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Solutions to Exercise 6E Foundation questions 

1a Resistive acceleration (acting downwards)  

=
resistive force (acting downwards)

mass
 

= −
0.2𝑣2

5
 

  𝑔 = acceleration due to gravity (acting downwards) 

     = −10 

 Hence 

𝑎 = −10 −
0.2𝑣2

5
 

𝑑𝑣

𝑑𝑡
=

−50 − 0.2𝑣2

5
 

       =
−250 − 𝑣2

25
 

 

1b  

𝑑𝑣

𝑑𝑡
=

−250 − 𝑣2

25
 

𝑑𝑡

𝑑𝑣
=

25

−250 − 𝑣2
 

      =
−25

250 + 𝑣2
 

      = −25 ×
1

(5√10)
2

+ 𝑣2
 

𝑡 = −25 ×
1

5√10
tan−1

𝑣

5√10
+ 𝐶 

    = −
5

√10
tan−1

𝑣

5√10
+ 𝐶 

When 𝑡 = 0, 𝑣 = 40. 

0 = −
5

√10
tan−1

40

5√10
+ 𝐶 
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𝐶 =
5

√10
tan−1

8

√10
 

 Therefore  

𝑡 = −
5

√10
tan−1

𝑣

5√10
+

5

√10
tan−1

8

√10
 

Maximum height when 𝑣 = 0:  

𝑡 = −
5

√10
tan−1

0

5√10
+

5

√10
tan−1

8

√10
 

   = 0 +
5

√10
tan−1

8

√10
 

   = 1.888 … 

   ≑ 1.9 seconds 

Maximum height is reached after about 1.9 seconds. 

 

1c 

𝑑𝑣

𝑑𝑡
= 𝑣

𝑑𝑣

𝑑𝑦
 

−250 − 𝑣2

25
= 𝑣

𝑑𝑣

𝑑𝑦
 

𝑑𝑣

𝑑𝑦
=

−250 − 𝑣2

25𝑣
 

𝑑𝑦

𝑑𝑣
=

25𝑣

−250 − 𝑣2
 

      =
−25𝑣

250 + 𝑣2
 

      =
−

25
2 × 2𝑣

250 + 𝑣2
 

𝑦 = −
25

2
ln(250 + 𝑣2) + 𝐶           (since 250 + 𝑣2 > 0)  

When 𝑦 = 0, 𝑣 = 40. 

0 = −
25

2
ln(250 + 402) + 𝐶 
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𝐶 =
25

2
ln 1850 

Therefore 

𝑦 = −
25

2
ln(250 + 𝑣2) +

25

2
ln 1850 

Maximum height is reached when 𝑣 = 0. 

𝑦 = −
25

2
ln 250 +

25

2
ln 1850 

    =
25

2
ln

1850

250
     

    = 25.0185 

    ≑ 25 metres 

Maximum height, correct to the nearest metre, is 25 metres. 

 

2a Resistive acceleration (acting downwards)  

=
resistive force (acting downwards)

mass
 

= −
0.2𝑣

0.5
 

  𝑔 = acceleration due to gravity (acting downwards) 

     = −10 

 Hence 

𝑥̈ = −10 −
0.2𝑣

0.5
 

    =
−5 − 0.2𝑣

0.5
 

    =
−50 − 2𝑣

5
 

 

2b  

𝑥̈ =
𝑑𝑣

𝑑𝑡
, so 

𝑑𝑣

𝑑𝑡
=

−50 − 2𝑣

5
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𝑑𝑡

𝑑𝑣
=

5

−50 − 2𝑣
 

      =
−

5
2

25 + 𝑣
 

𝑡 = −
5

2
ln|25 + 𝑣| + 𝐶 

When 𝑡 = 0, 𝑣 = 40. 

0 = −
5

2
ln|25 + 40| + 𝐶 

𝐶 =
5

2
ln 65 

Therefore 

𝑡 = −
5

2
ln|25 + 𝑣| +

5

2
ln 65 

Maximum height is reached when 𝑣 = 0. 

𝑡 = −
5

2
ln 25 +

5

2
ln 65 

   =
5

2
(ln 65 − ln 25) 

   =
5

2
ln

65

25
 

   =
5

2
ln

13

5
 

Hence the object takes 
5

2
ln

13

5
 seconds to reach its maximum height. 

 

2c 

𝑑𝑣

𝑑𝑡
= 𝑣

𝑑𝑣

𝑑𝑦
 

−50 − 2𝑣

5
= 𝑣

𝑑𝑣

𝑑𝑦
 

𝑑𝑣

𝑑𝑦
=

−50 − 2𝑣

5𝑣
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𝑑𝑦

𝑑𝑣
=

5𝑣

−50 − 2𝑣
 

      =
−5𝑣

50 + 2𝑣
 

      = −
5

2
+

125

50 + 2𝑣
                     (by long division) 

𝑦 = −
5

2
𝑣 +

125

2
ln|50 + 2𝑣| + 𝐶 

When 𝑦 = 0, 𝑣 = 40. 

0 = −
5

2
(40) +

125

2
ln|50 + 80| + 𝐶 

𝐶 = 100 −
125

2
ln 130 

Therefore 

𝑦 = −
5

2
𝑣 +

125

2
ln|50 + 2𝑣| + 100 −

125

2
ln 130 

Maximum height reached when 𝑣 = 0. 

𝑦 = 0 +
125

2
ln 50 + 100 −

125

2
ln 130 

    = 100 +
125

2
ln

50

130
 

    = 100 +
125

2
ln

5

13
 

Maximum height reached is (100 +
125

2
ln

5

13
)  metres. 

 

3a Resistive acceleration (acting upwards)  

=
resistive force (acting upwards)

mass
 

=
0.1𝑣2

100
 

  𝑔 = acceleration due to gravity (acting downwards) 

     = −9.8 

 Hence 
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𝑥̈ = −9.8 +
0.1𝑣2

100
 

    = −9.8 +
𝑣2

1000
 

    =
−9800 + 𝑣2

1000
 

Terminal velocity occurs when 𝑥̈ = 0. 

0 =
−9800 + 𝑣2

1000
 

0 = −9800 + 𝑣2 

9800 = 𝑣2 

|𝑣| = √9800 

      = 70√2 

      ≑ 99 

The terminal speed is about 99 m/s. 

 

3b 

𝑑𝑣

𝑑𝑡
= 𝑣

𝑑𝑣

𝑑𝑦
 

𝑣
𝑑𝑣

𝑑𝑦
=

−9800 − 𝑣2

1000
 

𝑑𝑣

𝑑𝑦
=

−9800 − 𝑣2

1000𝑣
 

𝑑𝑦

𝑑𝑣
=

1000𝑣

−9800 − 𝑣2
 

      =
−500 × 2𝑣

9800 + 𝑣2
 

𝑦 = −500 ln(9800 + 𝑣2) + 𝐶               (since 9800 + 𝑣2 > 0)  

When 𝑦 = 0, 𝑣 = 0.8 × 70√2 = 56√2 

0 = −500 ln (9800 + (56√2)
2

) + 𝐶 

𝐶 = 500 ln(16 072) 
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Therefore 

𝑦 = −500 ln(9800 + 𝑣2) + 500 ln(16 072) 

When object is dropped, 𝑣 = 0. 

𝑦 = −500 ln(9800) + 500 ln(16 072) 

    = 500 ln (
16 072

9800
) 

    = 247.348 … 

    ≑ 247 metres 

 The point at which the object was dropped was about 247 metres above the 

ground. 
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Solutions to Exercise 6E Development questions 

4ai 𝑔 = 10;     𝑢 = 20;      𝑓𝑟 =
1

40
𝑣2 

 The equation of motion of the object is: 

𝑥̈ =  𝑣
𝑑𝑣

𝑑𝑥
= − (𝑔 +

1

40
𝑣2) 

𝑑𝑥 = −
40𝑣

400 + 𝑣2
𝑑𝑣 

∫ 𝑑𝑥 =  −20 ∫
2𝑣

400 + 𝑣2
𝑑𝑣 

 𝑥 =  −20 ln(400 + 𝑣2) + 𝐶 

 At 𝑥 = 0, 𝑣 = 20. 

 𝐶 = 20 ln(800) 

 Therefore 

𝑥 = 20 ln (
800

400 + 𝑣2
) 

 At maximum height, 𝑣 = 0 

𝑥 = 20 ln (
800

400
) 

    = 20 ln 2 metres 

 

4a ii  

𝑑𝑣

𝑑𝑡
=  𝑥̈ =  − (𝑔 +

1

40
𝑣2) 

∫ 𝑑𝑡 =  − ∫
40𝑑𝑣

400 + 𝑣2
 

𝑡 = −40 ∫
𝑑𝑣

400 + 𝑣2
 

Using 𝑣 = tan 𝑎, 

𝑑𝑣 = sec2 𝑎 𝑑𝑎   and   1 + tan2 𝑎 = sec2 𝑎 

𝑡 = −
40

20
tan−1

𝑣

20
+ 𝐶 
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    = −2 tan−1
𝑣

20
+ 𝐶 

 At 𝑡 = 0,   𝑣 = 20. 

 0 = 𝐶 − 2 tan−1 1 

𝐶 =
𝜋

2
 

 Therefore 

𝑡 =
𝜋

2
− 2 tan−1

𝑣

20
 

 At 𝑣 = 0, (𝑥 = 𝑥𝑚𝑎𝑥)  

𝑡 =
𝜋

2
− 2 tan−1 0 

   =
𝜋

2
  seconds 

 

4b i Equation of motion of the object as it falls is: 

𝑥̈ = 𝑔 −
1

40
𝑣2 

 

4b ii  

𝑥̈ = 𝑔 −
1

40
𝑣2 = 𝑣

𝑑𝑣

𝑑𝑥
 

𝑑𝑥 =
40𝑣

400 − 𝑣2
𝑑𝑣 

∫ 𝑑𝑥 = −20 ∫
−2𝑣

400 − 𝑣2
𝑑𝑥 

 𝑥 = −20 ln(400 − 𝑣2) + 𝐶 

 Now, since the object is falling down, the new stationary point conditions will be 
𝑥 = 0, 𝑣 = 0 as the direction of the motion is changed. 

 0 = −20 ln 400 + 𝐶 

𝐶 = 20 ln 400 

 Therefore 

 𝑥 = −20 ln(400 − 𝑣2) + 20 ln 400 
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𝑥 =  20 ln
400

400 − 𝑣2
 

 When the object returns to starting point, which is now 𝑥 = 20 ln 2, 

20 ln 2 = 20 ln
400

400 − 𝑣2
 

 800 − 2𝑣2 = 400 

 𝑣2 = 200 

Speed = |𝑣| = 10√2 m/s 

 

5a 𝑣𝑖 = 𝑉0;      𝑓𝑟 = 𝑚𝑘𝑣;      

 𝑚𝑥̈ = (𝑚𝑔 − 𝑚𝑘𝑣) 

𝑥̈ = (𝑔 − 𝑘𝑣) 

𝑑𝑣

𝑑𝑡
= (𝑔 − 𝑘𝑣) 

∫ 𝑑𝑡 =  ∫
𝑑𝑣

𝑔 − 𝑘𝑣
 

𝑡 = −
1

𝑘
ln(𝑔 − 𝑘𝑣) + 𝐶 

 At 𝑡 = 0, 𝑣 = 𝑉0. 

𝐶 =
1

𝑘
ln(𝑔 − 𝑘𝑉0) 

 Therefore 

𝑡 = −
1

𝑘
ln(𝑔 − 𝑘𝑣) +

1

𝑘
ln(𝑔 − 𝑘𝑉0) 

𝑡 =
1

𝑘
ln

𝑔 − 𝑘𝑉0

𝑔 − 𝑘𝑣
 

 

5b  

𝑡 =
1

𝑘
ln

𝑔 − 𝑘𝑉0

𝑔 − 𝑘𝑣
       from part a 

𝑒𝑘𝑡 =
𝑔 − 𝑘𝑉0

𝑔 − 𝑘𝑣
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𝑘𝑣 = 𝑔 − (𝑔 − 𝑘𝑉0)𝑒−𝑘𝑡 

𝑣 =
𝑔

𝑘
(1 − 𝑒−𝑘𝑡) + 𝑉0𝑒−𝑘𝑡 

 As 𝑡 → ∞, 

 lim
𝑡→∞

𝑣 

=  lim
𝑡→∞

(
𝑔

𝑘
(1 − 𝑒−𝑘𝑡) + 𝑉0𝑒−𝑘𝑡) 

=
𝑔

𝑘
(1 −

1

𝑇
) + 𝑉0 (

1

𝑇
) 

=
𝑔

𝑘
     (as 𝑇 is very large) 

  

 

5c  

𝑣 =
𝑔

𝑘
−

𝑔

𝑘
𝑒−𝑘𝑡 + 𝑉0𝑒−𝑘𝑡 =

𝑑𝑥

𝑑𝑡
 

∫ 𝑑𝑥 =  ∫ (
𝑔

𝑘
+ (𝑉0 −

𝑔

𝑘
) 𝑒−𝑘𝑡) 𝑑𝑡 

𝑥 =
𝑔

𝑘
𝑡 + (𝑉0 −

𝑔

𝑘
) (−

1

𝑘
𝑒−𝑘𝑡) + 𝐶 

 At 𝑡 = 0, 𝑥 = 0. 

𝐶 = (𝑉0 −
𝑔

𝑘
) (

1

𝑘
) 

𝑥 =
𝑔

𝑘
𝑡 +

𝑘𝑉0 − 𝑔

𝑘2
(1 − 𝑒−𝑘𝑡) 

 

5d From part c, the object will fall as: 

𝑥 =
𝑔

𝑘
𝑡 +

𝑘𝑉0 − 𝑔

𝑘2
(1 − 𝑒−𝑘𝑡) 

 Terminal velocity is: 

𝑔

𝑘
= 𝑉0 = 20 

𝑘 =
1

2
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𝑥1 =
𝑔

𝑘
𝑡 +

(𝑘𝑉0 − 𝑔)

𝑘2
(1 − 𝑒−𝑘𝑡) 

    = 20𝑡 + 0               as
𝑘𝑉0 − 𝑔

𝑘2
=

0

𝑘2
= 0 

 The other object falling simply under gravity will fall as: 

 𝑥̈ = (𝑔 − 𝑘𝑣) 

𝑡 =  −
1

𝑘
ln(𝑔 − 𝑘𝑣) + 𝐶 

 At 𝑡 = 0,   𝑣 = 0. 

𝐶 =
1

𝑘
ln 𝑔 

 Therefore 

𝑡 =  −
1

𝑘
ln(𝑔 − 𝑘𝑣) +

1

𝑘
ln 𝑔 

𝑡 =
1

𝑘
ln

𝑔

𝑔 − 𝑘𝑣
 

𝑣 =
𝑑𝑥

𝑑𝑡
=

1

𝑘
(𝑔 − 𝑔𝑒−𝑘𝑡) =

𝑔

𝑘
(1 − 𝑒−𝑘𝑡) 

𝑥2 =
𝑔

𝑘
𝑡 −

𝑔

𝑘2
𝑒−𝑘𝑡 + 𝐷  

 At 𝑡 = 0, 𝑥 = 0. 

𝐷 =
𝑔

𝑘2
 

 Therefore 

𝑥2 =
𝑔

𝑘
𝑡 −

𝑔

𝑘2
𝑒−𝑘𝑡 +

𝑔

𝑘2
 

      =
𝑔

𝑘
𝑡 +

𝑔

𝑘2
(1 − 𝑒−𝑘𝑡) 

      = 20𝑡 + 40(1 − 𝑒−𝑘𝑡) 

 The distance between the objects after 𝑡 seconds will be:  

𝑑 = |𝑥1 − 𝑥2| 

     = |20𝑡 − (20𝑡 + 40(1 − 𝑒−𝑘𝑡)| 

      = 40(1 − 𝑒−𝑘𝑡)  



 
Chapter 6 worked solutions – Mechanics 
 

© Cambridge University Press 2019  6 
 

The limiting distance is when the stone thrown with terminal velocity hits the 

ground. As we don’t know the height, we assume the time of descent is very large 
and 𝑡 → ∞. 

 lim
𝑡→∞

𝑑 = lim
𝑡→∞

40(1 − 𝑒−𝑘𝑡) = 40 

 

6a 𝑚 = 10;      𝑘 =
1

10
;      𝑓𝑟 = 𝑘𝑣2;      𝑣𝑖 = 𝑢;       𝑔 = 10 

 At the highest point (point A), 𝑣 = 0. 

𝑚𝑥̈ =  −𝑚𝑔 − 𝑘𝑣2 =
𝑑𝑣

𝑑𝑡
 

∫ 𝑑𝑡 =  − ∫
𝑑𝑣

𝑔 +
𝑘
𝑚

𝑣2

𝑣

𝑢

 

          = 10√10 ∫
𝑑𝑣

1000 + 𝑣2

𝑢

𝑣

 

𝑡 = √10 [tan−1
𝑣

10
]

𝑣

𝑢

 

   = √10 (tan−1
𝑢

10√10
− tan−1

𝑣

10√10
 ) 

 At point A: 

𝑡 =  √10 (tan−1
𝑢

10√10
− tan−1

0

10√10
 ) 

   =  √10 tan−1
𝑢

10√10
 

 

6b  

𝑣
𝑑𝑣

𝑑𝑥
= −𝑔 −

𝑘

𝑚
𝑣2 

∫ 𝑑𝑥 =  −
1

2
∫

2𝑣 𝑑𝑣

𝑔 +
𝑘
𝑚 𝑣2

 

𝑥 =  −
𝑚

2𝑘
ln (𝑔 +

𝑘

𝑚
𝑣2) + 𝐶 

 At 𝑡 = 0, 𝑥 = 0 and 𝑣 = 𝑢. 
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𝐶 = 50 ln (
1000 + 𝑢2

1000
) 

 Therefore 

𝑥 = 50 ln (
1000 + 𝑢2

1000 + 𝑣2
) 

 At maximum height, 𝑣 = 0. 

𝑥 = 50 ln (
1000 + 𝑢2

1000
)  metres 

 

6c 𝑣𝑓 = 𝜔 

 The object will fall a distance of 𝑂𝐴. 

𝑣
𝑑𝑣

𝑑𝑥
= (𝑔 −

𝑘

𝑚
𝑣2) 

1

2
∫

2𝑣𝑑𝑣

𝑔 −
𝑘
𝑚 𝑣2

=  ∫ 𝑑𝑥 

𝑥 =  −
𝑚

2𝑘
ln ( 𝑔 −

𝑘

𝑚
𝑣2) + 𝐶  

𝑥 = −50 ln
(1000 − 𝑣2)

1000
+ 𝐶 

 As the direction of motion changes, new stationary point conditions will be: 

 𝑣 = 0, 𝑥 = 0 

 𝐶 = 50 ln
(1000−0)

1000
= 0  

 Therefore 

𝑥 = −50 ln
1000 − 𝑣2

1000
 

𝑒−
𝑥

50 =
1000 − 𝑣2

1000
 

1000 − 𝑣2 = (1000)𝑒−
𝑥

50 

𝑣2 = 1000 − (1000)𝑒−
𝑥

50 
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At 𝑥 = 50 ln
1000 + 𝑢2

1000
, 𝑣 = 𝜔.  

(This value of 𝑥 is the original position of the object) 

𝜔2 = 1000 − 1000 ×
1000

1000 + 𝑢2
 

      = 1000 ×
1000 + 𝑢2 − 1000

(1000 + 𝑢2)
 

      =
1000𝑢2

1000 + 𝑢2
 

 

7a i The equation of motion is: 

 𝑚𝑦̈ =  𝑚𝑔 − 𝑚𝑘𝑣 

𝑦̈ =  (𝑔 − 𝑘𝑣) 

 Terminal velocity is when the object hits the ground and 𝑦̈ = 0. 

𝑔 − 𝑘𝑉𝑇 =  0 

𝑉𝑇 =
𝑔

𝑘
 

 

7a ii  

𝑑𝑣

𝑑𝑡
= (𝑔 − 𝑘𝑣) 

∫ 𝑑𝑡 =  ∫
1

𝑔 − 𝑘𝑣
𝑑𝑣 

𝑡 = −
1

𝑘
ln(𝑔 − 𝑘𝑣) + 𝐶 

 At 𝑡 = 0, 𝑣 = 0. 

𝐶 =
1

𝑘
ln 𝑔  

Therefore 

𝑡 = −
1

𝑘
ln(𝑔 − 𝑘𝑣) +

1

𝑘
ln 𝑔 

𝑡 =
1

𝑘
ln (

𝑔

𝑔 − 𝑘𝑣
) 
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𝑣 =
1

𝑘
(𝑔 − 𝑔𝑒−𝑘𝑡) 

    = 𝑉𝑇(1 − 𝑒−𝑘𝑡) 

 

7b i The equation of motion for the second particle: 

𝑦̈ = −(𝑔 + 𝑘𝑣) =
𝑑𝑣

𝑑𝑡
 

∫ 𝑑𝑡 =  − ∫
𝑑𝑣

𝑔 + 𝑘𝑣

0

𝑈

 

          =  ∫
𝑑𝑣

𝑔 + 𝑘𝑣

𝑈

0

 

𝑡 = [
1

𝑘
ln(𝑔 + 𝑘𝑣)]

0

𝑈

 

    =
1

𝑘
ln (

𝑔 + 𝑘𝑈

𝑔
) 

 

7b ii When the second particle reaches its maximum height, 𝑣2 = 0 

 The speed of the first particle is given by:  

𝑣1 = 𝑉(1 − 𝑒−𝑘𝑡) 

 The time taken by second particle to reach maximum height:  

𝑇2 =
1

𝑘
ln (

𝑔 + 𝑘𝑈

𝑔
) 

 Substituting the value of time in the equation for velocity: 

𝑣1 = 𝑉 (1 − 𝑒
−𝑘×

1
𝑘

ln
𝑔+𝑘𝑈

𝑔 ) 

      = 𝑉 (1 −
𝑔

𝑔 + 𝑘𝑈
) 

      =
𝑉

𝑔 + 𝑘𝑈
(𝑔 + 𝑘𝑈 − 𝑔) 

      =
𝑘𝑉𝑈

𝑔 + 𝑘𝑈
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    =
𝑘𝑉𝑈

𝑘 (
𝑔
𝑘

+ 𝑈)
 

    =
𝑉𝑈

𝑉 + 𝑈
      as 𝑉 =

𝑔

𝐾
 

        

8a The terminal velocity for a particle falling under gravity is: 

 𝑦̈ = (𝑔 − 𝑘𝑣)     

At 𝑦̈ = 0, 

 𝑔 − 𝑘𝑉𝑡 = 0 

𝑉𝑡 =
𝑔

𝑘
 

 

8b The initial velocity of projection for 𝑃2 is:  

2𝑉𝑡 =
2𝑔

𝑘
= 𝑣2(0) 

 The equation of motion for 𝑃2: 

𝑦̈ = −(𝑔 + 𝑘𝑣) =
𝑑𝑣

𝑑𝑡
 

∫ 𝑑𝑡 =  − ∫
𝑑𝑣

𝑔 + 𝑘𝑣

0

𝑣2

 

          =  ∫
𝑑𝑣

𝑔 + 𝑘𝑣

𝑣2

0

 

𝑡 = [
1

𝑘
ln(𝑔 + 𝑘𝑣)]

0

𝑣2

 

   =
1

𝑘
{ln (𝑔 +

2𝑘𝑔

𝑘
) − ln(𝑔 + 0)} 

   =
1

𝑘
ln (

3𝑔

𝑔 + 𝑘𝑣
) 
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8c Velocity of 𝑃1 is 30% of its terminal velocity:  

𝑣1 = 0.3
𝑔

𝑘
 

𝑑𝑣

𝑑𝑡
= (𝑔 − 𝑘𝑣) 

𝑡 =
1

𝑘
ln (

𝑔

𝑔 − 𝑘𝑣
) 

   =
1

𝑘
ln (

1

1 − 0.3
) 

   =
1

𝑘
ln

10

7
 

 Substituting the value of time in the equation from part b: 

𝑡 =
1

𝑘
ln (

3𝑔

𝑔 + 𝑘𝑣2
) 

   =
1

𝑘
ln

10

7
 

3
𝑔
𝑘

𝑔
𝑘

+ 𝑣2

=
10

7
 

21𝑔

𝑘
=

10𝑔

𝑘
+ 10𝑣 

𝑣2 =
11𝑔

10𝑘
  m/s 

 

9a i  

𝑓(𝑥) = 𝑥 −
𝑔2

𝑥
− 2𝑔 ln

𝑥

𝑔
        where 𝑥 ≥ 𝑔 

𝑓(𝑔) = 𝑔 −
𝑔2

𝑔
− 2𝑔 ln (

𝑔

𝑔
) 

           = 𝑔 − 𝑔 − 2𝑔 ln 1 

           = 0 
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9a ii  

𝑓′(𝑥) =
𝑑

𝑑𝑥
𝑓(𝑥) 

            = 1 +
𝑔2

𝑥2
− 2𝑔 (

1

𝑥
) 

If 
𝑔

𝑥
= 𝑘, 

1 + 𝑘2 − 2𝑘 = (1 − 𝑘)2 

 Hence,  

𝑓′(𝑥) = (1 −
𝑔

𝑘
)

2

 

 

9a iii 𝑓′(𝑥) = (1 −
𝑔

𝑥
)

2

 

 𝑓′(𝑥) > 0     ∀   (𝑥 ϵ 𝑅) 

 Hence, 𝑓(𝑥) is an increasing function and as 𝑓(𝑔) = 0,  𝑓(𝑥) > 0  for 𝑥 > 𝑔. 

 

9b i  

𝑑2𝑦

𝑑𝑡2
= −(𝑔 + 𝑘𝑣) =

𝑑𝑣

𝑑𝑡
 

∫ 𝑑𝑡 =  − ∫
𝑑𝑣

𝑔 + 𝑘𝑣
 

𝑡 =  −
1

𝑘
ln(𝑔 + 𝑘𝑣) + 𝐶 

 At 𝑡 = 0, 𝑣 = 𝑉0. 

 𝐶 =
1

𝑘
ln 𝑔 + 𝑘𝑉0 

Therefore 

𝑡 =
1

𝑘
ln (

𝑔 + 𝑘𝑉0

𝑔 + 𝑘𝑣
) 

𝑔 + 𝑘𝑣 = (𝑔 + 𝑘𝑉0)𝑒−𝑘𝑡 

𝑣 =
(𝑔 + 𝑘𝑉0)𝑒−𝑘𝑡 − 𝑔

𝑘
=

𝑑𝑦

𝑑𝑡
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∫ 𝑑𝑦 =
1

𝑘
∫(𝑔 + 𝑘𝑉0)𝑒−𝑘𝑡 𝑑𝑡 −

𝑔

𝑘
∫ 𝑑𝑡 

𝑦 = −
1

𝑘2
(𝑔 + 𝑘𝑉0)𝑒−𝑘𝑡 −

𝑔

𝑘
𝑡 + 𝐷 

 At  𝑡 = 0, 𝑦 = 0. 

𝐷 =
1

𝑘2
(𝑔 + 𝑘𝑉0) 

 Therefore 

𝑦 =  
1

𝑘2
(𝑔 + 𝑘𝑉0)(1 − 𝑒−𝑘𝑡) −

𝑔

𝑘
𝑡 

𝑘2𝑦 = (𝑔 + 𝑘𝑉0)(1 − 𝑒−𝑘𝑡) − 𝑔𝑘𝑡 

 

9b ii At maximum height, 𝑣 = 0. 

𝑡 =
1

𝑘
ln (

𝑔 + 𝑘𝑉0

𝑔 + 𝑘𝑣
) 

𝑇 =
1

𝑘
ln (

𝑔 + 𝑘𝑉0

𝑔 + 0
) 

𝑇 =
1

𝑘
ln (

𝑔 + 𝑘𝑉0

𝑔
) 

 

9b iii 𝑡 = 2𝑇 

 Substituting in the equation of part a i: 

𝑘2𝑦 = (𝑔 + 𝑘𝑉0)(1 − 𝑒−𝑘𝑡) − 𝑔𝑘𝑡 

𝑘2𝑦 = (𝑔 + 𝑘𝑉0) (1 − (
𝑔

𝑔 + 𝑘𝑉0
)

2

) − 𝑔𝑘 (
2

𝑘
ln

𝑔 + 𝑘𝑉0

𝑔
) 

𝑘2𝑦 = 𝑔 + 𝑘𝑉0 −
𝑔2

𝑔 + 𝑘𝑉0
− 2𝑔 ln

(𝑔 + 𝑘𝑉0)

𝑔
 

 

9biv Let (𝑔 + 𝑘𝑉0) = 𝑋 

 From part a, 

𝑓(𝑋) = 𝑋 −
𝑔2

𝑋
− 2𝑔 ln

𝑋

𝑔
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 As proven in part a,  𝑓(𝑋) is an increasing function and 𝑓(𝑋) > 0 for 𝑋 > 𝑔. 

For times 𝑡 = 𝑇 and 𝑡 = 2𝑇,  𝑓(𝑋) is continuously increasing at a rate of (1 −
𝑔

𝑋
)

2

. 

That is, faster than linear increase. 

Hence, the interval of (2𝑇 − 𝑇) is greater than (𝑇 − 0). 

So, the downward journey will take longer than the upward journey. 

 

10a i Object of mass 1 kg dropped under gravity: 

 The forces acting on the object are gravity and air resistance. 

Gravity pulls the object downwards while the air resistance resists the motion of 
the object. So, the equation of motion is: 

 𝑥̈ = 𝑔 − 𝑘𝑣 

𝑥̈ = 10 −
1

10
𝑣 

 

10a ii  

𝑥̈ = 𝑣
𝑑𝑣

𝑑𝑥
= 10 −

1

10
𝑣 

𝑑𝑣

𝑑𝑥
=

100 − 𝑣

10𝑣
 

∫ 𝑑𝑥 =  10 ∫
𝑣

100 − 𝑣
𝑑𝑣 

           = 10 ∫ (
100

100 − 𝑣
− 1) 𝑑𝑣 

𝑥 =  −1000 ln(100 − 𝑣) − 10𝑣 + 𝐶 

 At 𝑡 = 0, 𝑣 = 0, 𝑥 = 0. 

𝐶 = 1000 ln 100 

 Therefore 

𝑥 =  −1000 ln
100 − 𝑣

100
− 𝑣 

The speed of object when it is 40 m below the lookout is 𝑉. 

𝑥 = 40 and 𝑣 = 𝑉 
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40 = −1000 ln (1 −
𝑉

100
) − 10𝑉 

𝑉 + 100 ln (1 −
𝑉

100
) + 4 = 0 

 

10b i After the parachute opens, the new equation of motion will be: 

𝑥̈ = (𝑔 − 𝑘𝑣2) 

    =
100 − 𝑣2

10
 

    = 10 −
1

10
𝑣2 

 

10b ii  

𝑥̈ = (𝑔 − 𝑘𝑣2) =
100 − 𝑣2

10
= 𝑣

𝑑𝑣

𝑑𝑥
 

∫ 𝑑𝑥 = 5 ∫
2𝑣

100 − 𝑣2
𝑑𝑥  

𝑥 = −5 ln(100 − 𝑣2) + 𝐶 

 At the start of this second journey, 𝑥 = 0 and 𝑣 = 𝑉. 

 𝐶 = 5 ln(100 − 𝑉2) 

 Therefore 

𝑥 = 5 ln (
100 − 𝑉2

100 − 𝑣2
) 

𝑒
𝑥
5 =

100 − 𝑉2

100 − 𝑣2
 

𝑣2 = 100 − (100 − 𝑉2)𝑒−
𝑥
5 
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10b iii  

𝑥̈ = (𝑔 − 𝑘𝑣2) =
100 − 𝑣2

10
=

𝑑𝑣

𝑑𝑡
 

∫ 𝑑𝑡 = 10 ∫
𝑑𝑣

100 − 𝑣2
 

          = 10 ∫
1

(10 + 𝑣)(10 − 𝑣)
𝑑𝑣 

          =
1

2
∫ (

1

10 + 𝑣
+

1

10 − 𝑣
) 𝑑𝑣 

𝑡 =
1

2
(ln(10 + 𝑣) − ln(10 − 𝑣)) + 𝐶  

 At the start of this new journey, 𝑡 = 0, 𝑣 = 𝑉. 

𝐶 = −
1

2
(ln(10 + 𝑉) − ln(10 − 𝑉)) 

 Therefore 

𝑡 =
1

2
ln (

10 + 𝑣

10 − 𝑣
) −

1

2
ln (

10 + 𝑉

10 − 𝑉
) 

    =
1

2
ln

(10 + 𝑣)(10 − 𝑉)

(10 − 𝑣)(10 + 𝑉)
 

 

10b iv 𝑉 = 25.7 m/s 

 The terminal velocity after the parachute opens is:  

𝑉𝑡 =  √
𝑔

𝑘
=  √100 = 10 m/s 

 105% of 𝑉𝑡 =
105

100
× 10 = 10.5 m/s 

 Using equation from part b iii with 𝑣 = 10.5 and 𝑉 = 25.7: 

𝑡 =
1

2
ln

(10 + 𝑣)(10 − 𝑉)

(10 − 𝑣)(10 + 𝑉)
  

    ≑ 1.4819  

 

  



 
Chapter 6 worked solutions – Mechanics 
 

© Cambridge University Press 2019  17 
 

11a 𝑉 = 30,    𝜃 = 45°,     𝑘 =
1

3
,      𝑔 = 10 

𝑑2𝑥

𝑑𝑡2
= −𝑘

𝑑𝑥

𝑑𝑡
 and 

𝑑2𝑦

𝑑𝑡2
= −𝑔 − 𝑘

𝑑𝑦

𝑑𝑡
 

𝑑𝑣

𝑑𝑡
= −𝑘𝑣 

∫ 𝑑𝑡 =  −
1

𝑘
∫

𝑑𝑣

𝑣
 

𝑡 =  −
1

𝑘
ln 𝑣 + 𝐶 

 At 𝑡 = 0,   𝑣 = 𝑉 cos 45° = 15√2 m/s = 𝑣𝑥 . 

𝐶 =  
1

𝑘
ln 𝑣𝑥 

 Therefore 

𝑡 =  −
1

𝑘
ln 𝑣 +

1

𝑘
ln 𝑣𝑥 

𝑡 =
1

𝑘
ln

𝑣𝑥

𝑣
 

𝑣 = 𝑣𝑥𝑒−𝑘𝑡 =
𝑑𝑥

𝑑𝑡
 

∫ 𝑑𝑥 = 𝑣𝑥 ∫ 𝑒−𝑘𝑡 𝑑𝑡 

𝑥 = −
1

𝑘
𝑣𝑥𝑒−𝑘𝑡 + 𝐷 

 At 𝑡 = 0, 𝑥 = 0. 

𝐷 =
1

𝑘
𝑣𝑥 

Therefore 

𝑥 = −
1

𝑘
𝑣𝑥𝑒−𝑘𝑡 +

1

𝑘
𝑣𝑥 

    =
1

𝑘
𝑣𝑥(1 − 𝑒−𝑘𝑡) 

    = 45√2 (1 − 𝑒−
𝑡
3) 
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11b  

𝑑𝑣𝑦

𝑑𝑡
= −(𝑔 + 𝑘𝑣𝑦) 

𝑑𝑣

𝑑𝑡
= −(𝑔 + 𝑘𝑣) 

∫ 𝑑𝑡 = − ∫
𝑑𝑣

𝑔 + 𝑘𝑣
 

𝑡 =  −
1

𝑘
ln(𝑔 + 𝑘𝑣) + 𝐶 

 At 𝑡 = 0,   𝑣 = 𝑉 sin 45° = 𝑣𝑦 = 15√2 .  

𝐶 =
1

𝑘
ln(𝑔 + 𝑘𝑣𝑦) 

Therefore 

𝑡 =  −
1

𝑘
ln(𝑔 + 𝑘𝑣) +

1

𝑘
ln(𝑔 + 𝑘𝑣𝑦) 

𝑡 =
1

𝑘
ln (

𝑔 + 𝑘𝑣𝑦

𝑔 + 𝑘𝑣
) 

𝑣 =
(𝑔 + 𝑘𝑣𝑦)𝑒−𝑘𝑡 − 𝑔

𝑘
=

𝑑𝑦

𝑑𝑡
 

∫ 𝑑𝑦 =
1

𝑘
∫(𝑔 + 𝑘𝑣𝑦)𝑒−𝑘𝑡 𝑑𝑡 −

𝑔

𝑘
∫ 𝑑𝑡 

𝑦 = −
1

𝑘2
(𝑔 + 𝑘𝑣𝑦)𝑒−𝑘𝑡 −

𝑔

𝑘
𝑡 + 𝐷 

 At 𝑡 = 0,   𝑦 = 0. 

𝐷 =
1

𝑘2
(𝑔 + 𝑘𝑣𝑦) 

Therefore 

𝑦 = −
1

𝑘2
(𝑔 + 𝑘𝑣𝑦)𝑒−𝑘𝑡 −

𝑔

𝑘
𝑡 +

1

𝑘2
(𝑔 + 𝑘𝑣𝑦) 

𝑦 =
1

𝑘2
(𝑔 + 𝑘𝑣𝑦)(1 − 𝑒−𝑘𝑡) −

𝑔

𝑘
𝑡 

𝑦 = 9(10 + 5√2)(1 − 𝑒−𝑘𝑡) − 30𝑡 

𝑦 = 45(2 + √2)(1 − 𝑒−𝑘𝑡) − 30𝑡 
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𝑦 = 45(2 + √2) (1 − 𝑒−
𝑡
3) − 30𝑡              as 𝑘 =

1

3
 

 

11c 𝑦 = 45(2 + √2) (1 − 𝑒−
𝑡

3) − 30𝑡      and       

𝑥 = 45√2 (1 − 𝑒−
𝑡
3)   

𝑡 = 3 ln (
45√2

45√2 − 𝑥
) 

 Substituting for 𝑡 in the equation for 𝑦: 

𝑦 =  45(2 + √2) (1 − 𝑒
− ln(

45√2

45√2−𝑥
)

) − 90 ln (
45√2

45√2 − 𝑥
) 

𝑦 =  45(2 + √2) (1 − 𝑒
ln(

45√2−𝑥

45√2
)

) − 90 ln (
45√2

45√2 − 𝑥
) 

𝑦 =  45(2 + √2) (1 −
45√2 − 𝑥

45√2
) − 90 ln (

45√2

45√2 − 𝑥
) 

𝑦 = 45(2 + √2) (1 − (1 −
𝑥

45√2
)) − 90 ln (

45√2

45√2 − 𝑥
) 

𝑦 = 45(2 + √2)
𝑥

45√2
− 90 ln (

45√2

45√2 − 𝑥
) 

𝑦 = 45√2(√2 + 1)
𝑥

45√2
− 90 ln (

45√2

45√2 − 𝑥
) 

𝑦 = (1 + √2)𝑥 − 90 ln (
45√2

45√2 − 𝑥
) 
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11d Graph of 

𝑦 = (1 + √2)𝑥 − 90 ln (
45√2

45√2 − 𝑥
) 

  

The range from the plot is approximately 44 m. 

 

11e When there is no air resistance: 

𝑑2𝑥

𝑑𝑡2
= 0     and     

𝑑2𝑦

𝑑𝑡2
= −𝑔 

 𝑥 = 𝑉 cos 45° 𝑡    and   𝑦 =  𝑉 sin 45°  𝑡 −
1

2
𝑔𝑡2 

 𝑥 = 15√2𝑡    and   𝑦 = 15√2 𝑡 −
1

2
𝑔𝑡2 

𝑡 =
𝑥

15√2
 

Substituting for 𝑡 in equation for 𝑦: 

𝑦 = 15√2 ×
𝑥

15√2
 −

1

2
× 10 × (

𝑥

15√2
)

2

 

𝑦 = 𝑥 −
5𝑥2

450
 

𝑦 = 𝑥 −
𝑥2

90
 

𝑦 = 𝑥 (1 −
𝑥

90
) 
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