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Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6G Foundation questions

la The components of y of the displacement is given by
1
y = vosinHt—Eth

As vyt = H, g = 10 and the angle is equal to 90°:
y = H — 5t?

1b Whent =0,y = 2.
2 =H —5(0)?
H=2
Whent=§,y=0.

2

o=H—5(1)
5
H=a
5
H=242—~
5
=38

2a vy, = Vysinf — gt =0
_ Vgsinf
g
16 sin 90°
NN
3

=1§S

Maximum height:

y (1 g) = 16 5in90° (1 g) —%(10) (1 g)

4
=12 § metres

2
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Chapter 6 worked solutions — Mechanics

2b  The equation for y; = —5t% + vt
As y, is fired one second later, t, =t — 1.

Thus, y, = =5(t — 1)? + v(t — 1)

3 4
2C Att—lg,y2—12g.
12.8 = —5(0.6)2 + v(0.6)

1
= 24—
v 3 m/s

3a B—-Mg=-Md
B—(M-m)g=(M-—-m)a

3b Ma—ma =B —- Mg+ mg
—-ma—mg =B —Mg— Ma
—-ma—mg =—-Md+Mg—Mg—Ma (B=-Md+ Mg)
ma +mg = Md + Ma
m(a+g) =M(a+d)

a+d
M
a+g

4a v? =u? + 2as

Thus,
2gR?
=VZé+ g% _ 2gR
4b Vo =+/9gR
= 1680 m/s
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5a T =mgcosf

d29_ gsinf
dt? L
5b
_dv dxxdvb the ch l
a_dt 7t X dx y the chain rule
=vﬂsinced=d—x
dx dt
W _d (1)
Now'vdx_dv(zv )de
: — a4 (12
By the chain rule,a—dx (Zv)
S a6 _d 1 _,
Thus substituting @ as Ve =5 G w*)
5c
d (1 2)_
a 27 )= ¢
1w2=T_T°
2 mL

2= 2 (r_1)
w_mL 0

6 Max = 0.4 and Min = —1. Therefore, A = 0.7. Shift down 0.3

Cycle repeats every 12 hours and 25 mins.

q 2n
Period = kv )
12

2T

= —0.7 cos mt - 0.3

12
Using this equation to graph the harmonic motion,
The first time that y = 0 is when t = 3.9794 and returns to that position when
t = 8.4372 hours past 1:10 a.m.

Thus, the times are 5:09 a.m. to 9:36 a.m.
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Solutions to Exercise 6G Development questions

7a

tan (g + %)

T a
tanz + tan> , tana + tan b
= T i usingtan(a + b) =
1—tanZtan7 1 —tanatanb

a
1+ tani

a
1—tan7

sin a
2

1+ o
_ cos»
_sing

1

cos =
2

a
COS = > + sm2

cosg — sing
2 2

(04 . a a 4
_C057+SIH7XC057+SIHZ
T 05— sin?  cos L+ sin

Ccos 7 Sin 7 COS = 2 sin= 2

B (COS VA + sin 62()2

(04 a
2 in2
CoS 7 S 7

a A A, .,
cos? 5 + 2sinzcos> + sin’ >
= using cos 2x = cos? x — sin? x
cos

1+sina ) ) ., ) .
=— using cos® x + sin“x = 1 and sin 2x = 2 sin x cos x
cosa

sina+1

cosa

7b

2

X
577 Sec 2B+ xtanf

Y="%

Using sec? x = 1 + tan? x:
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7ci

2

_ 9 2
y = 2VZ(1+tan B) + xtanfB
2 2
- _9* 9% .2
y = e 2Vztan B+ xtanp

gxzt t + +gx2 =0
e an?f —xtanfB + |y )=

This case is the same as the case of projectile motion up an inclined plane with an
angle of elevation a.

The equations of motion with respect to the inclined plane are:

(x, )

g cosa

2

gx

2V2

—t t + +gx2 =0
an?f — xtanp y V7)) =

gx?tan? B —2V2ixtanB + 2V3y + gx?) =0

As stated in the question, since there is only one solution for tan £,

b 2V%x
sum of the roots = 2tanff = —— = —
a gx
2
t =) —
an -
Substituting in the equation:
vz\? V2
=) —2vix(—=|+@V?y+gx*)=0
gx (gx> x(gx> (2V%y + gx*)
/A A
— ——+2V%y +gx*=0
g g
V4-
——+2V%y +gx?>=0
g
vVt —2gyV?—g*x* =0 (multiplying by - g)
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7cii y=h and x = hcota
From part c i, we get,
Vt—2gyV? —g?x? =0

_ 29y £ (2gy)* — 4()(—g*x?)
2

(using quadratic formula)

_ 2gy +/49%h? + 4g2x?
B 2

V2?2 = gh + gy h? + x2

V2 = gh+ g\ h? + (hcota)?

V2 = gh + gy h?(1 + cosec?a)

V2 = gh + ghy/ (1 + cosec?a)
V2 = gh(1 + coseca)

V2 = gh(1 + coseca) (as we consider net above the ground)
7cii
2 2
gx gx
72 “—tan’p —xtanp + <y + 2V2> 0

From part a, ci and c ii, we have:

V2= gh(1+ )t _Z = hcota; t (n+a)_1+sina
=g coseca); anﬁ—gx, x =hcota; tan 272) T Tosa
VZ
t —
an ¥

V2
) ghcota

_ gh(1 + coseca)

ghcota

sin 1
= cosal " 5ma)
cosa sina

sina+1

cosa
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= tan (g + %)
Hence,

L
2

N

8a

9% 26— xtand + v+ 25 = 0
7 an?6 — x tan y+ouE) =

Let the solutions for this quadratic in tan 8 be t; and t, and the coefficients of the
quadratic be a, b and c.

b
t1+t2: _E

X

T gx?
272

_2p?
=

tl' tz =

C
a
<y + 2V2>

Cogxt
2V2
2V%y

=2z 1

Now, since the equation is quadratic in tan 8, we get:
t; =tanf;and t, = tan 9,
tan(6; + 6,)

_ tan6; +tanb,
" 1—tan6; tané,

_ titt
T 1-t.t,
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8b

8c

5

0, = 6, for some point P (a, b)
At the point P, the height is b and the range is a.

So, the angle of elevation for point P from the point of firing is:

b
tana = —
a

From question 7ciand 7cii, we have:

V? = gy(1 + coseca) = gb(1 + coseca)

_ AL
From part a, usingtan 8; + tan 8, = g_x:
2 2
2tanf = —
gx
vz p?
Sotanf = —=—
gx ga
" 6’_sina+1_t (n+a) ¢ tion 7
anf = ————=tan{; +- (from question 7a)
Hence,
T a b
0= 7 + > where tana = 2 and the equation has only one solution.

gx* gx*
mtan 6 —xtan@ + y+2V2 =0

The discriminant of the above equation is zero (for the equation of parabola) as
only one solution for 6.
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2x2 2
gV4 =—I}gzy+1 (asx #0)
, Vi1 2gy .
2 vz
, 2y vt
x? = —
9 9°
, 2V2< V2>
x2=——\y—=—
g 29
_VE o ogx?
of Y =547 2v2

For the vertex of the parabola, Z—Z = 0.

gx
VZ_O

x=0
VZ
soy = 5
2
Therefore, coordinates of vertex are <O, E)

The focal length of the parabola is:

202
g
4 2g
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9 The equations for the positions of jth ball bearing at time t are:

x =Vtcosa; (1)
1
and y=Vtsing; — Egt2 (2)

= (Vtcose))”  (3)

2,4
2 t
and y? = (Vtsing;)” —Vgt3sina; + —

— @

1
_ y +5gt?
From (2): sina; = —

Substituting into (4):

t 24
= (Vtsin aj)z — gt? <y + g7> + J

_ T )
= (Vtsma]) gt-y > 2
244

4

= (Vtsin aj)z —gt’y — g

Therefore

2t4-
4
244

4

g

x2 +y2 = (Vt cos aj)z + (Vt sin a’j)z —gt?y —

x? +y? = (Vt)?(sin? a; + cos? a;) — gt?y —
2+4

t
x2+yz+gt2y+g4

= (Vt)*(sin? a; + cos? a;)
1 2
x% + (y + Egtz) = (Vt)?

. : . . 1
Hence, the particles are on a circle with radius V't and centre (0, — > gt?) atany

given time t.
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dx
1 l
Evz = | gdx
0
2
v
o [9x15
v?2 =2g(l—0)
v? =29l

10bi

d 1,
a<§v)=g—gk(x—l) x>1

1
Svi= f(g — gk(x — 1))dx

v2=29(fdx—kf(x—l)dx)

v? =2gx —gk(x—1D?*+C
Atx =1, v =2gl
2gl=2gl—0+C

c=0

Therefore

v? =2gx — gk(x — 1)? forx > [

10bii v? = 2gx — gk(x — )2
When the jumper is at the maximum distance, v? = 0.
29%max — Gk (tmax = D? =0
2Xmax — K(XEax — 21X +12) =0
2Xmax — KxXZax + 2kl e, — k12 =0

kxZa —2(1 + kDX gy + k12 =0
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2(1 + ki) + J(2(1 + kD) — 4k (kl?)

Xmax = ok using the quadratic formula

1
- E((l +kl) + JAK212 + 1+ 2kl — 4k2l2>

1
=7 (1+kl+ V1+2kl) sincek>0,1>0

10b iii
1
Xmax = E(l + kl + V1 + 2kl)

kl =4
k_4
Tl

Therefore

Xmax =£(1+4+ 1+2(4)

=2l

11a

d <1 2) 10R?

— — "] -_—,—,_—————

dx \2 (R + x)?

The negative sign indicates that the acceleration due to gravity acts in the
downwards direction. So, when the object is moving upwards, it will feel

resistance and the speed will reduce to zero (deceleration). When an object is
falling down, the speed will increase (acceleration).

11b

d (1 2) 3 10R?
5V

dx " (R +x)2
2

" - —10R2J—dx
2 (R + x)2
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1
= 10R2(—) Cc
R+x +

Atx =0,v=1V,.

C = v 10R
2

Therefore

2 2

i —1OR2( . )+V 10R
2 R+ 2

For maximum height, v = 0and x = h.
2

Vs
0=10R2< )+——10R

R+h

Vs
1 10R—-%

R+h  10R2
1 20R-V¢
R+h 20R?
20R?
20R — V2

R+h=
_ 20R?
~ 20R — V¢

_ 20R? — R(20R — V)
B 20R — V2

Ry
~ 20R - V2

11c
RVO2

h=e O
20R — V;
GivenR = 6.4 X 10°m, V, =500 m/s:

6.4 x10°x 5007
"~ 20 X 6.4 x 106 — 5002

=12 524.461 ...

=12524m
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12a

dB— k(B—-W) d dW—3k(B w)
dt an T4

Differentiating %B + W:

L3 w)
dt \4

_3dB_dw
T 4dt  dt

3 3
—Z(—k(B—W))+Zk(B—W)
3
=2 k(=B+W+B-W)
=0
A d<3B+W)—0
dt\4 -

ZB + W is a constant.

Therefore

3
ZB + W = C,where C is a constant

12b  Substituting B = 120°C, W = 22°C:

3
C=ZB+W=112°C

ZB +W =112
W =112 —§B

4
Now,
dB
T —k(B—W)

= —k <B — <112 —%B))
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3
= —k(B— 112 +ZB)

= k(7B 112)
B 4

12c
5 _ k(7B 112)
dt 4
dt 1
B _p (%B _ 112)
dB
dt = —
—k (ZB — 112)

fdt___ 2
112

fdt——— dB
- 112

- 1121+ C
|4 [+

Att =0, B =120

t= ——ln

C= ﬁln98

Therefore
t=— ﬁ In|=

Tht _
4 = In

4

4

7
ZB — 112| —1n98

7kt %B — 112
- =In
4 98

7kt ZB — 112

Tkt g
4 =
€ 98

7 7kt
ZB — 112 =98e 4

© Cambridge University Press 2019 12
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7kt

7
ZB =112 +98e 4

4 7kt
B =§(112 + 98¢ % )

7kt
B=4(16+14e 4)

12d  Whent =10, B = 92°C.

_7kt
B=4<16+14e 4)

92 = 4(16 + 14¢71)

35k

23 =16+ 14e 2

_35k
14”2 =7

k=Zn2
35"

When t = 20,
7.2
B =4 (16 + 14e‘zxﬁ‘“m°)

= 4(16 + 14e2In2)

= 78°C

12e  The eventual temperature of water bath occurs when the heat energy exchange
results in equilibrium condition.B =W =T

dB
dt

k(7T 112) =0
2 =

© Cambridge University Press 2019 13
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7T 112 =0
2 =
T=112 X<
T = 64°C

13a

21000

_t
7+ 3e 3

t
Letu=7+3e 3

ddu_ L
an i e

Therefore
1
P =21000 <Z) =21000u"?

dP dP du
dt du dt

dP _t
— =-21000u"?x (—e 3)
dt

t 2
(7 + 3e_§)
21 000 1 _t
=4 7 X\| — t X (—e 3)
7+ 3e 3 7+ 3e 3

_P<1 7 )
=z|l1-——
3 74373
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13b

13c

13d

P 21000
-1 -
3000 (7 + 38_5)

—P(l P )
3 3000

At the end of 2008, t = 0.

Whent =0,

21000
743

= 2100

Eventually, population growth stops when:

dP_O
dt

P P
2(1- 20 -
3 3000
P = 3000

Rate of growth at the end of 2008:

_dp
TT A

_P(1 P )
3 3000

~ 2100 < 2100)

3 3000
=700 (1 7 )
B 10
=210

Annual % rate of growth

= %100
P2008
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_ 210 00w
~ 2100 0

=10%

14a y = bx — ax?

b
— 2 _
y=-al-2x)

4a 4a
b2 , b +b2
Yo T TN T T4
b2 , b +b2
y 4— alx X 4a2
)
Y= T TN\ ¥ T2

1
The focal length is positive so the focal length for this parabola is 1o

© Cambridge University Press 2019 16
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14b

,gsec’a
202

y=xtana — x

gsecta( | 22
y ==y (¥ _xtanaxgsecza

2V2sina cos a )
x

5 2sin2a N V2 sin 2a\° V2 sin 2a\°
X2 ——x 2g 2

_gsec’a , VZsin2a V2sin2a)’ g sec’a y V2sin2a\’
Y=""qvz \* T g *T\ T 24 212 29

—+

, V?%sin2a V2 sin 2a\” gsec2 a (VZsinacosa\’
x2——x + SyT X

g

. 2 .
V2 sin 2a N V2 sin? a cos? a
2g cos®a

V2 sin 2a>2 V?sin? a
X = +
29

VZsina  gsec’a V2 sin 2a\’
y = X 29

29 2v2
2172 V?sin? a B V2 sin 2a\°
gsec?a y 29 —\F 29

VZsin2a)®  2V? VZsinZa
o\ 29 ~ gsec’a Y 29

Standard equation for a parabolais (x — h)? = 44A(y — k)

where the coordinates of the vertex are (h, k),
the equation of its directrixis y = k — A and

the coordinates of the focus are (h, k + A).
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14bi The coordinates of the vertex are (h, k) or
V2sin2a V?sin?a
29 = 2g

14b ii

2V?

44 = ———
gsec?a

V2
2gsecta
V2cos?a
29
_ ~ V?cos?a
The focal length of the trajectory is 29

14b iii The equation of the directrixisy = k — A or

V2 sin? « ( V2 cos? a)
y=—— —

29 29
2

y = E(sin2 a + cos? a)
VZ
7= %

The coordinates of focus are (h, k + A) or

(V2 sin2a V?sin?a V?cos? a:)

)

29 29 29
_ (V?#sin2a V?(sin® a — cos® a)
- 29 ' 29
_ (V?#sin2a  V?(cos® a —sin® @)
B 29 ' 29
B V?sin2a V?cos2a
B 29 ' 29
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15a

1dy

gy

Integrating both sides

fdt=‘zfj§

QU
~
|

Attimet =0,y = y,.

2
0= ——J¥+C

2

C=E\/%

Therefore

2 2
t = —E\/;'I‘E\/%

Att=T,y=0

2

T = kVYo
2

k= TVYo

Hence

t= 27+
t= =2 (7 =)
= 5 = (=)

t —T‘/;+T‘/%
Vv Vv

© Cambridge University Press 2019
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15b

L -1
T V2
15 V2-1
T V2
T _ 2
15 V2-1
152
T V2-1
15vV2 V2+1
~ V-1 V2+1
=15(2 +V2)
= 51.2 seconds
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16a

[\Jl w
wll\.)

y =
1 1

_ .2 - <2 =F

Att = 0, bead is released from rest from point (1, %)

i —oand Y Oatt =0
S =X=0and —=y=0att=

L X0+ imx04+ S _ g
—_ X —_ X X ==
2™ 2™ mg =y

E_3
_Emg

16b

(AJIN

l\JIUJ

y_

dy dyxdx
dr  dx’ dt

1
y=x3XX

= —yv2
3}’)’

Using the equation for E:

1 ., 1
5 Mmx +Emy +mgy =E

1 <2 '2)+1 )2 _3
Sm\z Yy SMy" +mgy =-mg
2 .2 .2

3y +y“+2g9y =39

2
y2(§y+1)+2gy= 3g
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y? (gy + 1) =9g(3-2y)

y?(2y +3) =3g9(3 - 2y)
2 _ 393 —2y)

3+ 2y
16c  Attheorigin,x =0 and y =0.

X = x3y

=0xy

_ 4 [P9G-2y)
- 3+ 2y

3g(3—-0)
3+0

I
-+

I
-+
g
Q

Since y is decreasing to that point on the curve,

16d

+

a
1+u

f 1_udu:sin‘loc+1— 1—a?2 for0<a<1
0

As our motion is also restricted in the same interval,

_dy 398 -2y)
dt 3+ 2y

dte 1 [3+2y

dy 39 3-2y
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df = 1 3+2yd
J3g+3— 2y Y
ft 1 (0 1+2?y
dt = — f dy
0 V3993 1—2%
1 %H%y
t= 31. 2ydy
V2970 1—?
2y
Letu = =
etu =—
du 2
dy 3
d —3d

Wheny =0,u=0
3
When y =zu= 1

Therefore

B 1f13 1+ud
T Rglo 21—u ™

fl 1+ud
2/ 1—-u u

(sm M+1-y1- 12) (using the given relationship with @ = 1)

N\
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16e

f"‘ 1+ud
0 AJ1—u “

“\V1i4+u V1+u
= X du
o Vi—u 1+u

“ 14u p
= u
0 vl—u2

=fa ! du—lfa —2u du

o V1—u? 2Jo V1—u?
=[sin‘1u—mg

= (sin"ta — V1 —a?) — (sin™? 0 — V1 — 02)
=sinta—Vi—-aZ+1
=sin"la+1-vV1—-a?

Ata =1,

sinla+1—-V1—a?

Vs
=5 +1-VI-1

VA
:§+1—\/6

=i
2
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