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Solutions to Exercise 6G Foundation questions 

1a The components of 𝑦 of the displacement is given by  

𝑦 = 𝑣0 sin 𝜃 𝑡 −
1

2
𝑔𝑡2 

As 𝑣0𝑡 = 𝐻 , 𝑔 = 10 and the angle is equal to 90°: 

𝑦 = 𝐻 − 5𝑡2 

 

1b When 𝑡 = 0, 𝑦 = 2. 

2 = 𝐻 − 5(0)2 

𝐻 = 2 

When 𝑡 =
1

5
, 𝑦 = 0. 

0 = 𝐻 − 5 (
1

5
)

2

 

𝐻 =
1

5
 

𝐻 = 2 + 2 −
1

5
 

     = 3.8 

 

2a 𝑣𝑦 = 𝑣0 sin 𝜃 − 𝑔𝑡 = 0 

𝑡 =
𝑣0 sin 𝜃

𝑔
 

   =
16 sin 90°

10
 

   = 1
3

5
 s 

Maximum height: 

𝑦 (1
3

5
) = 16 sin 90° (1

3

5
) −

1

2
(10) (1

3

5
)

2

 

               = 12
4

5
 metres 
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2b The equation for 𝑦1 = −5𝑡2 + 𝑣𝑡 

As 𝑦2 is fired one second later, 𝑡2 = 𝑡 − 1. 

Thus, 𝑦2 = −5(𝑡 − 1)2 + 𝑣(𝑡 − 1) 

 

2c At 𝑡 = 1
3

5
, 𝑦2 = 12

4

5
. 

12.8 = −5(0.6)2 + 𝑣(0.6) 

𝑣 = 24
1

3
 m/s 

 

3a 𝐵 − 𝑀𝑔 = −𝑀𝑑 

𝐵 − (𝑀 − 𝑚)𝑔 = (𝑀 − 𝑚)𝑎 

 

3b 𝑀𝑎 − 𝑚𝑎 = 𝐵 − 𝑀𝑔 + 𝑚𝑔 

−𝑚𝑎 − 𝑚𝑔 = 𝐵 − 𝑀𝑔 − 𝑀𝑎 

−𝑚𝑎 − 𝑚𝑔 = −𝑀𝑑 + 𝑀𝑔 − 𝑀𝑔 − 𝑀𝑎      (𝐵 = −𝑀𝑑 + 𝑀𝑔) 

𝑚𝑎 + 𝑚𝑔 = 𝑀𝑑 + 𝑀𝑎 

𝑚(𝑎 + 𝑔) = 𝑀(𝑎 + 𝑑) 

𝑚 = 𝑀
𝑎 + 𝑑

𝑎 + 𝑔
 

 

4a 𝑣2 = 𝑢2 + 2𝑎𝑠 

Thus,  

𝑣2 = 𝑉0
2 +

2𝑔𝑅2

𝑟
− 2𝑔𝑅 

 

4b 𝑉0 = √𝑔𝑅 

     ≑ 1680 m/s 
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5a 𝑇 = 𝑚𝑔 cos 𝜃 

𝑑2𝜃

𝑑𝑡2
= −

𝑔 sin 𝜃

𝐿
 

 

5b 

𝑎 =
𝑑𝑣

𝑑𝑡
=

𝑑𝑥

𝑑𝑡
×

𝑑𝑣

𝑑𝑥
  by the chain rule 

= 𝑣
𝑑𝑣

𝑑𝑥
 since 𝑑 =

𝑑𝑥

𝑑𝑡
 

Now, 𝑣
𝑑𝑣

𝑑𝑥
=

𝑑

𝑑𝑣
(

1

2
𝑣2) ×

𝑑𝑣

𝑑𝑥
 

By the chain rule, 𝑎 =
𝑑

𝑑𝑥
(

1

2
𝑣2) 

Thus substituting 𝜛 as 𝑣, 
𝑑2𝜃

𝑑𝑡2 =
𝑑

𝑑𝜃
(

1

2
 𝜛2) 

 

5c 

𝑑

𝑑𝜃
 (

1

2
𝜛2) = 𝑎 

1

2
𝜛2 =

𝑇 − 𝑇0

𝑚𝐿
 

𝜛2 =
2

𝑚𝐿
(𝑇 − 𝑇0) 

 

6 Max = 0.4 and Min = −1. Therefore, 𝐴 = 0.7. Shift down 0.3 

Cycle repeats every 12 hours and 25 mins. 

Period = 
2𝜋
149

12

 

𝑥 = −0.7 cos (
2𝜋

149
12

𝑡) − 0.3 

Using this equation to graph the harmonic motion, 

The first time that 𝑦 = 0 is when 𝑡 = 3.9794 and returns to that position when  

𝑡 = 8.4372 hours past 1:10 a.m.  

Thus, the times are 5:09 a.m. to 9:36 a.m. 
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Solutions to Exercise 6G Development questions 

7a  

tan (
𝜋

4
+

𝛼

2
) 

=
tan

𝜋
4 + tan

𝛼
2

1 − tan
𝜋
4 tan

𝛼
2

                    using tan(𝑎 + 𝑏) =
tan 𝑎 + tan 𝑏

1 − tan 𝑎 tan 𝑏
 

=
1 + tan

𝛼
2

1 − tan
𝛼
2

 

=

1 +
sin

𝛼
2

cos
𝛼
2

1 −
sin

𝛼
2

cos
𝛼
2

 

=
cos

𝛼
2 + sin

𝛼
2

cos
𝛼
2 − sin

𝛼
2

 

=
cos

𝛼
2 + sin

𝛼
2

cos
𝛼
2 − sin

𝛼
2

×
cos

𝛼
2 + sin

𝛼
2

cos
𝛼
2 + sin

𝛼
2

 

=
(cos

𝛼
2 + sin

𝛼
2)

2

cos2 𝛼
2 − sin2 𝛼

2

 

=
cos2 𝛼

2 + 2 sin
𝛼
2 cos

𝛼
2 + sin2 𝛼

2
cos 𝛼

                    using cos 2𝑥 = cos2 𝑥 − sin2 𝑥 

=
1 + sin 𝛼

cos 𝛼
                     using cos2 𝑥 + sin2 𝑥 = 1 and sin 2𝑥 = 2 sin 𝑥 cos 𝑥   

=
sin 𝛼 + 1

cos 𝛼
 

 

7b  

𝑦 = −
𝑔𝑥2

2𝑉2
sec2 𝛽 + 𝑥 tan 𝛽 

 Using sec2 𝑥 = 1 + tan2 𝑥: 



 
Chapter 6 worked solutions – Mechanics 
 

© Cambridge University Press 2019  2 
 

𝑦 =  −
𝑔𝑥2

2𝑉2
(1 + tan2 𝛽) + 𝑥 tan 𝛽 

𝑦 =  −
𝑔𝑥2

2𝑉2
−

𝑔𝑥2

2𝑉2
tan2 𝛽 + 𝑥 tan 𝛽 

𝑔𝑥2

2𝑉2
tan2 𝛽 − 𝑥 tan 𝛽 + (𝑦 +

𝑔𝑥2

2𝑉2
) = 0 

 

7c i This case is the same as the case of projectile motion up an inclined plane with an 

angle of elevation 𝛼. 

 The equations of motion with respect to the inclined plane are:  

  

  

𝑔𝑥2

2𝑉2
tan2 𝛽 − 𝑥 tan 𝛽 + (𝑦 +

𝑔𝑥2

2𝑉2
) = 0 

 𝑔𝑥2 tan2 𝛽 − 2𝑉2𝑥 tan 𝛽 + (2𝑉2𝑦 + 𝑔𝑥2) = 0 

 As stated in the question, since there is only one solution for tan 𝛽, 

sum of the roots = 2 tan 𝛽 = −
𝑏

𝑎
=

2𝑉2𝑥

𝑔𝑥2
  

tan 𝛽 =
𝑉2

𝑔𝑥
 

Substituting in the equation: 

𝑔𝑥2 (
𝑉2

𝑔𝑥
)

2

− 2𝑉2𝑥 (
𝑉2

𝑔𝑥
) + (2𝑉2𝑦 + 𝑔𝑥2) = 0 

𝑉4

𝑔
−

2𝑉4

𝑔
+ 2𝑉2𝑦 + 𝑔𝑥2 = 0 

−
𝑉4

𝑔
+ 2𝑉2𝑦 + 𝑔𝑥2 = 0 

𝑉4 − 2𝑔𝑦𝑉2 − 𝑔2𝑥2 = 0            (multiplying by – 𝑔) 
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7c ii 𝑦 = ℎ    and    𝑥 = ℎ cot 𝛼 

 From part c i, we get,  

 𝑉4 − 2𝑔𝑦𝑉2 − 𝑔2𝑥2 = 0 

𝑉2 =
2𝑔𝑦 ± √(2𝑔𝑦)2 − 4(1)(−𝑔2𝑥2)

2
                   (using quadratic formula) 

𝑉2 =
2𝑔𝑦 ± √4𝑔2ℎ2 + 4𝑔2𝑥2

2
 

𝑉2 = 𝑔ℎ ± 𝑔√ℎ2 + 𝑥2 

𝑉2 = 𝑔ℎ ± 𝑔√ℎ2 + (ℎ cot 𝛼)2 

𝑉2 = 𝑔ℎ ± 𝑔√ℎ2(1 + cosec2𝛼) 

𝑉2 = 𝑔ℎ ± 𝑔ℎ√(1 + cosec2𝛼) 

𝑉2 = 𝑔ℎ(1 ± cosec 𝛼) 

 𝑉2 = 𝑔ℎ(1 + cosec 𝛼)           (as we consider net above the ground) 

 

7c iii   

𝑔𝑥2

2𝑉2
tan2 𝛽 − 𝑥 tan 𝛽 + (𝑦 +

𝑔𝑥2

2𝑉2
) = 0 

 From part a, c i and c ii, we have: 

𝑉2 = 𝑔ℎ(1 + cosec 𝛼);      tan 𝛽 =
𝑉2

𝑔𝑥
;         𝑥 = ℎ cot 𝛼 ;     tan (

𝜋

4
+

𝛼

2
) =

1 + sin 𝛼

cos 𝛼
 

tan 𝛽 =
𝑉2

𝑔𝑥
 

            =
𝑉2

𝑔ℎ cot 𝛼 
 

            =
𝑔ℎ(1 + cosec 𝛼)

𝑔ℎ cot 𝛼
 

            =
sin 𝛼

cos 𝛼
(1 +

1

sin 𝛼
) 

            =
sin 𝛼 + 1

cos 𝛼
 



 
Chapter 6 worked solutions – Mechanics 
 

© Cambridge University Press 2019  4 
 

             = tan (
𝜋

4
+

𝛼

2
) 

 Hence,  

𝛽 =
𝜋

4
+

𝛼

2
 

 

8a  

𝑔𝑥2

2𝑉2
tan2 𝜃 − 𝑥 tan 𝜃 + (𝑦 +

𝑔𝑥2

2𝑉2
) = 0 

 Let the solutions for this quadratic in tan 𝜃 be 𝑡1 and 𝑡2 and the coefficients of the 
quadratic be 𝑎, 𝑏 and 𝑐. 

𝑡1 + 𝑡2 =  −
𝑏

𝑎
 

              =
𝑥

𝑔𝑥2

2𝑉2

 

              =
2𝑉2

𝑔𝑥
 

𝑡1. 𝑡2 =  
𝑐

𝑎
 

          =
(𝑦 +

𝑔𝑥2

2𝑉2)

𝑔𝑥2

2𝑉2

 

         =
2𝑉2𝑦

𝑔𝑥2
+ 1 

 Now, since the equation is quadratic in tan 𝜃, we get:  

𝑡1 = tan 𝜃1 and 𝑡2 = tan 𝜃2 

tan(𝜃1 + 𝜃2) 

=
tan 𝜃1 + tan 𝜃2

1 − tan 𝜃1 tan 𝜃2
 

=
𝑡1 + 𝑡2

1 − 𝑡1. 𝑡2
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=

2𝑉2

𝑔𝑥

1 − (
2𝑉2𝑦
𝑔𝑥2 + 1)

 

=
2𝑉2

𝑔𝑥
× −

𝑔𝑥2

2𝑉2𝑦
 

=  −
𝑥

𝑦
 

 

8b 𝜃1 = 𝜃2 for some point 𝑃 (𝑎, 𝑏) 

 At the point 𝑃, the height is 𝑏 and the range is 𝑎. 

 So, the angle of elevation for point 𝑃 from the point of firing is:  

tan 𝛼 =
𝑏

𝑎
 

 From question 7c i and 7c ii, we have: 

 𝑉2 = 𝑔𝑦(1 + cosec 𝛼) = 𝑔𝑏(1 + cosec 𝛼) 

From part a, using tan 𝜃1 + tan 𝜃2 =
2𝑉2

𝑔𝑥
: 

2 tan 𝜃 =
2𝑉2

𝑔𝑥
 

So tan 𝜃 =
𝑉2

𝑔𝑥
=

𝑉2

𝑔𝑎
 

tan 𝜃 =
sin 𝛼 + 1

cos 𝛼
= tan (

𝜋

4
+

𝛼

2
)          (from question 7a) 

 Hence,  

𝜃 =
𝜋

4
+

𝛼

2
, where tan 𝛼 =

𝑏

𝑎
 and the equation has only one solution. 

 

8c  

𝑔𝑥2

2𝑉2
tan2 𝜃 − 𝑥 tan 𝜃 + (𝑦 +

𝑔𝑥2

2𝑉2
) = 0 

 The discriminant of the above equation is zero (for the equation of parabola) as 

only one solution for 𝜃. 
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𝑥2 − 4 (
𝑔𝑥2

2𝑉2
) (𝑦 +

𝑔𝑥2

2𝑉2
) = 0 

𝑥2 −
2𝑔𝑥2𝑦

𝑉2
−

𝑔2𝑥4

𝑉4
= 0 

𝑥2 (1 −
2𝑔𝑦

𝑉2
−

𝑔2𝑥2

𝑉4
) = 0 

𝑔2𝑥2

𝑉4
= −

2𝑔𝑦

𝑉2
+ 1                       (as 𝑥 ≠ 0) 

𝑥2 =
𝑉4

𝑔2
(−

2𝑔𝑦

𝑉2
+ 1) 

𝑥2 = −
2𝑉2𝑦

𝑔
+

𝑉4

𝑔2
 

𝑥2 = −
2𝑉2

𝑔
(𝑦 −

𝑉2

2𝑔
)       

or    𝑦 =
𝑉2

2𝑔
−

𝑔𝑥2

2𝑉2
 

For the vertex of the parabola, 
𝑑𝑦

𝑑𝑥
= 0. 

−
𝑔𝑥

𝑉2
= 0 

𝑥 = 0 

so 𝑦 =
𝑉2

2𝑔
 

Therefore, coordinates of vertex are (0,
𝑉2

2𝑔
). 

 The focal length of the parabola is:  

2𝑉2

𝑔

4
=

𝑉2

2𝑔
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9 The equations for the positions of 𝑗th ball bearing at time 𝑡 are: 

 𝑥 = 𝑉𝑡 cos 𝛼𝑗     (1) 

and      𝑦 = 𝑉𝑡 sin 𝛼𝑗 −
1

2
𝑔𝑡2           (2) 

𝑥2 = (𝑉𝑡 cos 𝛼𝑗)
2

          (3)  

and   𝑦2 = (𝑉𝑡 sin 𝛼𝑗)
2

− 𝑉𝑔𝑡3 sin 𝛼𝑗 +
𝑔2𝑡4

4
           (4) 

From (2):    sin 𝛼𝑗 =
𝑦 +

1
2 𝑔𝑡2

𝑉𝑡
 

 Substituting into (4): 

𝑦2 = (𝑉𝑡 sin 𝛼𝑗)
2

− 𝑔𝑡2 (𝑦 +
𝑔𝑡2

2
) +

𝑔2𝑡4

4
 

       = (𝑉𝑡 sin 𝛼𝑗)
2

− 𝑔𝑡2𝑦 −
𝑔2𝑡4

2
+

𝑔2𝑡4

4
 

       = (𝑉𝑡 sin 𝛼𝑗)
2

− 𝑔𝑡2𝑦 −
𝑔2𝑡4

4
 

Therefore 

𝑥2 + 𝑦2 = (𝑉𝑡 cos 𝛼𝑗)
2

+ (𝑉𝑡 sin 𝛼𝑗)
2

− 𝑔𝑡2𝑦 −
𝑔2𝑡4

4
  

𝑥2 + 𝑦2 = (𝑉𝑡)2(sin2 𝛼𝑗 + cos2 𝛼𝑗) − 𝑔𝑡2𝑦 −
𝑔2𝑡4

4
  

𝑥2 + 𝑦2 + 𝑔𝑡2𝑦 +
𝑔2𝑡4

4
= (𝑉𝑡)2(sin2 𝛼𝑗 + cos2 𝛼𝑗)  

𝑥2 + (𝑦 +
1

2
𝑔𝑡2)

2

= (𝑉𝑡)2 

Hence, the particles are on a circle with radius 𝑉𝑡 and centre (0, −
1

2
𝑔𝑡2) at any 

given time 𝑡. 
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10a  

𝑑

𝑑𝑥
(

1

2
𝑣2) = 𝑔            0 ≤ 𝑥 ≤ 𝑙 

1

2
𝑣2 =  ∫ 𝑔 𝑑𝑥

𝑙

0

 

𝑣2

2
= [𝑔𝑥]0

𝑙    

 𝑣2 = 2𝑔(𝑙 − 0) 

 𝑣2 = 2𝑔𝑙 

 

10b i  

𝑑

𝑑𝑥
(

1

2
𝑣2) = 𝑔 − 𝑔𝑘(𝑥 − 𝑙)     𝑥 > 𝑙 

1

2
𝑣2 =  ∫(𝑔 − 𝑔𝑘(𝑥 − 𝑙))𝑑𝑥 

𝑣2 = 2𝑔 (∫ 𝑑𝑥 − 𝑘 ∫(𝑥 − 𝑙) 𝑑𝑥) 

 𝑣2 = 2𝑔𝑥 − 𝑔𝑘(𝑥 − 𝑙)2 + 𝐶 

 At 𝑥 = 𝑙,   𝑣2 = 2𝑔𝑙. 

 2𝑔𝑙 = 2𝑔𝑙 − 0 + 𝐶 

𝐶 = 0 

 Therefore 

𝑣2 = 2𝑔𝑥 − 𝑔𝑘(𝑥 − 𝑙)2 for 𝑥 > 𝑙   

 

10b ii 𝑣2 = 2𝑔𝑥 − 𝑔𝑘(𝑥 − 𝑙)2 

 When the jumper is at the maximum distance, 𝑣2 = 0. 

 2𝑔𝑥𝑚𝑎𝑥 − 𝑔𝑘(𝑥𝑚𝑎𝑥 − 𝑙)2 = 0 

 2𝑥𝑚𝑎𝑥 − 𝑘(𝑥𝑚𝑎𝑥
2 − 2𝑙𝑥𝑚𝑎𝑥 + 𝑙2) = 0 

 2𝑥𝑚𝑎𝑥 − 𝑘𝑥𝑚𝑎𝑥
2 + 2𝑘𝑙𝑥𝑚𝑎𝑥 − 𝑘𝑙2 = 0 

𝑘𝑥𝑚𝑎𝑥
2 − 2(1 + 𝑘𝑙)𝑥𝑚𝑎𝑥 + 𝑘𝑙2 = 0 
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𝑥𝑚𝑎𝑥 =
2(1 + 𝑘𝑙) ± √(2(1 + 𝑘𝑙))

2
− 4𝑘(𝑘𝑙2)

2𝑘
          using the quadratic formula 

           =
1

𝑘
((1 + 𝑘𝑙) ± √4𝑘2𝑙2 + 1 + 2𝑘𝑙 − 4𝑘2𝑙2) 

            =
1

𝑘
(1 + 𝑘𝑙 + √1 + 2𝑘𝑙)       since 𝑘 > 0, 𝑙 > 0 

  

10b iii  

𝑥𝑚𝑎𝑥 =
1

𝑘
(1 + 𝑘𝑙 + √1 + 2𝑘𝑙) 

 𝑘𝑙 = 4 

𝑘 =
4

𝑙
 

 Therefore 

𝑥𝑚𝑎𝑥 =
𝑙

4
(1 + 4 + √1 + 2(4)) 

           = 2𝑙 

 

11a  

𝑑

𝑑𝑥
(

1

2
𝑣2) = −

10𝑅2

(𝑅 + 𝑥)2
 

The negative sign indicates that the acceleration due to gravity acts in the 

downwards direction. So, when the object is moving upwards, it will feel 

resistance and the speed will reduce to zero (deceleration). When an object is 
falling down, the speed will increase (acceleration). 

 

11b  

𝑑

𝑑𝑥
(

1

2
𝑣2) = −

10𝑅2

(𝑅 + 𝑥)2
 

𝑣2

2
=  −10𝑅2 ∫

𝑑𝑥

(𝑅 + 𝑥)2
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       =  10𝑅2 (
1

𝑅 + 𝑥
) + 𝐶 

 At 𝑥 = 0, 𝑣 = 𝑉0. 

𝐶 =
𝑉0

2

2
− 10𝑅 

 Therefore 

𝑣2

2
= 10𝑅2 (

1

𝑅 + 𝑥
) +

𝑉0
2

2
− 10𝑅 

 For maximum height, 𝑣 = 0 and 𝑥 =  ℎ. 

0 = 10𝑅2 (
1

𝑅 + ℎ
) +

𝑉0
2

2
− 10𝑅 

1

𝑅 + ℎ
=

10𝑅 −
𝑉0

2

2
10𝑅2

 

1

𝑅 + ℎ
=

20𝑅 − 𝑉0
2

20𝑅2
 

𝑅 + ℎ =
20𝑅2

20𝑅 − 𝑉0
2 

ℎ =
20𝑅2

20𝑅 − 𝑉0
2 − 𝑅 

ℎ =
20𝑅2 − 𝑅(20𝑅 − 𝑉0

2)

20𝑅 − 𝑉0
2  

ℎ =
𝑅𝑉0

2

20𝑅 − 𝑉0
2 

 

11c  

ℎ =
𝑅𝑉0

2

20𝑅 − 𝑉0
2 

 Given 𝑅 = 6.4 × 106 m,     𝑉0 = 500 m/s: 

ℎ =
6.4 × 106 × 5002

20 × 6.4 × 106 − 5002
 

    = 12 524.461 …  

    ≑ 12 524 m 
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12a  

𝑑𝐵

𝑑𝑡
= −𝑘(𝐵 − 𝑊)      and     

𝑑𝑊

𝑑𝑡
=

3

4
𝑘(𝐵 − 𝑊) 

 Differentiating 
3

4
𝐵 + 𝑊: 

𝑑

𝑑𝑡
(

3

4
𝐵 + 𝑊) 

=
3

4

𝑑𝐵

𝑑𝑡
+

𝑑𝑊

𝑑𝑡
  

=
3

4
(−𝑘(𝐵 − 𝑊)) +

3

4
𝑘(𝐵 − 𝑊) 

=
3

4
𝑘(−𝐵 + 𝑊 + 𝐵 − 𝑊) 

 = 0 

As 
𝑑

𝑑𝑡
(

3

4
𝐵 + 𝑊) = 0, 

3

4
𝐵 + 𝑊 is a constant. 

 Therefore 

3

4
𝐵 + 𝑊 = 𝐶, where 𝐶 𝑖s a constant 

 

12b Substituting 𝐵 = 120°C,     𝑊 = 22°C: 

𝐶 =
3

4
𝐵 + 𝑊 = 112°C 

3

4
𝐵 + 𝑊 = 112 

𝑊 = 112 −
3

4
𝐵 

Now, 

𝑑𝐵

𝑑𝑡
= −𝑘(𝐵 − 𝑊) 

      =  −𝑘 (𝐵 − (112 −
3

4
𝐵)) 
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      =  −𝑘 (𝐵 − 112 +
3

4
𝐵) 

      = −𝑘 (
7

4
𝐵 − 112) 

 

12c  

𝑑𝐵

𝑑𝑡
= −𝑘 (

7

4
𝐵 − 112) 

𝑑𝑡

𝑑𝐵
=

1

−𝑘 (
7
4 𝐵 − 112)

 

𝑑𝑡 =
𝑑𝐵

−𝑘 (
7
4 𝐵 − 112)

 

∫ 𝑑𝑡 = −
1

𝑘
∫

𝑑𝐵

7
4 𝐵 − 112

 

∫ 𝑑𝑡 = −
4

7𝑘
∫

7
4

7
4 𝐵 − 112

𝑑𝐵 

𝑡 = −
4

7𝑘
ln |

7

4
𝐵 − 112| + 𝐶 

 At 𝑡 = 0, 𝐵 = 120 

𝐶 =
4

7𝑘
ln 98 

 Therefore 

𝑡 = −
4

7𝑘
ln |

7

4
𝐵 − 112| +

4

7𝑘
ln 98 

−
7𝑘𝑡

4
= ln |

7

4
𝐵 − 112| − ln 98 

−
7𝑘𝑡

4
= ln

7
4 𝐵 − 112

98
 

𝑒−
7𝑘𝑡

4  =

7
4 𝐵 − 112

98
 

7

4
𝐵 − 112 = 98𝑒−

7𝑘𝑡
4  
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7

4
𝐵 = 112 + 98𝑒−

7𝑘𝑡
4  

𝐵 =
4

7
(112 + 98𝑒−

7𝑘𝑡
4 ) 

𝐵 = 4 (16 + 14𝑒−
7𝑘𝑡

4 ) 

 

12d When 𝑡 = 10,   𝐵 = 92°C. 

𝐵 = 4 (16 + 14𝑒−
7𝑘𝑡

4 ) 

 92 = 4 (16 + 14𝑒−
7

4
𝑘(10)

) 

 23 = 16 + 14𝑒−
35𝑘

2  

14𝑒−
35𝑘

2 = 7 

𝑒−
35𝑘

2 =
1

2
 

𝑒
35𝑘

2 = 2 

35𝑘

2
= ln 2 

𝑘 =
2

35
ln 2 

 When 𝑡 = 20, 

𝐵 = 4 (16 + 14𝑒−
7
4

×
2

35
ln 2×20) 

    = 4(16 + 14𝑒−2 ln 2) 

     = 78°C 

 

12e The eventual temperature of water bath occurs when the heat energy exchange 
results in equilibrium condition. 𝐵 = 𝑊 = 𝑇 

𝑑𝐵

𝑑𝑡
= 0 

−𝑘 (
7

4
𝑇 − 112) = 0 
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7

4
𝑇 − 112 = 0 

𝑇 = 112 ×
4

7
 

𝑇 = 64°C 

 

13a  

𝑃 =
21 000

7 + 3𝑒−
𝑡
3

 

Let 𝑢 = 7 + 3𝑒−
𝑡
3 

and 
𝑑𝑢

𝑑𝑡
=  −𝑒−

𝑡
3 

 Therefore 

𝑃 = 21 000 (
1

𝑢
) = 21 000𝑢−1 

𝑑𝑃

𝑑𝑡
=

𝑑𝑃

𝑑𝑢
×

𝑑𝑢

𝑑𝑡
 

𝑑𝑃

𝑑𝑡
= −21 000𝑢−2 × (−𝑒−

𝑡
3) 

       =  −
21 000

(7 + 3𝑒−
𝑡
3)

2 × (−𝑒−
𝑡
3) 

       =  
21 000

7 + 3𝑒−
𝑡
3

× (−
1

7 + 3𝑒−
𝑡
3

) × (−𝑒−
𝑡
3) 

       = 𝑃 (
𝑒−

𝑡
3

7 + 3𝑒−
𝑡
3

) 

       =
𝑃

3
(

(7 + 3𝑒−
𝑡
3) − 7

7 + 3𝑒−
𝑡
3

) 

        =
𝑃

3
(1 −

7

7 + 3𝑒−
𝑡
3

) 
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        =
𝑃

3
(1 −

21 000

3000 (7 + 3𝑒−
𝑡
3)

) 

        =
𝑃

3
(1 −

𝑃

3000
) 

 

13b At the end of 2008, 𝑡 = 0. 

When 𝑡 = 0, 

𝑃 =
21000

7 + 3
 

    = 2100 

 

13c Eventually, population growth stops when:  

𝑑𝑃

𝑑𝑡
= 0 

𝑃

3
(1 −

𝑃

3000
) = 0 

 𝑃 = 3000 

 

13d Rate of growth at the end of 2008:  

𝑟 =
𝑑𝑃

𝑑𝑡
 

   =
𝑃

3
(1 −

𝑃

3000
) 

   =
2100

3
(1 −

2100

3000
) 

   = 700 (1 −
7

10
) 

    = 210 

 Annual % rate of growth  

=
𝑟

𝑃2008
× 100 
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=
210

2100
× 100% 

= 10% 

 

14a 𝑦 = 𝑏𝑥 − 𝑎𝑥2 

𝑦 = −𝑎 (𝑥2 −
𝑏

𝑎
𝑥)  

𝑦 = −𝑎 (𝑥2 −
𝑏

𝑎
𝑥 +

𝑏2

4𝑎
−

𝑏2

4𝑎
)  

𝑦 −
𝑏2

4
= −𝑎 (𝑥2 −

𝑏

𝑎
𝑥 +

𝑏2

4𝑎
) 

𝑦 −
𝑏2

4
= −𝑎 (𝑥2 −

𝑏

𝑎
𝑥 +

𝑏2

4𝑎2
) 

𝑦 −
𝑏2

4
= −𝑎 (𝑥 −

𝑏

2𝑎
)

2

 

−
1

𝑎
(𝑦 −

𝑏2

4
) = (𝑥 −

𝑏

2𝑎
)

2

 

or (𝑥 −
𝑏

2𝑎
)

2

= −
1

𝑎
(𝑦 −

𝑏2

4
) 

 Comparing with the standard equation for a parabola: (𝑥 − ℎ)2 = 4𝐴(𝑦 − 𝑘), 

4𝐴 = −
1

𝑎
 

𝐴 = −
1

4𝑎
 

The focal length is positive so the focal length for this parabola is 
1

4𝑎
. 
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14b  

𝑦 = 𝑥 tan 𝛼 − 𝑥2
𝑔 sec2 𝛼

2𝑉2
 

  

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥2 − 𝑥 tan 𝛼 ×

2𝑉2

𝑔 sec2 𝛼
) 

 

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥2 − 𝑥 ×

sin 𝛼

cos 𝛼
×

2𝑉2 cos2 𝛼

𝑔
) 

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥2 −

2𝑉2 sin 𝛼 cos 𝛼

𝑔
𝑥) 

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥2 −

𝑉2 sin 2𝛼

𝑔
𝑥 + (

𝑉2 sin 2𝛼

2𝑔
)

2

− (
𝑉2 sin 2𝛼

2𝑔
)

2

) 

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥2 −

𝑉2 sin 2𝛼

𝑔
𝑥 + (

𝑉2 sin 2𝛼

2𝑔
)

2

) −
𝑔 sec2 𝛼

2𝑉2
× − (

𝑉2 sin 2𝛼

2𝑔
)

2

 

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥2 −

𝑉2 sin 2𝛼

𝑔
𝑥 + (

𝑉2 sin 2𝛼

2𝑔
)

2

) +
𝑔 sec2 𝛼

2𝑉2
× (

𝑉2 sin 𝛼 cos 𝛼

𝑔
)

2

 

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥 −

𝑉2 sin 2𝛼

2𝑔
)

2

+
𝑉2 sin2 𝛼 cos2 𝛼

2𝑔 cos2 𝛼
 

𝑦 = −
𝑔 sec2 𝛼

2𝑉2
(𝑥 −

𝑉2 sin 2𝛼

2𝑔
)

2

+
𝑉2 sin2 𝛼

2𝑔
 

𝑦 −
𝑉2 sin2 𝛼

2𝑔
= −

𝑔 sec2 𝛼

2𝑉2
(𝑥 −

𝑉2 sin 2𝛼

2𝑔
)

2

 

−
2𝑉2

𝑔 sec2 𝛼
(𝑦 −

𝑉2 sin2 𝛼

2𝑔
) = (𝑥 −

𝑉2 sin 2𝛼

2𝑔
)

2

 

or (𝑥 −
𝑉2 sin 2𝛼

2𝑔
)

2

= −
2𝑉2

𝑔 sec2 𝛼
(𝑦 −

𝑉2 sin2 𝛼

2𝑔
) 

Standard equation for a parabola is (𝑥 − ℎ)2 = 4𝐴(𝑦 − 𝑘) 

 where the coordinates of the vertex are (ℎ, 𝑘),  

the equation of its directrix is 𝑦 = 𝑘 − 𝐴 and  

the coordinates of the focus are (ℎ, 𝑘 + 𝐴).  



 
Chapter 6 worked solutions – Mechanics 
 

© Cambridge University Press 2019  18 
 

14b i The coordinates of the vertex are (ℎ, 𝑘) or 

(
𝑉2 sin 2𝛼

2𝑔
,
𝑉2 sin2 𝛼

2𝑔
) 

 

14b ii  

4𝐴 = −
2𝑉2

𝑔 sec2 𝛼
 

𝐴 = −
𝑉2

2𝑔 sec2 𝛼
 

     = −
𝑉2 cos2 𝛼

2𝑔
 

The focal length of the trajectory is 
𝑉2 cos2 𝛼

2𝑔
. 

 

14b iii The equation of the directrix is 𝑦 = 𝑘 − 𝐴 or 

𝑦 =
𝑉2 sin2 𝛼

2𝑔
− (−

𝑉2 cos2 𝛼

2𝑔
) 

𝑦 =
𝑉2

2𝑔
(sin2 𝛼 + cos2 𝛼) 

𝑦 =  
𝑉2

2𝑔
 

 The coordinates of focus are (ℎ, 𝑘 + 𝐴) or 

(
𝑉2 sin 2𝛼

2𝑔
,
𝑉2 sin2 𝛼

2𝑔
−

𝑉2 cos2 𝛼

2𝑔
) 

= (
𝑉2 sin 2𝛼

2𝑔
,
𝑉2 (sin2 𝛼 − cos2 𝛼)

2𝑔
) 

= (
𝑉2 sin 2𝛼

2𝑔
, −

𝑉2 (cos2 𝛼 − sin2 𝛼)

2𝑔
) 

= (
𝑉2 sin 2𝛼

2𝑔
, −

𝑉2 cos 2𝛼

2𝑔
) 
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15a  

𝑑𝑦

𝑑𝑡
= −𝑘√𝑦 

𝑑𝑡 =  −
1

𝑘

𝑑𝑦

√𝑦
  

 Integrating both sides 

∫ 𝑑𝑡 = −
1

𝑘
∫

𝑑𝑦

√𝑦
 

𝑡 =  −
2

𝑘
√𝑦 + 𝐶 

 At time 𝑡 = 0, 𝑦 = 𝑦0. 

0 =  −
2

𝑘
√𝑦0 + 𝐶 

𝐶 =  
2

𝑘
√𝑦0 

 Therefore  

𝑡 =  −
2

𝑘
√𝑦 +

2

𝑘
√𝑦0 

 At 𝑡 = 𝑇, 𝑦 = 0 

𝑇 =  
2

𝑘
√𝑦0 

𝑘 =  
2

𝑇
√𝑦0 

Hence 

𝑡 =  −
2

𝑘
√𝑦 +

2

𝑘
√𝑦0 

𝑡 =  −
2

𝑘
(√𝑦 − √𝑦0) 

𝑡 =  −
2𝑇

2√𝑦0

(√𝑦 − √𝑦0)                    (substituting 𝑘 =  
2

𝑇
√𝑦0) 

𝑡 =  −
𝑇√𝑦

√𝑦0

+
𝑇√𝑦0

√𝑦0
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𝑡

𝑇
=  −

√𝑦

√𝑦0

+ 1 

√𝑦

√𝑦0

= 1 −
𝑡

𝑇
 

 

15b At 𝑡 = 15, 𝑦 =
𝑦0

2
 

√
𝑦0

2
𝑦0

= 1 −
15

𝑇
 

√
𝑦0

2𝑦0
= 1 −

15

𝑇
 

√
1

2
= 1 −

15

𝑇
 

15

𝑇
= 1 −

1

√2
 

15

𝑇
=

√2 − 1

√2
 

𝑇

15
=

√2

√2 − 1
 

𝑇 =
15√2

√2 − 1
 

    =
15√2

√2 − 1
×

√2 + 1

√2 + 1
 

    = 15(2 + √2) 

    ≑ 51.2 seconds  

 

  



 
Chapter 6 worked solutions – Mechanics 
 

© Cambridge University Press 2019  21 
 

16a  

𝑦 =
3

2
𝑥

2
3 

1

2
𝑚𝑥̇2 +

1

2
𝑚𝑦̇2 + 𝑚𝑔𝑦 = 𝐸 

 At 𝑡 = 0, bead is released from rest from point (1,
3

2
). 

𝑑𝑥

𝑑𝑡
= 𝑥̇ = 0 and 

𝑑𝑦

𝑑𝑡
= 𝑦̇ = 0 at 𝑡 = 0 

1

2
𝑚 × 0 +

1

2
𝑚 × 0 + 𝑚𝑔 ×

3

2
= 𝐸 

𝐸 =
3

2
𝑚𝑔 

 

16b  

𝑦 =
3

2
𝑥

2
3 

𝑑𝑦

𝑑𝑡
=

𝑑𝑦

𝑑𝑥
×

𝑑𝑥

𝑑𝑡
 

𝑦̇ = 𝑥−
1
3 × 𝑥̇ 

𝑥̇ = 𝑥
1
3𝑦̇ 

𝑥̇2 = 𝑥
2
3𝑦̇2 

      =
2

3
𝑦𝑦̇2 

 Using the equation for 𝐸:  

1

2
𝑚𝑥̇2 +

1

2
𝑚𝑦̇2 + 𝑚𝑔𝑦 = 𝐸 

1

2
𝑚 (

2

3
𝑦𝑦̇2) +

1

2
𝑚𝑦̇2 + 𝑚𝑔𝑦 =

3

2
𝑚𝑔 

2

3
𝑦𝑦̇2 + 𝑦̇2 + 2𝑔𝑦 = 3𝑔 

𝑦̇2 (
2

3
𝑦 + 1) + 2𝑔𝑦 = 3𝑔 
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𝑦̇2 (
2

3
𝑦 + 1) = 𝑔(3 − 2𝑦) 

𝑦̇2(2𝑦 + 3) = 3𝑔(3 − 2𝑦) 

𝑦̇2 =
3𝑔(3 − 2𝑦)

3 + 2𝑦
 

 

16c At the origin, 𝑥 = 0   and   𝑦 = 0. 

𝑥̇ = 𝑥
1
3𝑦̇ 

    = 0 × 𝑦̇ 

     = 0 

𝑦̇ = ±√
3𝑔(3 − 2𝑦)

3 + 2𝑦
 

    = ± √
3𝑔(3 − 0)

3 + 0
 

    = ± √3𝑔 

Since 𝑦 is decreasing to that point on the curve,  

 𝑦̇ = −√3𝑔 

 

16d  

∫ √
1 + 𝑢

1 − 𝑢
𝑑𝑢

𝛼

0

= sin−1 𝛼 + 1 − √1 − 𝛼2       for 0 ≤ 𝛼 ≤ 1 

 As our motion is also restricted in the same interval,  

𝑦̇ =
𝑑𝑦

𝑑𝑡
= −√

3𝑔(3 − 2𝑦)

3 + 2𝑦
 

𝑑𝑡

𝑑𝑦
= −

1

√3𝑔
√

3 + 2𝑦

3 − 2𝑦
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𝑑𝑡 = −
1

√3𝑔
√

3 + 2𝑦

3 − 2𝑦
 𝑑𝑦 

∫ 𝑑𝑡
𝑡

0

=  −
1

√3𝑔
∫ √

1 +
2𝑦
3

1 −
2𝑦
3

 𝑑𝑦
0

3
2

 

𝑡 =  
1

√3𝑔
∫ √

1 +
2𝑦
3

1 −
2𝑦
3

 𝑑𝑦

3
2

0

 

Let 𝑢 =
2𝑦

3
 

𝑑𝑢

𝑑𝑦
=

2

3
 

𝑑𝑦 =
3

2
𝑑𝑢 

When 𝑦 = 0, 𝑢 = 0 

When 𝑦 =
3

2
, 𝑢 = 1 

Therefore 

𝑡 =  
1

√3𝑔
∫

3

2
√

1 + 𝑢

1 − 𝑢
 𝑑𝑢

1

0

 

   =  
3

2√3𝑔
∫ √

1 + 𝑢

1 − 𝑢
 𝑑𝑢

1

0

 

   =  
3

2√3𝑔
(sin−1 1 + 1 − √1 − 12)    (using the given relationship with 𝛼 = 1) 

   =  
3

2√3𝑔
(

𝜋

2
+ 1 − √0) 

   =  
3

2√3𝑔
(

𝜋

2
+ 1) 

   =
√3

2√𝑔
(

𝜋

2
+ 1) 

 



 
Chapter 6 worked solutions – Mechanics 
 

© Cambridge University Press 2019  24 
 

16e  

∫ √
1 + 𝑢

1 − 𝑢

𝛼

0

 𝑑𝑢 

= ∫
√1 + 𝑢

√1 − 𝑢

𝛼

0

 ×
√1 + 𝑢

√1 + 𝑢
𝑑𝑢 

= ∫
1 + 𝑢

√1 − 𝑢2

𝛼

0

 𝑑𝑢 

= ∫
1

√1 − 𝑢2

𝛼

0

 𝑑𝑢 −
1

2
∫

−2𝑢

√1 − 𝑢2

𝛼

0

 𝑑𝑢 

 = [sin−1 𝑢 − √1 − 𝑢2]
0

α
 

  = (sin−1 𝛼 − √1 − 𝛼2) − (sin−1 0 − √1 − 02) 

 = sin−1 𝛼 − √1 − 𝛼2 + 1 

 = sin−1 𝛼 + 1 − √1 − 𝛼2 

At 𝛼 = 1, 

 sin−1 𝛼 + 1 − √1 − 𝛼2 

=
𝜋

2
+ 1 − √1 − 1 

=
𝜋

2
+ 1 − √0 

=
𝜋

2
+ 1 
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