5𝑚 for some integer 𝑚. 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

6𝑘+1 + 4 is divisible by 5. 

From the inductive assumption: 

6𝑘 + 4 = 5𝑚 

6(6𝑘 + 4) = 6𝑘+1 + 24 

6𝑘+1 + 4 

= 6(6𝑘 + 4) − 20 

= 6(5𝑚) − 20 

= 5(6𝑚 − 4) 

which is divisible by 5. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 
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15b A. When 𝑛 = 1, 𝑛3 + 2𝑛 = 3 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 

𝑘3 + 2𝑘 = 3𝑚 for some integer 𝑚. 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

(𝑘 + 1)3 + 2(𝑘 + 1) is divisible by 3. 

(𝑘 + 1)3 + 2(𝑘 + 1) 

= 𝑘3 + 3𝑘2 + 3𝑘 + 1 + 2𝑘 + 2 

= 𝑘3 + 3𝑘2 + 5𝑘 + 3 

= (𝑘3 + 2𝑘) + 3𝑘2 + 3𝑘 + 3  

= 3(𝑚 + 𝑘2 + 𝑘 + 1) from the inductive assumption 

which must be divisible by 3. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

16a A. When 𝑛 = 1, 

LHS = 1 −
1

22
 

         =
3

4
 

RHS =
1

2
(1 +

1

2
) 

         =
3

4
 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 
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(1 −
1

22
) (1 −

1

32
) … (1 −

1

(𝑘 + 1)2
) =

1

2
(1 +

1

𝑘 + 1
) 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

(1 −
1

22
) (1 −

1

32
) … (1 −

1

(𝑘 + 1)2
) (1 −

1

(𝑘 + 2)2
) =

1

2
(1 +

1

𝑘 + 2
) 

From the inductive assumption: 

(1 −
1

22
) (1 −

1

32
) … (1 −

1

(𝑘 + 1)2
) (1 −

1

(𝑘 + 2)2
) 

=
1

2
(1 +

1

𝑘 + 1
) (1 −

1

(𝑘 + 2)2
) 

=
1

2
(

𝑘 + 2

𝑘 + 1
) (

(𝑘 + 2)2 − 1

(𝑘 + 2)2
) 

=
1

2
(

1

𝑘 + 1
) (

𝑘2 + 4𝑘 + 3

𝑘 + 2
) 

=
1

2
(

1

𝑘 + 1
) (

(𝑘 + 3)(𝑘 + 1)

𝑘 + 2
) 

=
1

2
(

𝑘 + 3

𝑘 + 2
) 

=
1

2
(1 +

1

𝑘 + 2
) 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

16b As 𝑛 → ∞, 

1

2
(1 +

1

𝑛 + 1
) →

1

2
(1 + 0) =

1

2
 

Therefore the limit is 
1

2
. 
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17a A. When 𝑛 = 2, 𝑛(𝑛 + 2) = 2(4) = 8 

Therefore the result is true for 𝑛 = 2. 

 

 B. Assume the statement is true for the positive even integer 𝑛 = 𝑘. 

That is, assume that 

𝑘(𝑘 + 2) = 4𝑚 for some integer 𝑚. 

Now prove the statement for 𝑛 = 𝑘 + 2. That is, prove that  

(𝑘 + 2)(𝑘 + 4) is divisible by 4. 

(𝑘 + 2)(𝑘 + 4) 

= 𝑘(𝑘 + 2) + 4(𝑘 + 2) 

= 4𝑚 + 4(𝑘 + 2)              (from the inductive assumption) 

= 4(𝑚 + 𝑘 + 2) 

which is divisible by 4. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all even integers 𝑛 ≥ 2. 

 

17b A. When 𝑛 = 1, 3𝑛 + 7𝑛 = 10 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive odd integer 𝑛 = 𝑘. 

That is, assume that 

3𝑛 + 7𝑛 = 10𝑚 for some integer 𝑚. 

Now prove the statement for 𝑛 = 𝑘 + 2. That is, prove that  

3𝑛+2 + 7𝑛+2 is divisible by 10. 

3𝑛+2 + 7𝑛+2 

= 9 × 3𝑛 + 49 × 7𝑛 

= 9(3𝑛 + 7𝑛) + 40 × 7𝑛 

= 9(10𝑚) + 40 × 7𝑛              (by the inductive hypothesis) 
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= 10(9𝑚 + 4 × 7𝑛) 

which is divisible by 10. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all odd integers 𝑛 ≥ 1. 

 

17c A. When 𝑛 = 1, 4𝑛 + 5𝑛 + 6𝑛 = 15. 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive odd integer 𝑛 = 𝑘. 

That is, assume that 

4𝑘 + 5𝑘 + 6𝑘 = 15𝑚 for some integer 𝑚. 

Now prove the statement for 𝑛 = 𝑘 + 2. That is, prove that  

4𝑘+2 + 5𝑘+2 + 6𝑘+2 is divisible by 15. 

4𝑘+2 + 5𝑘+2 + 6𝑘+2 

= 16 × 4𝑘 + 25 × 5𝑘 + 36 × 6𝑘 

= 16(4𝑘 + 5𝑘 + 6𝑘) + 9 × 5𝑘 + 20 × 6𝑘 

= 16(15𝑚) + 45 × 5𝑘−1 + 60 × 6𝑘−1 

= 15(16𝑚 + 3 × 5𝑘−1 + 4 × 6𝑘−1) 

which is a multiple of 15.  

(Note that 5𝑘−1 and 6𝑘−1 are integers because 𝑘 ≥ 1.) 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all odd integers 𝑛 ≥ 1. 

 

18 A. When 𝑛 = 1, 2𝑛2 + 2𝑛 − 1 = 3. 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 
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That is, assume that 

𝑇𝑘 = 2𝑘2 + 2𝑘 − 1 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑇𝑘+1 = 2(𝑘 + 1)2 + 2(𝑘 + 1) − 1 

          = 2𝑘2 + 6𝑘 + 3 

By definition, 

𝑇𝑘+1 = 𝑇𝑘 + 4(𝑘 + 1) 

          = 2𝑘2 + 2𝑘 − 1 + 4𝑘 + 4           (from the inductive assumption) 

          = 2𝑘2 + 6𝑘 + 3 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 1. 

 

19 A. When 𝑛 = 1, 𝑎𝑛 = 1. 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 

 𝑎𝑘 < 3. 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

𝑎𝑘+1 < 3. 

From the inductive assumption: 

𝑎𝑘 < 3 

2𝑎𝑘 + 1 < 7 

√2𝑎𝑘 + 1 < √7 < 3 

𝑎𝑘+1 < 3 

as required. 
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C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 

 

20 A. When 𝑛 = 7,  

𝑛! = 5040 

3𝑛 = 2187 

Therefore the result is true for 𝑛 = 7. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘, 𝑘 ≥ 7. 

That is, assume that 

𝑘! > 3𝑘 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

(𝑘 + 1)! > 3𝑘+1 

From the inductive assumption: 

𝑘! > 3𝑘 

(𝑘 + 1)𝑘! > (𝑘 + 1)3𝑘 

(𝑘 + 1)! > (𝑘 + 1)3𝑘 

Further,  

(𝑘 + 1)3𝑘 > 3 × 3𝑘 since 𝑘 + 1 > 3 

Therefore 

(𝑘 + 1)! > 3 × 3𝑘 

(𝑘 + 1)! > 3𝑘+1 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 
for all integers 𝑛 ≥ 7. 
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21 A. When 𝑛 = 1, the 𝑛th derivative of 𝑥𝑒−𝑥 is: 

𝑑

𝑑𝑥
(𝑥𝑒−𝑥) = 𝑒−𝑥 − 𝑥𝑒−𝑥 

                 = (−1)1(𝑥 − 1)𝑒−𝑥 

                 = (−1)𝑛(𝑥 − 𝑛)𝑒−𝑥 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that the 𝑘th derivative of 𝑥𝑒−𝑥 is 

 (−1)𝑘(𝑥 − 𝑘)𝑒−𝑥 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that the (𝑘 + 1)th 
derivative of 𝑥𝑒−𝑥 is 

 (−1)𝑘+1(𝑥 − (𝑘 + 1))𝑒−𝑥 

From the inductive assumption: 

𝑑𝑘

𝑑𝑥𝑘
(𝑥𝑒−𝑥) = (−1)𝑘(𝑥 − 𝑘)𝑒−𝑥 

Therefore 

𝑑𝑘+1

𝑑𝑥𝑘+1
(𝑥𝑒−𝑥) 

=
𝑑

𝑑𝑥
(−1)𝑘(𝑥 − 𝑘)𝑒−𝑥 

= (−1)𝑘 (
𝑑

𝑑𝑥
(𝑥𝑒−𝑥) −

𝑑

𝑑𝑥
(𝑘𝑒−𝑥)) 

= (−1)𝑘(𝑒−𝑥 − 𝑥𝑒−𝑥 + 𝑘𝑒−𝑥) 

= (−1)𝑘((1 + 𝑘)𝑒−𝑥 − 𝑥𝑒−𝑥) 

= −(−1)𝑘(𝑥𝑒−𝑥 − (𝑘 + 1)𝑒−𝑥) 

= (−1)𝑘+1(𝑥 − (𝑘 + 1))𝑒−𝑥 

as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 
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22 We begin by showing that the sum of interior angles is equal to 180°(𝑛 − 2) 

through induction. 

A. When 𝑛 = 3, the polygon is a triangle with interior angles adding to 180. 

180° = (𝑛 − 2) × 180°  

So the result is true for 𝑛 = 3. 

 

B. Assume the statement is true for integer 𝑛 = 𝑘 ≥ 3. 

That is, assume that the interior angle sum of a polygon with 𝑘 sides is 

 (𝑘 − 2) × 180°. 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that the interior angle sum 

of a polygon with 𝑘 + 1 sides is 

 (𝑘 − 2 + 1) × 180°. 

To show this, choose any two vertices of the polygon that are separated by just 

one other vertex, and draw a line between them: 

 

This divides the (𝑘 + 1)-sided polygon into a triangle and a 𝑘-sided polygon. 

The sum of internal angles of the (𝑘 + 1)-sided polygon equals the sum of 

internal angles of the triangle, and the sum of internal angles of the 𝑘-sided 

polygon. 

From the inductive assumption, the internal angles of the 𝑘-sided polygon total 
(𝑘 − 2) × 180°. Adding this to the 180° from the triangle gives (𝑘 − 2 + 1) ×
180° as required. 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 3. Since all polygons have at least three sides, this completes 

the proof that the sum of interior angles is equal to 180°(𝑛 − 2). 

At any vertex of the polygon, interior and exterior angles are complementary.  
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Therefore the sum of all exterior and all interior angles of the polygon equals 

180° × 𝑛. 

Therefore the sum of all exterior angles is  

180° × 𝑛 − 180°(𝑛 − 2) 

= 180° × 2 

= 360° 

as required. 

 

23a A. When 𝑛 = 1, 2n = 2 

Therefore the result is true for 𝑛 = 1. 

 

 B. Assume the statement is true for the positive integer 𝑛 = 𝑘. 

That is, assume that 

 2𝑘 > 𝑘 

Now prove the statement for 𝑛 = 𝑘 + 1. That is, prove that  

2𝑘+1 > 𝑘 + 1 

From the inductive assumption: 

2𝑘 > 𝑘 

2(2𝑘) > 2𝑘 

2𝑘+1 > 𝑘 + 𝑘 

2𝑘+1 > 𝑘 + 1 

 

C. It follows from parts A and B by mathematical induction that the result is true 

for all integers 𝑛 ≥ 1. 
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23b For 𝑛 ≥ 2, and using the result proved above: 

1 < 𝑛 < 2𝑛 

Taking 𝑛th roots: 

√1
𝑛

< √𝑛
𝑛

< √2𝑛𝑛
 

1 < √𝑛
𝑛

< 2 

 

23c Since 1 < √𝑛
𝑛

< 2, it cannot be an integer and therefore it must be irrational. The 

contrapositive of the given fact has been used. 

 

24a Using the result 
𝑥+𝑦

2
≥ √𝑥𝑦 three times: 

𝑎 + 𝑏

2
≥ √𝑎𝑏 

𝑐 + 𝑑

2
≥ √𝑏𝑐 

(
𝑎 + 𝑏

2 ) + (
𝑐 + 𝑑

2 )

2
≥ √(

𝑎 + 𝑏

2
) (

𝑐 + 𝑑

2
) 

(
𝑎 + 𝑏

2 ) + (
𝑐 + 𝑑

2 )

2
≥ √√𝑎𝑏√𝑐𝑑 

𝑎 + 𝑏 + 𝑐 + 𝑑

4
≥ √𝑎𝑏𝑐𝑑

4
 

 

24b i  

1

4
(𝑎 + 𝑏 + 𝑐 +

𝑎 + 𝑏 + 𝑐

3
) 

=
1

4
(𝑎 + 𝑏 + 𝑐) (1 +

1

3
) 

= (𝑎 + 𝑏 + 𝑐) (
1

4
) (

4

3
) 

=
𝑎 + 𝑏 + 𝑐

3
    

as required 
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24b ii  

Let 𝑑 =
𝑎 + 𝑏 + 𝑐

3
 

From part a, 

  
𝑎 + 𝑏 + 𝑐 + 𝑑

4
≥ √𝑎𝑏𝑐𝑑

4
 

1

4
(𝑎 + 𝑏 + 𝑐 +

𝑎 + 𝑏 + 𝑐

3
) ≥  √𝑎𝑏𝑐 (

𝑎 + 𝑏 + 𝑐

3
)

4

 

𝑎 + 𝑏 + 𝑐

3
≥ √𝑎𝑏𝑐

4 √(
𝑎 + 𝑏 + 𝑐

3
)

4

 

Dividing through by √(
𝑎+𝑏+𝑐

3
)

4
: 

(
𝑎 + 𝑏 + 𝑐

3
)

3
4

≥ (𝑎𝑏𝑐)
1
4  

Raising both sides to the power 
4

3
: 

(
𝑎 + 𝑏 + 𝑐

3
) ≥ (𝑎𝑏𝑐)

1
3 

𝑎 + 𝑏 + 𝑐

3
≥ √𝑎𝑏𝑐

3
 

 

25 𝑎𝑏𝑐 = 100𝑎 + 10𝑏 + 𝑐 

𝑐𝑏𝑎 = 100𝑐 + 10𝑏 + 𝑎 

𝑎𝑏𝑐 − 𝑐𝑏𝑎 = (100𝑎 − 100𝑐) − (𝑎 − 𝑐) 

Let 𝑑 = 𝑎 − 𝑐 

Then 100𝑎 − 100𝑐 = 𝑑00 

𝑎𝑏𝑐 − 𝑐𝑏𝑎 = 𝑑00 − 𝑑 

Working through the subtraction, the digits of 𝑎𝑏𝑐 − 𝑐𝑏𝑎 are (𝑑 − 1), 9, (10 − 𝑑).  

Since 𝑎 − 𝑐 > 1 we know that 𝑑 − 1 is still greater than zero, hence 𝑎𝑏𝑐 − 𝑐𝑏𝑎 is 

still a three-digit number. 

When reversed, the digits of this difference are (10 − 𝑑), 9, (𝑑 − 1). 
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Therefore, the difference added to its reverse is: 

100(𝑑 − 1) + 10(9) + 1(10 − 𝑑) + 100(10 − 𝑑) + 10(9) + 1(𝑑 − 1) 

= 100(𝑑 − 1 + 10 − 𝑑) + 10(9 + 9) + 1(10 − 𝑑 + 𝑑 − 1) 

= 100(9) + 10(18) + 1(9) 

= 900 + 180 + 9 

= 1089 
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