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MATHEMATICS EXTENSION 2

Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6H Chapter review

lai v=2x—-1

dx
E=2x—1
dt 1
dx  2x—1

[arm [
B T

1 2
t=—f dx

2) 2x—1

1
t=§1n|2x—1| +C

Att=0, x = 1.
0—11 1] + C
C=0
Therefore

t—ll |2 1]
—En X —

laii

t—11 |2 1]
=3 n|2x

2t = In|2x — 1|
2t =2x -1

1
X =§(€2t+ 1)

1bi v =—6x?

= —6x2

Jdt—— @

© Cambridge University Press 2019 1



* CambridgeMATHS == &

MATHEMATICS EXTENSION

Chapter 6 worked solutions — Mechanics

t—1+C
T bx
Att=0,x=1.
C= 1
6
Therefore
1 1
6x 6
1
t=—(x"1-1
6(x )
1b ii
1
t==(x"1-1
6(x )
6t =x"1-1
=146t
_ 1
T 146t

orx =(1+6t)71

2a v=2x—1

. _dv _ dv
*=ar T Vax
i=(Qx—1)(2)
#=202x—1)

2b v = —6x?

_ dv _ dv
“dr Vdx
¥ = —6x%(—12x)

¥ = 72x3
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3a X=6

. dv d(l 2)
¥ T ax\2V

d<1 2)—6
ax\2V )~
1

—v2=f6dx

2
=f12dx

v2=12x+C
Atx=0,v=0.
C=0
Therefore

v? =12x

3b X = sin 6x

v? = ——=cos6x +C
Atv =0, x = 0,hence
C ==

3

Therefore

2 _
Ve = —=cosb6x +—
3

3

1
v? = §(1 — cos 6x)
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4 X =4v
. dv 4
¥=— v
dt 1
dv  4v
[
t—ll +C
=zl

Att =0, v =2 hence

C = 1l 2
_—Zn

Therefore
=—-lnv—-=1In2
t 2 nv 2 n

t ==Ins
=232

fdx —f3v2dv

x=v3+C

Atx =0, v =1, hence

Cc=-1
Therefore
x=v3-1
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6a F=18t, m=3

d?x

F=mx= mﬁ = 18t
d?x
dt?
dx

32
it 3t +C

= 6t

X
Initially particle is at rest at origin, so I = 0 whent = 0, hence:

C=0

Therefore

Using initial conditions,t = 0 and x = 0:
D=0

Therefore

6b F=4x—-3, m=2

F=mi = d(1 2)—4 3
—mx—mdx 21] = 4aXx

400)- Lo
v? =f(4x—3)dx

v2=2x*-3x+C

Att =0,x = 0,v = 0, hence
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C=0

Therefore

v? =2x? - 3x

Atx =4,

v? = 2(16) — 3(4)
= 20

v=2V5 (taking positive value of v)

6¢C

1
F = , m=0.5

1+v

dv 1

F = mx_mE_1+v
dv 2
E:1+v
dt 1
%=§(1+v)

fdtz%f(1+v)dv

Y (L T
2\

Att =0, v =0, hence
C=0

Therefore
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6d F=2+47v? m=2

dv
F=mi=mv—= (2 +v?)

dx
dv _2+v°
dx  2v
dx  2v
dt 2+ v2
fdx _J.2+ >
x=In2+v?*)+C (since 2 + v? is positive)

Atx =0, v =0,hence
C=—-1In2
Therefore

x=In(2+v?) —In2

1 2 + v?
x =In|—

Atv =2,
- <2+4)

x = In >

x=1In3

7 m =2, F; =40NinNE direction
F, = 20v21 4 20v2j
F, = 207 + 407
The resultant force is:
E=F +F,
= (20v2 + 20)i + (20V2 + 40)j
=20((V2+ 1)1+ (V2 +2)j)
Now E. = mX,

20((V2+ 1)1+ (V2 +2))) =2 x %,
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% =10 ((VZ+ 1)1+ (VZ + 2)§)

I, = 10\/(x/§ +1) +(V2+2)°

= 10V3+2VZ+ 6 +4V2

=10V9 + 6v2
= 41.815 ...
Magnitude of resultant acceleration is about 41.8 m/s?
The direction of resultant acceleration is same as that of the resultant force.

Direction of X,:

. V2 +2
ana =

V2 +1
a = 54.735 ...°

Angle north of east is about 54.7° so direction of acceleration is 035.3°T.

8a The plane undergoes a constant deceleration until it stops completely. So, the
forces acting on the plane are just the deceleration. Hence,

i=—k

vy =100, d = 2000

-4
T2V )T

Atx =0, v =100, hence
C =10000
Therefore

v? = —2kx + 10 000
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v? = 10000 — 2kx
Atx = 2000, v=0.
0 =10000 — 4000k

= 5
2
Therefore

v?2 =10000 — 5x

8bi v2=10000—5x
Atx =1km = 1000 m,
v? =10 000 — 5000
v? = 5000

v =50v2m/s (taking positive v as plane continues to move in forward
direction)

8bii v? = 10000 — 5x
At v = 50,
2500 = 10 000 — 5x
x = 1500 m

8c v?2 =10000 — 5x

Now, while the brakes are being applied, the plane continues to move in the
forward direction due to the existing momentum. So, the velocity is positive.

Hence, v = 10000 — 5x

8d v =+v10000 — 5x
dx
— =+10000 — 5x
dt

dt 1
dx /10000 — 5x
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dx
4= | mos
10 000 — 5x
2
= —5\/10 000 —-5x+C

Whent = 0,x = 0, hence

2
—§v10 000+ C
C = 2 x 100
5
C =40
Therefore

2
—E\/m 000 — 5x + 40
5

V10 000 — 5x = Z(40-1)

25
10 000 — 5x = —= (40 — 1)?

25
5x = 10 000 — - (1600 — 80t + )

5
x = 2000 — - (1600 — 80¢ + )
5

x = 2000 — 2000 + 100t — ¢’

= 100t > t?
x= 4
The plane stops when x = 2000.

2
—g\/lO 000 — 5x + 40

2
= —gx/lo 000 — 10 000 + 40

=40s
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9a Vo = %km/s =500m/s, v; =250m/s, x;=50m

_dv_k
X vdx— v

At x =0, vy, =500, hence

C =500
Therefore
v =500 — kx

At x = 50, v = 250, hence
k=5

Therefore

_Y 5005
U—dt— X

dt 1
dx 500 5x

fdt_ fsoo 5x

5
fdt__Ejsoo 5 &

1
t= —glnISOO —5x|+D

At t = 0,x = 0,hence

D = 11 500
Therefore

1 1
t= —glnISOO — 5x| +§ln 500

1(500

t= {500 —5x

z ) for x < 100
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5= ( 100 )
~ "\To0—x

100
100 — x
100 — x = 100e~5¢

5t

x = 100 — 100e~5¢
x =100(1 —e™>%)

9b
‘o 11 ( 100 )
~5"\100—x
At x =50,
. 11 ( 100 )
~ 5 "\100 - 50
t= 11 2
v =500 — 5x
Eventually, the torpedo will stop after a distance of 100 m as the velocity reduces
to zero.
10a
¥ = —le‘x m/s?
2
d (1 1
- [Z242) = —Z_,—x
dx (2” ) 2°
v? = —je‘x dx
=e*+C

At x =0, v=1,hence
C=0
Therefore

2 _ ,-x

vt =e
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10b v is always positive as v is initially positive (1 m/s), and is never zero (e~ # 0).

2 = g%
_Xx
v=e 2
dx x
dt ¢
dt %
dx ¢
X
fdtzerdx
X
t=2e2+4+C

At t =0, x = 0,hence

C= -2
Therefore
X
t =2e2—2
X
t= (ef—l)
X t
2 = — 1
e 2+
—1 (t+1)
2~ M2

1
x = Zlnz(t+2)

10c
1 X
x = ZInE(t+2),v=e 2

As t >0, x> o and v—> 0
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1la ¥ =a+ bv? a,b>0

.o U 2
¥X=v—=a+ bv

dx
dv  a+ bv?
dx v
dx v
dv _ a+ bv?
v
fdx=fa+bv2 dv
2bv
~2b f a+ bv2
=2 ln(a +bv?) +C (since a,b > 0 so a + bv? is positive)
Att=0, x=0, v=0,hence
C = —ilna
2b
Therefore

—11 + bv? 11
—an(a V) na

2b
B 11 a+ bv?
=" a
a+ bv?
2bx = 1n
a

a+ bv?
a

e2bx —

b
eh* =1+ —v?
a
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11b

dv
Y = b 2 T e—
X=a+ bv I

a1
dv  a+ bv?

fdt_ fa+bv2

t—it ‘1<\/Ev>+c
“Vab - \Va

At t =0, v= 0,hence

C=0

Therefore

t—it _1< bv)
Vo o \Va

Vab t = tan™? (%)

VB
Va

v= ﬁtan@t
Vb

= tanVab t

12a

v = —16x = dv
X = x—vdx

fvdv=—16fxdx

1
EUZ = —8X2 +C

At t=0, x=1, v =4, hence
Cc =16

Therefore
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v? = —-8x% + 16

N =

2 =32 —16x?
v? =16(2 — x?)

12b  Atx =xpg v =0.
0=16(2- (xmax)z)
(xmax)2 =

Xmax = \/E

12¢ ¥ =-16x
Amplitude a = Xpq, = V2
Let x = V2 cos(nt + )
x = —/2nsin(nt + @) and
¥ = —V2n?cos(nt + )
Substituting for ¥ and x in ¥ = —16x:

—V2n? cos(nt + a) = —16V2 cos(nt + a)

Att=0 x=1,s0x = \/icos(nt + a) becomes:

1 =+2cos(0 + )

1
cosa =—

V2
o=

4

Therefore

x=\/§cos(4t+%)
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132 x =5++/3sin3t — cos 3t
% = 3v3cos 3t + 3sin3t
¥ = —9v/3sin 3t + 9 cos 3t
X = —9(\/§sin 3t — cos 3t)
X = —9((5 +\/§sin3t—cos3t) — 5)
¥ =-3%(x—5)
which is of the form ¥ = —n?(x — ¢)

As the equation satisfies the conditions of restoring force of SHM, the given
particle is under SHM.

13b  /3sin 3t — cos 3t

V3 1
=2 <7sin 3t — Ecos St)
=2 (coszsin 3t — sinzcos St)
B 6 6

s
= 25sin (St — E)
Therefore
R=2 a= i

6
Hence

x = 5+Zsin(3t—g)

13c  The amplitudeis:a =R =2

The centre of motionis: x = 5
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13d
] T
x=5 +251n(3t—g)
Whenv =v,,4,, x =05

5=5+Zsin(3t—%)

in(3t z =0
sin( 6)—

A

3t=g
T
t=§

14 vy =2, Epay =6
For SHM: v,q = an  and X4, = an?
an=2 and an?=6
an® 6
an 2

n=3

a=§

So, the amplitude is: a = éand the frequency is:n =3

Period of motion is:

2 2m

n 3

15a a=5cm, m=0.5kg cycles=60/s, n=2nrx60=120%
Vmax = an
=5x%x 1207
= 1884.95...cm/s
= 18.8m/s
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15b  Fpee = an?
a=5cm=0.05m
Fnax = M¥max
= 0.5 x an?
= 0.5 x 0.05 X (1207)2
= 3553.057 ...
= 3553 N

l6a Atx=0.01m, |v|=0.09m/s and x =—-0.02m, |v| =0.06 m/s
v?2 = -n?((x —c)? —a?)
Here, c = 0.

(0.09)? = —n?((0.01)> —a?®) and (0.06)? = —n?((—0.02)? — a?)

0.09\*  (0.01)? —a?
(5%

0.06/  (—0.02)%2 —a?
9 0.0001 — a?
4 0.0004 — a2

0.0004 — 4a? = 0.0036 — 9a?
5a* = 0.0032

_ _ V10
Hence amplitude is 75 metres.
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16b
D
125’
(0.09)2 = —n2((0.01)2 — a?)
(0.09)2

10
15625 0.0001

_0.0081
~0.00054
_ 810
54
=15

n= V15

21T 2T

2:

21
Hence period is — seconds.

V15

16c Letx = acosnt

_ V10 2mt
X = 7t COS\/1_5
When x = 0.01,
V10 2mt
0.01 = ——cos 2
125 \/15
. V15 1 1.25
= cos
YT 2w V10
=0.71775...s

When x = —0.02,

V10 21t
—0.02 = ——cos =
125 \15
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= 153024 ...s
t,—t; = 1.530 24 ...— 0.717 75 ...
=0.81s

So, it takes about 0.81 seconds for the particle to go from A to B.

The equation of motion for the aircraft is:

Mi =T — kv?
M vd—v =T — kv?

dx
dv T —kv?
dx  Mv
dx Mv
dv T —kv?
f dx = f 2kv

2k) T — kv2

x = —ﬁln(T kv?) + C (since T — kv? is positive as aircraft is moving)

At x =0, v =0,hence

C = Ml T
~ 2k
Therefore

M T
x_ﬂn<T—kv2)

So, when the speed of the aircraft is V, the distance travelled is:

- 5 (7 =)
X =k M\T TRz
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18a m=2kg, vy =20m/s

The equation of motion of the object when it is travelling upwards is:

. dv v?
my = mv = mg - 15
) dv 20 v?

Viy = 10
) dv 200+ v?
Yy~ 10
dv 200 +v?
dy 20v
dy 20v

dv 200+ v2?

J‘d 10J‘ 2vdv
Y= 200 + v2

y = —10In(200 + v?) + C (since 200 + v? is positive)
At y =0, v =20, hence

C =101In600

Therefore

y = —101n(200 + v2) + 101n 600

600

y =100 2
At maximum height, v = 0.

600
200+ 0

h=10In3

h=101In

Hence maximum height is 10 In 3 metres.

18b  For half its maximum height, y = 51n 3.

600

=10ln——
Y 1200 + v2
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600
200 + v2
600
200 + v?

5In3=101In

1
10In32 =101n

600

\/__200+v2

200V3 +V3v? = 600

V3v? = 600 — 2003

3v% = 6003 — 600
2 = 200V3 - 200

|lv] = 12.100 ...

Hence speed of object is about 12.1 m/s.

19a m=0.03kg, H=6m, f.=0.6vN, g=10m/s?
Taking downwards as positive, equation of motion for the balloon is:
my =mg — fr
0.03y = 0.3 — 0.6v
y=10-20v

19b  Terminal velocity is reached when the resultant forces/acceleration is zero.
y=0=10-20v,
20v, = 10
v, =0.5m/s

Terminal speed is 0.5 m/s.

19c
"—dv—1o 20
Y= v
dt 1
dv 10— 20v
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1
fdt: flO—ZOv dv

1 —20
20) 10 —20v

dv

t=-— %ln(lO —20v) + C (since terminal velocity is 0.5 so 10 — 2v is positive)
Att=0, v =0, hence

1
0=——In10+C

20
¢ =10
~20 "
t—ll( 10 )
=20 "\10 - 20v
020t _ 10
10 — 200
20t _ 10200
10

e 20t =1 - 2vp

1
=_—(1— 20t
v 2( e *")

19d For half its terminal speed, v = 0.25.
. 1 l ( 10 )
=20 "\10 = 200
B 1 l ( 10 )
~20 "\10—5

= Lo
~20 0

= 0.034 657...

Time to reach half its terminal speed is about 0.35 seconds.
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20a  Taking downwards as positive, the equation of motion of the particle is:

_dv_ I

Y=aa -9
dv

Att=0,v=0 and —=0,v=V
dt

g—kvV =20

_9

%4

Therefore

dv g

ac I7vY

dv

— =50 =)

20b

dv_ k

a9

dt_ 1

dv  g—kv

1
t= —Eln(g —kv) + C  (since particle is falling so g — kv is positive)

Att =0, v =0, hence

C—ll
_Eng

Therefore

t = 11( k)+1l
=—zIn(g—kv)+Ing

1 g
t _E1n<g —kv)

© Cambridge University Press 2019
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4 g g
t=—In|——5 (since k = =)

t=Kln( Y )

g \V—v
At —1V
v=5V,
4 4
t=§1n< 1 )
V-5V
t=—In2
20c
dv g
V=V A
dv g
— == (v -
dy Vv( )
dy Vv
dv gV —v)

vV
y = —E(U+V1n(V—v))+C

At t=0,v=0 and y = 0, hence

© Cambridge University Press 2019
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vV
y = _E(Van) +C

VZ
C=—InV
g

Therefore

vV V?
=——@W+VIn(V-v))+—InV
Y 9 9

|4 V2 V2
=——v——InlV-v)+—InV
g g g

& /4 4
=—1n( )——v

g V—-v/ g
Atv ==V,
V2l %4 V(lv)
y =—1In —— | =
9 \v-1v) 9\
V2 V2
=—In2-——
g 29
- % (in2-3)
= n 2

21a  Particle P, is dropped from point B.

Taking upwards as positive, the equation of motion is:

dv 5

myzmvd—yz—mg+mkv
dv + k2
vdy_ g+kv

When terminal speed, V, is reached, the forces on the particle are balanced and
the resultant acceleration is zero.

0=—g+kV?
- 9
=k
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21b  The equation of motion for particle P, is:

21c

5o 7 _ 2

Y% vdy (g +kv?)

dv_ g+kv?

dy v

dy v

dv g+ kv?

J-dy__fg+kv2dv
1 2kv p
2k ) g+ kv? v

y = —%ln(g + kv?) +C
At t=0, y=0 and v = U, hence
C = iln(g + kU?)
2k
Therefore

1 1
y = ln(g + kv?) + ln(g + kU?)
1 (2 + kU?
Y=o g + kv?
When the particles collide, the velocity of P; is v;.

B 11 g+ kU?
M=o g + kv?

H = height P; would reach if it did not collide with P,

= Y1imax
At ylmax' v = O

_H_l1 g+ kU?
Yimax =5 =50 G k(0)

H = 11 1+kU2
_2kn g

© Cambridge University Press 2019
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: /g
S V=[S
ince X

g
V==

k
Therefore

H=_1 1+U2
“ ok V2

21d

1

Y2 =ﬂ1n

_9
g — kvs

At the point of collision:

1 1 [g
"2—5"—5\[;

11 g
Y2 =5 In
2k lg
9-k(z%)
11 g
= —In|——
2k g_%
2k '\ 3
4
_11 4
“ 2k 3

2le H=y,+y,

Lo (G UB\ L, (gtkuR) 1 4
! “2k \g+kvZ) 2k 3

1, 3( L UR\_ 1, (g+ku?
2k 4\ vz) T2 "\ g+ kv?

3(1 Uz) g+ kU?

g+ kv?
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k

3 U2 1+§U2
Z(”W>=—k
1+§U12
2
3(,,.V° _1+% since < = v2)
4 VZ _1+17_12 smcek—
VZ
T
vz 3
12 4
—_= |-=1
%4 3
V
v1=ﬁ

22a v =481+36)
Vyo =48 and wv,, =36
The equations of motion for the particle are:
x=0 and y=-—g
Integrating both with respect to time, we get:
x=C and y=0(C,—gt
Given the initial velocity vectoris: v,o = 48 and v,, = 36
x=48 and y=36-—gt=36-10t
Integrating again with respect to time, we get:
x=48t+C; and y=36t—5t>+C,
At t=0, x =0,y = 0,hence
C;=0 and C,=0
Therefore

x =48t and y = 36t — 5t
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22b

22¢c

22d

23a

The maximum height of the projectile is reached when y = 0.

0=36-10t
t—36—36
=19 =305

Maximum height, H, found when t = 3.6 is substituted into y = 36t — 5¢2.
H = 36(3.6) — 5(3.6)?
= 64.8 m

To find horizontal range, consider when y = 0.

0 = 36t — 5t2
0 = (36 — 5¢t)
t—Ot—36—72
=0t=—r=72s

Horizontal range, R, found when t = 7.2 is substituted into x = 48t

R=48x7.2

= 345.6 m
Whent = 1.6s,
x =48

y =36 — 5t = 36 — 5(1.6) = 28

Velocity as component after 1.6 s is 481 + 28).

x =12t (1
y =9t —5t2 (2)

x
F 1):t=—
rom (1) 1

Substituting for t in (2):

y=9(55)-5(5)

5

3
4 144

2

y= x?
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23b

23c

For horizontal range, R, consider when y = 0.
9t —5t2 =0
t(9—-5t)=0

9
t=00rt=§=1.85

Horizontal range, R, found when t = 1.8 is substituted into x = 12t.
R =12(1.8)
=21.6m

For maximum height, H,

dy

— =0

dt

9—-10t =0

t = i =0.9

—10— .JS

Maximum height, H, found when t = 0.9 is substituted into y = 9t — 5¢t2.

H =9(0.9) — 5(0.9)?

=4.05m
_3 5 2
Y=3" " 12
dy 3 5
—_ =X
dx 4 72
Atx =0,
dy 3
dx 4

Hence the gradientat x = 0 is T

3
So, the angle of projection is tan™! 7
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23d x =12t and y =9t — 5t?
x=12 and y=9-10t
At t =0,
v =12 and v, =9
Initial velocity is 127 + 9.
Magnitude of initial velocity is V122 + 92 or 15 m/s.

9 et 3
12 or tan 4

Angle of projection is tan™!

23e Aty =4,
4 = 9t — 5t2
5t2—9t+4=0
Gt—=4)(t-1)=0
t=08ort=1
Particle is 4 m high whent =0.8sandt =1.0s.
So, the horizontal displacements are:
Xog = 12(0.8) =9.6 m
X10=12(1) =12m

24a a=tan"1'2,V =5

sotana = 2,and

1 1 2 2
cosg¢ =——=— and sihna = —= —
V12 V5 N AN
Therefore
Xo =Vcosa and Vo = Vsina

Xo =5 (%) and Vo =5 (%)
%o =5 and  y, =25
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24b

=0

Integrating with respect to time:
x =0

At t=0, x, = V5, hence
C,=+5

Therefore

x =15

Integrating with respect to time:
x = V5t+C,

Att =0, x =0, hence

C,=0

Therefore

x =+V5torx =tV5

y=-10

Integrating with respect to time:

y =—10t + C5

At t =0, y, = 2v/5,hence C; = 2+/5
Therefore

y =2V5— 10t

Integrating with respect to time:

y = 2v/5t — 5t% + C,

Att=0, y=0,henceC, =0
Therefore

y = 2V/5t — 5¢2
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24c  For greatest height: y =0

0 =2v5—-10t

t = — seconds

V5

1
Greatest height, H, found when t = — is substituted into y = 2v/5¢t — 5¢2,

\/E
1= 25(3) -2
=2-1

2

= 1 metre

24d  For time of flight for the apple, consider when y = 0.

25t —5t2 =0
t(2v5-5t) =0

2+/5
t:OOFt:T

2V5 2
So apple was in the air for = or gx/g seconds.

Horizontal distance, R, is found by substituting for t in x = t\/5.

=§\/§><\/§

= 2 metres

24e x=+5 and y=2/5-10t

2V5
Adam caught the apple when t = = S, S0

205

= =25

x=vV5 and y=2V5-—

Final speed =\/(\/§)2 + (—2\/3)2
=25
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24f

25a

25b

=5m/s
Hence the final speed is the same as the initial speed.

The angle at which the projectile was caught is:
- ( 2\/§>
an™ ' ———
V5
= tan"1(-2)

= tan"! 2 below the horizontal

Hence, the final direction is the opposite of the initial direction.

x = /5t (D
y =2V5t —5t2 (2)

From (1):t = Sl
V5

Substituting for t in (2):

r=25(2)-s(3)

y = 2x — x?

Il
o

.X"O = 200 and yo

Xx=0 and y=—g

Integrating with respect to time and, as there is assumed to be no air resistance,
the constants will be the initial velocities. (Assume upwards is positive)

x = 200 and y= —gt=-10t

Integrating with respect to time and with origin at the window, the constants will
be zero.

x =200t and y=—5t2
For Cartesian equation, consider:
x =200t (1)

y=-5t (2)
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X
From (1):t = 300

Substituting for t in (2):
2

3’2'_5(200)

x2

8000
1

2

8000 "

y=-

ory=—

25c  For the horizontal range, y = —45.
—45 = —5¢2

t=3s

Horizontal range, R, is found by substituting t = 3 into x = 200¢t.

R =200(3)
= 600 metres

Horizontal distance that the bullet travels is 600 metres.

25d  The bullet hits the ground when t = 3.

Whent = 3,
x =200
y= —-103) = —

The angle at which the bullet hits the ground is:
-1(_ 2
tan ( 200)

o (-2)
=8.53076..°

= 8°32' below the horizontal.
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26a

26b

Leta =45°, 6=30° V=30

¥x=0 and y= —-10

Integrating with respect to time:

x=C and y=-10t+C,

Att =0, v,=Vcosa and v, =Vsina, hence
C; = 30cos45° and C, = 30sin45°

€, =15vV2 and C,=15V2

Therefore

% =15V2 and y = —10t + 15V2

Integrating with respect to time:
x=15V2t+C; and y = —-5t?+15V2t+C,
At t =0, x =0andy = 0, hence

C3=0 and C, =0

Therefore

x = 15V2t and y = 15V2¢t — 5t2

x = 15V2t (D
y =15V2t —=5t2  (2)

X
From (1):t = m

Substituting for t in (2):

B 15\/_(15\/—) 5(1592/2)2

_ 1
yxgox
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26¢C

The equation of line of inclined hill is:
y =tan30°x
1
= ﬁx

P is the point of intersection of inclined hill and the parabolic trajectory:

1 x?
N
x? 1
50 % + ﬁx =0
i (1 ~(1- L)) _

90 V3
Xp=0or x,= 90(\/\/2_ 1) = 30(3 \/§)
1

Vp ﬁxp so

¥p =0ory, =30(v3-1)

So, the distance OP is:

op = J(30(3 ~V3)=0)" +(30(v3—1) - 0)’

- 30J(3 ~V3) +(V3-1)

=30/9—6V3+3+3—2V3+1

=30 /16—8\/§
= 60 /4—2\/5
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27a x =Vtcosa @Y

1
y = Vtsma—zgt 2)

From (1):t =

Vcosa
Substituting for t in (2):

2

1
y= V(Vcisa)Sina_Eg(ch)sa)

1,
29% 2
=xtana — 72 sec” a
~ ot 1 x2 ) 1 x?
=xtana ng2 an’ a — ZgVZ

2V%y = 2V?%xtana — gx? tan® a — gx*?

gx?tan?a — 2xV2tana + (2yV? + gx?) =0

27b V=200, g=10, x=3000, y=500
gx?tan?a — 2xV2?tana + (2yV? + gx?) =0
9x 107 tan’a — 24 x 107 tana + (4 X 107 +9x 107) =0

9tan’a —24tana + 13 =0

24 + /242 — 4(9)(13)

tana =

2(9)
ot — 24 ++/108
ana = 18

4+4/3
tana = 3

a =62.37365...°or 37.088 66 ...°
a = 62°22'or 37°5'
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28a V=14, R=10, H, =38

Integrating with respect to time:

x=0

Att =0, v, =V cos6, hence C; =V cosb.
Therefore

x =VcosH

Integrating with respect to time:

x =Vtcosf + C,

At t =0, x =0,hence C, = 0.

Therefore

x =VtcosO
= 14t cos @

y=-9.8

Integrating with respect to time:
y =-9.8t + (3
At t =0, v, = Vsin6, hence C; = V'sin6.
Therefore
y=-98t+Vsin6
ory =Vsinf — 9.8t
Integrating with respect to time:
y =Vtsinf — 4.9t% + C,
Att=0, y=0,hence(C, = 0.
Therefore
y = Vtsin6 — 4.9t2

= 14t sin  — 4.9t
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28b x = 14tcos@ (D
y = 14tsin§ — 4.9t (2)

From (1):t =

14 cos 8
Substituting for t in (2):

- 14( ad
Y= 14 cos 6

y =xtanf —@x sec? @

1
y = xtan@ —Exz(tanze +1)

m-+1
y:mx—( 20 )xz where m = tan 6

28c Atx=10, y=h
100 100

h=10m ——m? — —

40 40
h=10m —2.5m? — 2.5

2.5m? —10m+ (25+h) =0

10 + /100 — 4(2.5)(2.5 + h)

m = 5
10 £ V75— 10h
m =
5
10
m_lOiS /B—ﬁh
B 5
m=2+v3—0.4h

(m—2)2 =3 —0.4h

3—(m—2)?
h= 0.4
(m —2)?
h—7.5_T
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) dh
For maximum h, —=0.
dm
—-5(m—-2)=0
m=2

Whenm=2,h=75m

28d y;=39, y,=59 x=10

<m2+1) 5
y =mx — X

40
Lo, 100, 100
Y= mo0 ™ T a0

y =10m — 2.5m? — 2.5
Wheny =y, = 3.9,

3.9 = 10m; — 2.5m¢ — 2.5
2.5mf —10m; + 6.4 =0

10 + /100 — 4(2.5)(6.4)

m; =

5
10 £ V36
m =——-—
5
_ 4 16
m; = g or?
m; = 0.8 or 3.2

Wheny =y, =5.9,
5.9 = 10m;, — 2.5m? — 2.5
2.5m? —10m; + 8.4 =0

10 £+ /100 — 4(2.5)(8.4)

my = 5
10 £ V16
my =———
5
_ 6 14
mh—s or 5
m, =1.20r2.8
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Hence, the paintball will pass through the hole for 0.8 <m < 1.2 or

2.8<m< 3.2
29a i = —kx
dv '
X = i v
dt 1

dv
fdt— fﬁdv
fdt——— —dv

1
t = —Elnkv+ C
Att =0, v =ucosa,hence
1
C = Eln(ku cosa)

Therefore

1 1
t=——Inkv +E1n(kucosa)

k
. 1 ucosa
=—In
k v
ucosa
kt =1n
v
ucosa
ekt —
v
v
ekt —
ucosa

v=ucosae kt

Therefore

x =ue ¥ cosa
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29b

y = %((ku sina + g)e™*t — g)

Differentiating with respect to time:

1
y=—k (E (kusina + g)e‘kt) -0
1
=—k (E (kusina + g)e‘kt>
1 _ .
=—k E((kusma+g)e —g+g)
=—k (l ((ku sina + gle ¥ —g) + g)
k k

=—k <% ((ku sina + g)e kt — g)) -4

=—k(¥)—g
Therefore
y=—ky—g

29c¢  When the particle reaches its maximum height, the vertical velocity is zero.
y=0
1
E((ku sina + g)e kt — g) =0
(kusina + gle ® =g

—kt _ g
kusina + g

=i ()
kusina + g

e

t= 11( )
B knkusina+g

1 (kusina+g
- (e

k g

1 kusina
t=—1n< +g>

k g g
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1. (ku
t= —ln(—sma + 1)
k- \g

1 ku
ort==In (1 +—sina)
k g

29d  The limiting value of horizontal displacement is when the time is very large.

x =ue ¥ cosa

dx
dt

fdx = ucosaf e ktdt

u

X = —Ecosae‘kt +C

Whent = 0,x = 0, hence

-kt

=ue cosa

0=—Lcosa+C
= kcosa

u
C = Ecosa
Therefore
u e U
x = —Ecosae +Ecosa

t—oo t—>oo

u u
lim x = lim (—Ecosae"“ + 7 os a)

kt

Ast > o0,e™ ™ > 0, s0

) u
limx=04+-—cosa

t—>oo k

) u
limx =—cos«a
t—>oo k

u
Hence, the limiting value of horizontal displacement is 7 cos a.
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