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Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6F Foundation questions
la x = 20t

y = —5t% + 203t

% =20

y = —10t + 20V3

1b
Using v, sinHt—%gt2 =0
1
t(vosinO—Egt) =0

2v,sinf 2 X 40sin 60°

t=0ort= = = 4+/3 seconds
g 10
R = xt
=vycosOt

2v, cos B v, sin
g

v§ sin 20
= T
B 402 sin 2(60°)
10
= 80v3 metres

1c vy, = Vgsinf — gt =0
Vg sin 0
g
40 sin 60°
=—0
= 2V3

Maximum height:

y(2v3) = 405sin 60° (2V3) — % (10)(2v3)’
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= 60 metres
1d
R =xt
=vycosOt
2v, cos 8 v, sin O
- g
v& sin 26
g
407 sin 2(30°)
10
= 803 metres
It is false.
2a
x = 39 cos <tan_1 %) t
= 15t
y = —5t? + 39sin (tan %) t
= —5t% + 36t
x =15
y =—10t + 36
2b
x
- vy cos O
30

39 cos (tan‘1 %)
=2

y = —=5(2)? + 36(2)
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=52
2c x =15
y =-10t + 36
Att = 2,
v = I 716
=219m/s

2d vy, = Vgsinf — gt =0

Vg sin @
g
12
. -1 14
_ 39 ssin (tan S )
10
= 3.6

Therefore, after.

3a x = 20 cos(30°) t
= 103t
y = —5t? 4+ 20sin(30°) t
= —5t* + 10t

3b  —75=-5t%+10¢t
—5t2+10t+75=0
t?—=2t—15=0
(t+3)(t—-5)=0
t=-3,5
Whent =5,
x = 20 cos(30°) (5)

=50V3
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3c

3d

Vy

=vysinf — gt =0
Vo sin O

)
B 20ssin 30°
10

=1
Maximum height:
1
y(1) = 20sin30° (1) — > (10)(1)?

= 5 metres

Thus, 75 + 5 = 80 metres.

% =10V3
y = —10t + 10
Att = 5,

v = \/(10\/5)2 + (—40)?
=44 m/s

The direction is given by:

40
tanf = ——

1043
0 = 67°
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3e x = 10V/3t

_ X
~10V3
y = —5t% + 10t

=5 (103‘)2 (%ﬁ)
= —ix +ix

60" " 3

43

363.6 X 1000

Tx60x60 _ L01m/s

4b x =101t

y = —5t?

4c —600 = —5¢t2
t2 =120
t =2v30

4d x =101
y = —10¢
Att = 2+/30,

v = J1012 + (~20v30)°

= 149 m/s
g 20v/30
My =01
0 = 47°19’
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4e Att = 2V30,

101 x 2v30
* = 71000

= 1.106 km

5a x = 50 cos(45°) t
= 25V2t
y = —5t? + 50sin(45) t

= —5¢t2 + 252t
When x = 75,
75
t=——
252
3
=-V2
3
Att = E\/Z

y = -5 (%x/i)z +25v2 (%x/i)

=52.5

5b  x=25V2

y = —10t + 25V2

3
Att = 5\/5,

v = J(zsﬁ)z + (—10 (;x/i) + 25\/5)2

=5\/§m/s
g 1042 2
anf = ——=—
25V2 5

2

0 =tan"!=

tan 5
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6a The components of x and y of the displacement are given by

X =vycosOt
1
y=vosin0t—zgt
As vy =V, g = 10 and the angle is equal to 6:

x =VcosOt

y =Vsinft — 5t2

6b  Whent = 2, x = 24+/5.
245 =V cos 6 X 2

Vcosd = 12V5

When = 2,y = 28.

28 = Vsin8 (2) — 5(2)?
2V sinf = 48

V'sinf = 24

6c  VZsin’6 =576
V2 cos’*6 = 720
V2cos?6 + V?2sin? 0 = 1296
V2(cos? 0 +sin®0) = 1296
V = |V1296| = 36

36sin0 = 24

o2
sin _36

0 = 41°49’
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6d vy, = Vgsinf — gt =0
_ Vgsinf
g
_ 365in41° 49’
10

=24
Total flight time = 2.4(2) = 4.8
x(4.8) = 36 cos 41° 49’ (4.8)

= 129 metres
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Solutions to Exercise 6F Development questions

7a x=Vtcosa and y=V1:sina—%gt2

X

V cosa

Substituting for t in equation for y:

2

yzv(chsa)Sina_§(Vc:sa)

xsina gx?

Y cosa 2V2cos?a
X ( gx )
= sinacosa — —
cos? a 2V2

7b For horizontal range, y = 0.

X gx
0= o’ (sma cosa — ﬁ)

V2(2sinacosa) = gx

V?sin2a
xX=R=—"7"780H+—70©¥—
g

7ci V=30, g=10; R =145

3 302 sin 2a

45
10

sin 2a =

N =

1
I
a 2sm >

a = 15° or 75°
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7cii  Fora = 15°,

= ( in 15° cos 15° 10x)
Y17 cosz 150 (O Y €08 1800
For a = 75°,

_ X ( in 750 _—_— 10x)
Y2 = sz 750 O /2 €08 1800

Evaluating y; and y, at x = 40:
y; = 1.1908 m and y, = 16.5868 m

So, the ball will reach 45 m if thrown at 75° but not for 15°.

8a V=20 6= tan-lg

3
sin @ =§andcost9=§
x=VcosOt

= 20><3><t
B 5
=12t
1
y =Vsin6 t—Egt2
4
=20X—Xt—5t2
5
y = 16t — 5t
8b
V7?2 sin 26
R=——M
g
4 3
400><2><5><5
10
=384 m

The ball reaches maximum height when the vertical velocity component is zero.

dv,

@ =Y
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vy, =—gt+C
Att =0, vy=Vsin49 =16

C =16

Therefore

dy

— =16 — gt

dt g

At maximum height,
dy

i 0

16
sot=—=1.6s
g
1
y =Vsin6 t—igt2

1
y=16><1.6—§>< 10 x 1.62

y=H=128m

8ci

1

a = tan 1§
_ 1 5
sina = \/ﬁ and cosa = \/7_6
Trajectory of the incline is:
x

y=xtana = <

The horizontal position when it reaches maximum height (at t = 1.6 s) is:
x=VcosOt

=12x1.6

=19.2m

The height of the incline platform at 19.2 m is:

19.2
Hp = T = 3.84m
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8cii

9a

© Cambridge University Press 2019

So, the difference in height between the ball and the incline is:
H-H,

=12.8—3.84

= 8.96m

Hence the ball is about 9 m above the road when it reaches its greatest height.

T=272s

The ball hits the plane when their trajectories collide:

X 25x( x)
Y =57 79 \25 80

9 12 x

125 25 80

X 51

80 125
80

x—SIXE

= 32.64m

But we have to calculate the distance travelled by the ball up the inclination,
hence that distance will be:

32.64
cos (tan~10.2)

= 33.28m

Ball thrown at angle 6 from 1 m above the ground with a velocity of u = 20 m/s.

d?x d?y
qz =0 ad g =g
dx

—c and Do gt
ac ot M g T Y z
Att=0, v,=Vcosf and v, = Vsiné.
SoC; =V cosfandC, =V siné.

Therefore

dx—V 0 d dy—V'H t
g7 =V cos an 3¢ =V sin g
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£2
x =Vtcos + C3 andy=Vtsin0—gT+C4

Att=0, x=0 and y=1.
SoC; =0andC, = 1.

Therefore

gt
x =Vtcos@ andy=Vtsm9—T+1

Since V = 20 m/sand g = 10 m/s?,
x =20tcosf® andy = 20tsinf —5t%+1

x =20tcosd andy = —5t?+20tsinf +1

9b x=16, y=16,t=T
16 = 20T cos 0 and 16 —1=20Tsinf — 5T?
4 =5Tcosf@ and 3 =4Tsinf —T?

9¢ 4 = 5T cos @ (1)
3=4Tsinf—-T? (2)
Using (1):

_ 4
" 5cos6

Substituting for T in (2):

3 =4 (5o sin6 ~ (g5 057)
n 5cos0) " 25 cos? 6

3_16t p 16 p
=73 an 25sec

75 =80tanf — 16(tan? 0 + 1)

16tan’ 0 —80tanf +91 =0
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9d

10a

Lettanf = X.
16X2—-80X+91 =0
(4X -7)(4X —-13) =0
X =1750rX =3.25

Alternatively,

80 +v80%—4x16 x91
- 32

X =3250rX =1.75

Hence

tanf = 1.75 or 3.25

6 = 60.255...° or 72.897..°

!

So, to the nearest minute, the two possible values of 8 are 60°15’and 72°54’.

h=24 V=144km/h=40m/s, a=7°

The equations of motion for the ball are:

d’x 0 q d’y
de? and g = 7Y
dx

dy
C; and —= —gt+(,

dt dt

dx dy .
Att=0, —=Vcos7° and — = —-Vsin7°
dt dt
SoC; =V cos7°and C, = —V sin7°.
Therefore

dx—V 7° d @ _ t—Vsin7°
g~V cos an c- 9 sin

£2
x=Vtcos7°+(C; andy = —gT—Vtsin7°+C4
Att=0, x=0, y=24.

SoC;=0andC, = 2.4.

Therefore
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gt .
x=Vtcos7° andy = —T—Vtsm7°+2.4

Since V = 40 m/sand g = 10 m/s?,
x = 40t cos 7°and y = 2.4 — 40t sin 7° — 5t2

10b  When the ball hits the pitch, y = 0.
5t% 4+ 40tsin7°— 2.4 =0

Using the quadratic formula:

_ —40sin7° £ /(40sin7°)2 — 4 x 5 x (—2.4)

10
1
t= 10 (3.596...) (ignoring the negative value)
=0.36s
10c  x = 40tcos7° (D

y = 2.4 —40tsin7° —5t> (2)
Using (1):

B X
" 40cos7°
Substituting for t in (2):

x2

320 cos? 7°
The ball hits the pitch after 0.36 sand at y = 0.

y=24—xtan7° —

x =Vtcos7°
=40 X 0.36 X cos7°
= 14.29m

The angle at which the ball hits the pitch is the slope of the tangent to the
trajectory at the point of contact.

dy . 2x
dx =129 = Tt 7 — o
2% 14.29
N (tan 7"+ 320 cos? 7°)
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10d

11a

11bi

d
2 |ym1420 = —0.213 .. = tan§
§ = —12.05°

The negative sign indicates that it is an angle of declination. The angle at which
the ball hits the pitch is 12°.

The ball was pitched at 14.29m from the bowler. The length of the wicket is 19
m.

So, the length for the batsman is: (19 — 14.29) = 4.71 m < 5.

Hence, it is not a short-pitched delivery.

As the particles are projected at the same time, each particle will have the same
flight time the moment they collide. Also, when they collide, their x- and y-
coordinates will be the same.

As time =t for both the particles when they collide and y; = y,,
y, = —%gt2 + tV, sin 6,

y, = —%gt2 + tV, sin 6,

_%th + tV;sin6; = —%gt2 + tV, sin 0,

V1 Sin 91 = Vz Sin 02

AB=200; V;=30; 6 =sin"'3; §,=sin"'3; g=10

ulw

Using the condition obtained in part a for collision of the particles:
V1 sin 91 = VZ sin 92

30 g V. 3
X == X =
5 275
V, =40m/s

The x-coordinate at which the particles collide is the same for both the

projectiles:

Vit cos 8, = 200 — V,tcos 6,
18t = 200 — 32t
50t = 200
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t=4
11bii The height of both the particles is same at time of collision:

y1 =y, = Vit sin6; — 5tZ

4
y1=y2=30><4><§—5><16

y1=y;=16m

11b iii The coordinates of collision of the particles are:
x=V,cos0,t,=72m and y=16m

The trajectories of the particles are:

tan g, — 2 d _ (200 - x,) tang, - 2200 = *2)"
Y1 =x1ano, 324 an y2=( X) tan 6, 1024
Differentiating y, and y, with respect to x:
D = tan; — 2 and D, = —tang, + 2200 —*2)
MY 716y AN 2T TN 512
At the point of collision, x; = (200 — x,) = 72
420 . 3+5

17379 A 27747y
D; =tané; = —=

1 an oq 9
D, =tan§ £

2 =tano; = >

8 1

The angle between these two lines is given by:

tand; —tand,

tand = 1+ tané; tand,
)
8 _1
1+ (g%3)
§ = 68°

So, the obtuse angle between the particles is: 180° — 68° = 112°
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12 V=30, a=605 ¥=--% J=-10-=y

fdt= —6]de"
t=—6lnv, +C

Att =0; v, =30cos60°=15
C=6In15

Therefore

t=6In—

dv

Jae=-] =25
10+ 2
6

t = —61n(10+%y)+D

Att =0, v, = 30sin60° = 15V3

15V3
D =6ln<1O+T\/_>

Therefore
t= 6In 7,
10 +?
vy V3\ _t
—_ = —_— 6
10 + ¢ 5(2 + > e

= ((4+\/—)e 6 — )=y

Hence
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12b

12c

12d

y =15 ((4 + \/§)e‘%‘ — 4)

X = —906_% +C
Att =0, x=0,
C =90
Therefore

t
x = —90e 6+ 90

_1,
x=90(1—e 6)

At greatest height, y = 0.

15 ((4 + \/§)e‘§ — 4) =0

Using equations from part b and part c:

4+\/§>

t
x =90 (1—9_5) where t = 6ln< 2

_§1<4+v§)
x =90 (1—e s\ 4

© Cambridge University Press 2019
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4
x=90(1— )
443
x = 27.195 ...
=27m

132 V=20, g=10; R=20
The equations of the motion of the ball are:
x=0 and y= —g

x=Vcosa and y=Vsina—gt

1
x=Vcosat and y=Vtsinoc—Egt2

I
" Vcosa
Trajectory of the ball:
gx*
y = xtana-= 2V?2 cos? a

The wall is at 20 m from the point of hitting the ball. So, when the ball hits the
wall, x = 20 m.

10 x 202
2 %X 202 X cos? a

y =20tana —

y =20tana — 5sec?a

13b

d
P (seca)

= (se)
" da\cosa

d
_ -1
= (cos™ )

= —cos ?a X —sina

sina

cos? a

© Cambridge University Press 2019 12
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1 sina

X
cosa cosa

=secatana

13c  Fromparta, h = 20tana — 5sec?a
For maximum value of h, h'(a) = 0.
20sec?a —5x 2seca Xsecatana = 0
20sec’a — 10sec’atana =0
10sec’a (2 —tana) =0
sec’a #0s02—tana =0

tana = 2

13d  Maximum height:

Taking tan a = 2, we get

2 2 1
sind = ———==—and cosa¢ = ——— =
VEZrL 5 VET L
soseca = V5

Using h = 20 tana — 5 sec? a,

Rmax = 20(2) — 5(\/3)2
=15m

13e  From part a, the trajectory of the ball is:

x%sec’a

=xt —
y X tan o 30

The coordinates of impact point are: (20, 15).

The angle of impact is:

dy xsec? a

Ix l2015 = tana — 40
20x 5

tanf = 2 — 20 = —0.5

© Cambridge University Press 2019
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0 = —26.565...°
= 63.434 ... ° below the horizontal
= 63°26' below the horizontal
The time of flight of the ball:

20=20cosaT

1
cosa

= Seca

=5
So, the speed of the ball when it hits the wall:

v, = 20cosa

1
=20 X E
=45
vy, = 20sina — gt
= 20sina — 10T
20 X~ 10 x5
V5
= 8v5 — 10V5
= —2v5
The speed with which the ball hits the wall is:
_ (@) + (2v5)’
= /80 + 20
=10 m/s

© Cambridge University Press 2019 14
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1l4a y,=40; V=20, g =10;
The equations of motion for the stone are:
¥x=0 and y= —g
Att=0, x=Vcosf and y=1Vsinf
x=Vcos8 and y=Vsinf — gt
Att =0, x =0 and y =0 (assuming cliff as level zero)

x(t) =Vtcos® and y(t) =Vtsinh — %gt2

14b  When the stone hits the lake, the stone has gone through two sets of motion.

First it has been a projectile from the cliff and the second when it reaches the cliff
level while descending and then still falls 40 m below into the lake.

x(T) = 20T cos @

2
sinf = 1—(%)

y(T) = —40 = 20T sin § — 5T

572 —40 (XD 2
20T

(5T2 — 40)% = (20T)2 — (x(T))’

(x(T))" = 400T2 — (5T? — 40)?

© Cambridge University Press 2019 15
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14c  (x(T))" = 400T? — (ST — 40)?

For maximum (x(T))Z,
d 2
(x(M)" =

d
= (x(1))" = 800T — 20T (5T% - 40) = 0

10073 — 1600T = 0

100T(T*-16) =0

T=00rT?—-16=0

T # 0 as the stone is being thrown at that time.

SoT = 4.

x(T) = /400(16) — (5(16) — 40)2
= 40v3

15a The equation of motion with respect to time are:
X¥X=0 and y= —g
x=Vcos8 and y=Vsinf—gt
x =Vtcosf and y=V1:sint9—%gt2

At maximum height, y = 0.
Vsinf —gt=0
V'sin@
- g

Substituting for t in equation for y:

© Cambridge University Press 2019 16
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Vsin6y 1 /Vsin@\?
ymax=H=V< 7 )sm@—zg( 7 )

15bi As H is the same,

V2sin2@ 9V?%sin? %9
29~ 8g

4 sin? 8 = 9sin? >

Using cos 2x = 1 — 2sin? x,
4sin’ @ =9x%(1—c039)
8(1 —cos?6) =9 —9cosH
8 —8cos?20 =9—9cosd
8cos?0—9cosf+1=0

(8cosf —1)(cos8 —1)=0

1
cos @ =§ or cosg =1
1
Since 8 # 0,0 = cos‘lg

15bii Time taken by P; to reach maximum height:

Vsin@
g

1:

Time taken by P, to reach maximum height:
3V .. 6
—-sinz

T, =
2 g

© Cambridge University Press 2019 17
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Ty 2sin6
T,

.. 0
3sm7

1
Now cos6 = 5’50 using sin? 0 + cos? 6 = 1,

poYes 0 1 1 V7
SIno = 3 an smz— > 16_4

Therefore

T, 2 63
7. =3% g X

=1
T, 8

Sl

Hence T; = Ts,.
So, the particles reach the maximum height at the same time.

Intuitionally, the gravitational force acting on the particles is equal and constant.
So, as they reach the same maximum height, they must take the same time too.

16a v; =V, Angleof projectile = a
The equations of motion are:
¥x=0 and y=-g
x=Vcosa and y=Vsina-—gt
x =Vtcosa and y=Vtsina—%gt2

The range of the projectile is when the projectile hits the ground for the first time.
That is, when y = 0.

) 1
Vtsina = Egt2

_ 2V sina
g

Substituting for t in the equation for x:

2V sina
x = V< ) cosa
g
V2 sin 2a o _
x = T (using sin 260 = 2sin @ cos )

© Cambridge University Press 2019 18
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16b i
V?sin 2a
= T
« varies between 15° and 45°

The ranges will vary as:

V2 sin(2 x 15°) V2 sin(2 x 45°)
<R, <
g g
V2 sin 30° V2 sin 90°
<R, <
g g

VZ 2

__<R.<—

297 T g

16bii Suppose one of the sides 's;’ of the rectangular garden is tangent to the inner
circle and the other side is 's,’.

For the minimum value of R; and R,, the optimal case is when s; is the larger side
and is tangent to inner circle at its midpoint.

R, 2| R, +5s, +

Ry + s,
4R\R, + 4R,s, > 4R? + 8RS, + 452 + s

2
Substituting values and solving for V;:

V2
—>6V2
g

VZ
—>3V2
2g

© Cambridge University Press 2019 19
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17a X = —kx = —kv,

y=—-g—ky= _g_kvy

L dx . (dx)
YT ae T dt

dv
o = ks

Integrating once,

. dx
X =—

dv,
dt = — | —
f kv,

1
t= —Eln(kvx) +C
Att=0, v, =Vcosa.
1
C = Eln(kV cos @)

Therefore

1 1
t= —Eln(kvx) + Eln(kV cosa)

. 11 (Vcosa)
k n Uy
Vcosa
kt=ln( )
Ux
V cos a
ekt —
vx
Vcosa
Vx = T ke

v, =Vcosa et

Hence

x=Vcosa ekt

© Cambridge University Press 2019
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. d?y
V== 9Tk

dv
y —g — kv,

dv,
fdt- -
g+ kv,

1
t= —Eln(g + kvy) +D

Att =0, v, =Vsina.

1
D= Eln(g + kV sina)

Therefore

1 (g + kV sin a)

=—1
t krl g+ kv,

g+ kVsina
kt =In|————
g+ kv,

okt _9 + kV sin a

g+ kv,
g+ kv, = (g +kVsina)e ™t

= (g +kVsina)e ®t — g

1 ) X
v, = E(g+szma)e‘ t—=

_ (Y - ket _ 9
vy = (k+Vsma)e .
Hence

y = (%+Vsina)e‘kt—%

© Cambridge University Press 2019
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17b

_ ._dx
- XT

v, =Vcosa e ¥

fdx = fVcosoc e ktdt

V cosa

x=-—— et +C
Att=0, x =0.
Vcosa
ok
Therefore
_ Vcosa _kt+Vcosa
S K
Vcosa
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Chapter 6 worked solutions — Mechanics
17c At maximum height, y = 0.
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