MATHEMATICS EXTENSIO

Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6E Foundation questions

la Resistive acceleration (acting downwards)

resistive force (acting downwards)

mass
0207
B 5
g = acceleration due to gravity (acting downwards)
=—-10
Hence
_ 10 0.2v?
‘= 5
dv =50 —0.2v?
dt 5
—250 — v?
25
1b
dv  —250 —v?
dt 25
dt 25
dv  —250 — v2
=25
250 + v2
=25 X——=——
(5v10)" + v2
t 25 x ! tan"!——+C
== an” ' ———
5V10 5v10

5

v
an !l ——+C
V10 5v10
Whent = 0,v = 40.
5

0 tan~?! 49 +C
= ———tan" " ——
V10 5v10
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5 ., 8
= mtan Nen)
Therefore
t= —itan_1 7 +i an_1i
V10 5V10 V10 10
Maximum height when v = 0:
t= —itan*L + itan‘1i
V10 5V10 V10 V10
., 8
~ Vo Vo
= 1.888...
= 1.9 seconds

Maximum height is reached after about 1.9 seconds.

1c
dv B dv
dc ~ Vdy
—250 — v? dv
25 Vdy
dv B —250 — v?
dy 25v
dy 25v
dv =250 — p?2
< —25v
250 + 2
25
—7X 2v
250 + v2

25
y = —7ln(250 +v3)+C (since 250 + v2 > 0)
When y = 0, v = 40.

25
0= —=In(250 + 40) +C
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25
C= TIn 1850

Therefore
25 5 25
y = —7111(250 +v ) + 7111 1850

Maximum height is reached when v = 0.

25 25
y = —7111 250 + 7111 1850

25 1850
= —1In

2 250
= 25.0185

= 25 metres

Maximum height, correct to the nearest metre, is 25 metres.

2a Resistive acceleration (acting downwards)

resistive force (acting downwards)

mass
0.2v
0.5

g = acceleration due to gravity (acting downwards)

2b

. dv
X = a’ SO
dv —=50-2v
a5
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dt_ 5
dv  —50—2v

_5

_ 2

25+ v

5
t= —§1n|25 +v|+C

Whent = 0, v = 40.

5
0= —Eln|25 +40|+C

C = 51 65
= E n
Therefore

t = 51 |25 + |+51 65
= > n v > n
Maximum height is reached when v = 0.

= 20025 4 2n6s
- T32" 2"

5
= > (In65 — In25)

5 65
=-In—

2 25
5 13

=—-In—

2 5

5 13
Hence the object takes Eln = seconds to reach its maximum height.

2C
dv_ dv
dc ~ Vdy
—50—217_ dv
5  Udy
dv_—50—2v
dy  5v
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dy 5v
dv~ =50 - 2v
—5v
" 50+ 2v
5 125 I
==3 + 201 20 (by long division)
5 125
y=-5v +Tln|50 +2v|+C

When y = 0, v = 40.

5 125
0=~ (40) +——In|50 + 80| +C

125
C =100 ——1In130

2
Therefore
5 125 125
y = —E’U +Tln|50 + 217' + 100 — Tln 130

Maximum height reached when v = 0.

125 125
y = 0 +Tln50 + 100 —Tln130

=100 + £5m5_0
2 130
=100 + glni
2 13
Maximum height reached is (100 + %5 In %) metres.
3a Resistive acceleration (acting upwards)

resistive force (acting upwards)

mass

B 0.1v2
100

g = acceleration due to gravity (acting downwards)
=-9.8

Hence
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0.1v?
100
2

1000

_ —9800 + v?
1000

X=-98+

=—-9.8+

Terminal velocity occurs when ¥ = 0.

~ —9800 + v?
1000

0 = —9800 + v?

9800 = v?2
lv| = /9800
= 70v2
=99

The terminal speed is about 99 m/s.

3b
dv_ dv
dt ~ Udy
dv —9800 — v?
dy 1000
dv _ —9800 — v?
dy ~ 1000v
dy  1000v
dv  —9800 — v2
_ =500 x 2v
9800 + v2
y = =5001n(9800 + v?) + C (since 9800 + v? > 0)

Wheny = 0,v = 0.8 x 70v2 = 562
0 = —5001In (9800 + (56\/5)2) +C

C = 5001n(16 072)
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Therefore
y = —=5001n(9800 + v2) + 500 In(16 072)
When object is dropped, v = 0.

y = —=5001n(9800) + 500 1In(16 072)

16 072)
9800

= 247.348 ...

- 5001n<

= 247 metres

The point at which the object was dropped was about 247 metres above the
ground.
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Solutions to Exercise 6E Development questions

4ai g =10; u=20; f=-v?

The equation of motion of the object is:
. dv ( 1 2)
T G

dx = 40v d
T T00+ 02

fdx = —20f2—vdv
400 + v?

x = —201In(400 + v?) + C

Atx =0,v = 20.

C = 201In(800)

Therefore

800 )

— 201 (—
* =200 750572
At maximum height, v = 0

800)

X = ZOIn(400

= 201n 2 metres

4aii

v (+1 )
TR C ALV TR

j ) @ j 40dv
Y 400 + v2

t = 4of dv
B 400 + v?2

Using v = tana,
dv =sec’ada and 1+ tan’a = sec®a

t = 4Ot -1 +C
720" 20
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= 2tan"l—+C
an 20+

Att =0, v=20.
0=C—-—2tan 11

o T
2
Therefore

t T 2t 17

= —_— n - —
2“9

Atv =0, (x = Xpmax)

t T 2tan~10
=——2tan
2

T
= o) seconds

4bi  Equation of motion of the object as it falls is:

_ 1
x g 4017
4b ii
. 1, dv
*TI 720V T Vax
dx = 40v d
* = 200-2%

fd - zof —2v
b N 400 — 2 ¥

x = —=20In(400 —v?) + C

Now, since the object is falling down, the new stationary point conditions will be
x = 0,v = 0 as the direction of the motion is changed.

0=-20In400+C
C =201n400
Therefore

x = —201n(400 — v?) + 201n 400
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— 201 400
= LPM00 — vz
When the object returns to starting point, which is now x = 201n 2,
400
400 — v2

800 — 2v? = 400

20In2=201n

v? =200

Speed = |v| = 10V2m/s

5a v; =Vy  fr = mkv;
mx = (mg — mkv)

¥ =(g—kv)

@— (g = kv)

fdt_fg kv

1
t= —Eln(g —kv)+C

Att = O, v = Vo.
1

C = Eln(g — kVy)

Therefore

1 1
t= —Eln(g — kv) + Eln(g — kVy)

1 g_kVO
t==In

k g—kv

5b

1 g_kVO
t_Eng—kv from part a
ekt_'g_kVO

g—kv
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kv =g — (g —kVp)e ™
v= %(1 — e k) + Ve Rt
Ast — oo,

lim v

t—oo

4=l

% (as T is very large)

5c
v=%—%e"“+V ‘kt=%
fdxz f(%+(VO—%)e‘kt)dt

k AN
Att=0,x=0.
g (1
c=(-2)
g Vo—g _
X =t (1—e7*t)

5d From part c, the object will fall as:

g, kVp—g “k
x=rt+—a—1—e™)
Terminal velocity is:

9
i Vo =20
k=—
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_ g (kVO g) —kt
Xno= t+ 2 (1—e™™H
kVO - g 0
=20t+0 as—5— =ﬁ=0
The other object falling simply under gravity will fall as:
X =(g—kv)

1
t= —Eln(g—kv)+C
Att =0, v=0.
C—ll

Therefore

1 1
t= —Eln(g — kv) +Elng

t—1 g
k g—kv
dx 1
= — = — —kty — 1-— -kt
V= (g ge ) = ( e ")
_9,_9 ke
xz—kt kz +D
Att =0, x =0.
g
D=ﬁ
Therefore
g g _ g
x2=zf‘ﬁ =
_9.. 9 okt
—kt+ (1 )

=20t +40(1 — e~ %)
The distance between the objects after t seconds will be:
d =[x, — x|
= |20t — (20t + 40(1 — e~kt)|
= 40(1 — e k1)
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The limiting distance is when the stone thrown with terminal velocity hits the
ground. As we don’t know the height, we assume the time of descent is very large
and t — oo.

limd = 11m 40(1 —e7*) =40

t—ooo

6a m=10; k=—; f=kv} v,=u; g=10

At the highest point (point A), v = 0.

. f _dv
nx = —mg — kv? dt
fdt f dv

g+ k
- 10\/_f 1000 + v2

t =10 [tan‘1 1—1;)]:

u v
tan~! )
10v10 10v10

=10 (tan‘1
At point A:

u 0
t= 10 (tan‘1 —— —tan! )
10v10 10v10

= +/10tan™?!

u
10v10

6b

dv_ k )
vdx_ 9 mv

Jd 1J 2v dv
X=—=|———
2 g+%v2

- -2 ( b X 2)+C
X = ang m‘l)

Att=0,x=0andv = u.
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C =50l 1000 + u?
=27 T 1000
Therefore
— 501 1000 + u?
X =V 1000 + 02
At maximum height, v = 0.
— 501 1000 + u? )
x = n 1000 metres

6c Vr = w

The object will fall a distance of OA.

dv ( k 2)
dx g

IJ‘ 2vdv J‘d
> X

= ml ( « 2)+C
X = an g mv
— 501n 200D .
= " 1000

As the direction of motion changes, new stationary point conditions will be:
v=0,x=0
1000

Therefore

X
1000 — v% = (1000)e 50

X
2 =1000 — (1000)e"50
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Aty = 501 1000 + u? _
x =50In—-rn—,v = .
(This value of x is the original position of the object)
2 =1000 — 1000 x 1000
@ 1000 + 2
— 1000 x 1000 + u? — 1000
Bl (1000 + u?)
_1000u?
1000 + u?

7ai  The equation of motion is:
my = mg — mkv
y=(g—kv)

Terminal velocity is when the object hits the ground and y = 0.

g_kVT: O
_9
VT—k
7aii
dv_( kv)
ac 9T

[a= [~La
B g—kvv

1
t=—Eln(g—kv)+C
Att =0, v=0.
C—ll

_E ng

Therefore

1 1
t= —Eln(g — kv) +Elng

1 g
t _E1n<g —kv)
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1
v=r0g-ge™)

=Vr(1—e7*)

7bi  The equation of motion for the second particle:

i} dv
y=-(g+kv)=_

t= [%ln(g + kv)]:

_1l <g+kU)

7bii  When the second particle reaches its maximum height, v, = 0
The speed of the first particle is given by:
v, = V(1 —e k)
The time taken by second particle to reach maximum height:

1 + kU
T2:_1n<g )
9

k
Substituting the value of time in the equation for velocity:

g+kU
k>< In:
v1=V<1_e k g )

9
V(15
g+ kU

(g+kU-g)

=g+kU

kVU
g+ kU
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Ti(E+0)
=VV+—UU asV =—

8a The terminal velocity for a particle falling under gravity is:

y=1(0g—kv)
Aty =0,
g_kVtZO
_9
Vt—k

8b The initial velocity of projection for P, is:

29
2V, = T = v,(0)
The equation of motion for P,:
. dv
y=-(@g+hkv)=—

fdt— f" dv
1,Zg+kv

vz dv
__f; g+ kv

1 v
t= [—ln(g + kv)]
k 0

= %{ln (g + %) —In(g + 0)}

1 39
——ln( )
k \g+kv
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8c Velocity of P; is 30% of its terminal velocity:

_ 039
v1—0.3k
dv
E—(g—kv)

Substituting the value of time in the equation from part b:

1 39
t=—1n< )
k  \g+kv,

1,10
“k 7

39

9ai

g’ x
f(x):x——x——ZglnE wherex > g

2

f(g)=g—%—291n(§>

=g—g—2gInl
=0
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9aii
FG) = o)

2
-2(])
+x2 9 X

g =
X

14 k% =2k =(1-k)?

Hence,

Fe=(1-9)
9aiii f(x)—( ——)2
f'x) >0 V (x€eR)

Hence, f(x) is an increasing function and as f(g) = 0, f(x) > 0 forx > g.

9b i

y (+k)_dv
dez . T =

f dv
g+ kv

1
t= —Eln(g + kv)+C

—
U
o~

I

Att=0, U=V0.
C==Ing+kV,

Therefore

1 (g + kVO)

Tk g+ kv

g+kv=_g+kVy)e*

_(g+kVe™ —g _dy
k de
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1
fdy=;f(g+kVo)e‘ktdt—%fdt

1
y = —ﬁ(9+kVo)e_kt—gt+D

k
Att=0,y=0.
1
D = 2 (g +kVy)
Therefore

1 _ g
= ﬁ(g +kVO)(1—€ kt)—Et

2y = (g +kVp)(1 — e %) — gkt

9bii At maximum height, v = 0.

1 /g +kV
t=—1n< )
k g+ kv

T =

<g+kVO)
g+o0

T =

1
k
1 /g +kV
—In ( )
k g
9biii t =2T

Substituting in the equation of part a i:

k?y = (g + kVy)(1 — e ) — gkt

2. _ 3 g )2 B (E g+kV0)
y (g+kVo)<1 (g+kVO gk (7 p

g° (g + kVp)
¥ kV,

k?y = g+ kVy —

9biv Let(g +kVy) =X

From part a,

2
g X
X)=X—-=-2gln—
f ¥ ~ 29 7
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As proven in part a, f(X) is an increasing function and f(X) > 0 for X > g.

2
Fortimest =T and t = 2T, f(X) is continuously increasing at a rate of (1 - %) .

That is, faster than linear increase.
Hence, the interval of (2T — T) is greater than (T — 0).

So, the downward journey will take longer than the upward journey.

10ai Object of mass 1 kg dropped under gravity:
The forces acting on the object are gravity and air resistance.

Gravity pulls the object downwards while the air resistance resists the motion of
the object. So, the equation of motion is:

X=g—kv
=10 L
X = 1017
10aii
_ dv_lo 1
x—vd 1Ov
dv_lOO—v
dx  10v

v
fdx— 1Of100_vdv

10}( L0 1)d
100 — v v

x = —1000In(100 —v) —10v + C

Att=0,v=0 x=0.
C =1000In100

Therefore

100 —v

x = —1000In 100

-V

The speed of object when it is 40 m below the lookoutis V.
x=40andv =V

© Cambridge University Press 2019 14



o B

~ CambridgeMATHS == »

MATHEMATICS EXTENSION 2

Chapter 6 worked solutions — Mechanics

4
40 = —10001n (1 - m) — 10V

|4
V+1001n(1—m)+4—0

10bi After the parachute opens, the new equation of motion will be:

X =(g—kv®)
_100—172
10
1
=10 — —p?
0 1017
10b ii
100 — v? dv
¥=(@g-kv’)=——=v—

10 dx

fd —sf 2
=2 To0— 2

x =—=5In(100 —v?) +C
At the start of this second journey, x = 0O and v = V.
C =51In(100 — V?)

Therefore

_ 100 — V2
X =2 700 —v2
100 - V?
100 — v?

vl R

X
v2 =100 — (100 — V2)e 5
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Lk a5
P .

" CambridgeMATHS

10b iii
100 — v? _dv
10  dt

fdt—lOf dv
N 100 — v2

=10 ! d
B .[(10+v)(10—v) v

2 )
2 \T0+v T 10-0/%

t= %(ln(lO +v)—In(10—v))+C

¥=(g kvt =

At the start of this new journey, t =0, v = V.

C = —%(ln(lO +V) —1In(10 = V))

Therefore
t—11 (10+17) 11 (10+V)
“2™M10-v) 2" 10—V

1 (10 +v)(10 - V)
— 20—+ V)

10biv V = 25.7m/s

The terminal velocity after the parachute opens is:

V, = \/%z V100 = 10 m/s

105% of V, = -2 x 10 = 10.5m/s

Using equation from part b iii with v = 10.5and V = 25.7:

1 (10+v)(10-V)
L= do—wao+n

= 1.4819
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dv_ i
ac Y
1 rdv
fdt=—— d
v
t= —=lnv+C

Att =0, v ="Vcos45° = 15V2 m/s = v,.
1

C = Elnvx
Therefore
t= 1 +11
= —yhv+oiny,
1. v,
t=—In—
k 1 v
dx
— —kt _ 2
v =v,e T
fdx = vxje"“dt
1
X = —vae"“+D
Att=0, x =0.
¢
D :E’Ux
Therefore
1 1
x = —vae‘kt+zvx
1
= va(l — ekt

= 45V2 (1 - e_%)
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11b
dv,
— = (g +kv)
L gk

fdt__fg+kv

1
t= —Eln(g + kv)+C

Att =0, v="Vsin45° = v, = 15V2.
1
C = Eln(g + kvy)
Therefore
1 1
t= —Eln(g + kv) + Eln(g + kvy)
1 + kv
t=1In (9_)
k g+ kv
B (g+kvy)e ™ —g _dy
B k Cdt

1
fdy:Ef(g+kvy)e‘ktdt—%fdt

N g
y———(g+kvy)e kt—Et+D

Att=0, y=0.
1

D = ﬁ(g + kvy)

Therefore

y = (g + kv, )e *t — %t +— (g + kvy)

_ g
= ﬁ(g + kv, ) (1 — e~0) —xt
y =9(10 + 5v2)(1 — e~*) — 30t

y =45(2 +V2)(1 —e™*) — 30t
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t 1
y=45(2+x/§)<1—e‘§>—30t ask =z

11c  y=45(2+v2)(1-e75)~30¢ and

x = 45V2 (1 - e_§>

t=31 (ﬂ)
-on 45V2 — x

Substituting for t in the equation for y:

y:45(2+\/_)<1 1_— >_901n<454t/57\/§x)
y =45(2 +ﬁ)£—ﬁ—901n<£_%>

y = 45V2(V2 + 1)4;—\5— 901n <45‘i/5§‘/? )
=(1++v2)x—90In <45‘i/5§‘/§ x)
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11d  Graph of

4542
=(1+v2)x—=90In[———
Y ( ) (45\/§—x>
) = 45\7
) ix =45\2
2.5, 1O resistance il

&y
.

15-57

=V

20 I4OXI6O 30

I
|
|
I
|
|
|
I
|
I
A
|
]
|
|
|
I
|
|

The range from the plot is approximately 44 m.

11le  When there is no air resistance:
d?x d?y
=0 ad e =g

x=Vcos45°t and y = Vsin45° t—%gt2

x =15V2t and y = 15\/7t—%gt2

_ X
152

Substituting for t in equation for y:

= 15v2 X X 1><10><( X )2
Y 15v2 2 15v2
5x2
Y =X " 150
T
X
y=x(1-5p)
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