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Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6D Foundation questions

la Let direction of motion be positive, mass = M kg.

2
So braking force = — =M N, hence

3
2y,
braking acceleration = -3 m/s?
and resistive force = —LM v2 N, hence
180
resistive acceleration = ﬂ = ——v? m/s?
M 180
Therefore
L_ 2 L 2
37 180"
dv 2 1
ar- 3 180"
—120 — v?
=50
Now @ = v@ SO
dt dx’
dv  —120 — v?
dx  180v
dx 180v
dv —120 — v2
—90 X 2v
T 120 + v
x =-=90In(120 + v?) + C (since 120 + v2 > 0)

When x = 0,v = 288 km/h =80 m/s.
0=-90In(120 + 80%) + C

C =901In(120 + 802)

Therefore

x = —901In(120 + v2) + 901In(120 + 802)
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_ opy (120 +80°
= VI 120 ¥ 02

1b When v = 0,

001 120 + 802
X =2V 20 ¥ 02

= 360 metres

Therefore the car travels 360 metres to bring it to rest.

2a Let direction of motion be positive, mass = 10 000 kg.

So propelling force = 10 000 N, hence
0000

1li leration =
propelling acceleration = 10 000 1 m/s?
and resistive force = —100v? N, hence

st leration = —100v? _ 1 5 5
resistive acceleration = 10000 — 10017 m/s
Therefore
¥=1-150""

Maximum speed is when ¥ = 0.

1
1-—p2=
100"

v2 =100
[v] =10 m/s

Hence the maximum speed is 10 m/s or 36 km/h.

2b From part a:

dv_l 1 )
dt 1007

100 — v?
100
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Now @ = vE o]
dt dx’
dv 100 — v?
dx  100v
dx  100v
dv 100 — 2
_ —50x—2v
100 — v2

x =—=50In(100 —v?) + C (since |v] < 10 m/s so 100 — v% > 0)
Whenx = 0,v =0m/s.

0=-50In100+C

C =501n100

Therefore

x = —50In(100 — v?) + 501n 100

100 )

=>0In (100 — 2

2C When x = 50 m,

50—501( 100 )
=2V 100 =2

l( 100 )_
"Too—+2) T

100
100 — w2
100 = (100 — v?)

100
— =100 — v?
e

100
v? =100 — —
e

|v] = /100 — 100e~1 m/s

Percentage of maximum speed

_ V100 — 100e?
- 10

X 100%
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= 79.506 ...%
= 80%

After 50 m, the monorail is travelling at a speed that is about 80% of its
maximum speed.

3a Let direction of motion be positive, mass = m kg.

P
So propelling force = 5 N, hence

P
v

= — m/s?

ropelling acceleration =
prop g o

and resistive force = —kv? N, hence

2

resistive acceleration = m/s?

Therefore

. Pk
X=———v
mv m

P — kv3
mv

2

X =

Maximum speed of u m/s occurs when ¥ = 0.

P — ku?
0=——

mu
P—ku®=0

P
k=$

3b From part a:

_dv_P- kv3
dt mv

dt mv
Pu? — Pv?
T mudv
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N dv B dv

oW - =V ——,50
dv Pu3 — Pv3
dx  mudv?

P (u?—v3

m\ udv?

P [ ud v3
m\udv? udv?

_P(l 1)
T m\w2 Ul

3c From part b:
dv  Pud - Pv3
dx  mudv?
dx mu3v?
dv Pu—Pv3
1 3 2
—3zpmu’ X —3Pv

B Pu3 — Pv3

1
X = —3—Pmu3 In(Pu3 — Pv3)+C (since u > v so Pu3 — Pv3 > 0)

Distance travelled when speed changes from éu to éu

=<—%mu3ln<Pu —P(g )3>+c>—<—%mu3ln<Pu —P(; )3>+c>

W 31(P 8 pus )+1 31(10 1p)
R 3Pmu n(Pu 57 u 3Pmu n(Pu 57 u
1
1 Pu3 — == Pu’
=§mu31n —287
3_9 p3
Pu 27Pu
1
1 1-57
_ 3
3Pmu In 1_£
27
) 26
_ 27
—3Pmu 3In 19
27
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1 3 26
~3p™ Mo
mu3In ig
=—=3p metres
3d
Maximum braking force = —B N, hence
B
maximum braking acceleration = — — m/s?
o Pv?
and resistive force = —kv? = —?N, hence
2
resistive acceleration = — — m/s?
Therefore
) B Pv?
X=—-——-
m mu3
_ —Bu® - Pv?
X=———
mu
dv —Bu3 — Pv?
dt mus3
N dv B dv
ow i vdx,so
dv —Bu3 — Pv?
dx  mudv
dx mudv
dv  —Bu3 — Pv?
3 —mudv
~ Bu3 + Pv?
13
B —5pmu X 2Pv
Bu3 + Pv?
1
X = —ﬁmzﬁ In(Bu® + Pv?) + C (since Bu3 + Pv? > 0)

Minimum distance travelled when speed changes from u to 0
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1 1
(.3 3 (=3 3 2
—< op M In(Bu +0)+C) ( op M In(Bu® + Pu )+C>

= —imu3 In(Bu3) + imu3 In(Bu® + Pu?)
2P 2P

— 1 31
—zpmu n

Bu® + Pu?
Bu3

— 1+Pu2
2™ T B

_me (1+P) ¢
= 2P n Bu metres
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Solutions to Exercise 6D Development questions

43

4b

4c

4d

The negative sign of the forces indicates that the forces are acting in the direction
opposite to the actual motion of the parts. The force in the spring is resistive, i.e.,
resisting the motion completely. The force in the dashpot is viscous force of
resistance which helps slowing the motion down.

The forces acting on the door are:
my = —3my — 2my
y+3y+2y=0

y = f(t) and y = g(t) are solutions of y + 3y + 2y = 0.
frfo+3f ®O+2f®=0 (1)

g" ) +39'®) +29®) =0  (2)

y = Af(t) + Bg(t) where 4, B are constants

y=Af'(t) +Bg'(t)

y=Af"(®)+Bg"(®)

Substituting the above values of y and its derivatives into y + 3y + 2y:
y+3y+2y

= Af"(t) + Bg" () + 3(Af'(t) + Bg'(t)) + 2(Af(©) + Bg(1))
=A(f"(0) + 3f'(0) + 2f () + B(g"(t) + 3g'() + 29(1))
= A(0) + B(0) from (1) and (2)

=0

Hence proved.

kt is a solution of the differential equation.

y=e
y=ke* and = kZe*t

Substituting the above values of y and its derivatives in the equation of motion:
y+3y+2y=0

k2ekt 4+ 3kekt + 2ekt =0
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(k? +3k +2)eft =0
(k+ Dk +2)e =0
k=-1or —2

Possible values of the constant k are k = —1 and — 2.

4e  Att=0, y=0 and%:

y=Ae ? +Be™t

d

&_ —2Ae %t — Be7t
dt

At t=0,

0=A4(%)+B(%)=>A4A=-B
1= -2A-B
=>1=-24+4

A=-1 & B=1

Therefore

-t -2t

y=e ‘—e
5a The driving force is: F

Resistive force is: kv?

mi = (F — kv?) ... denotes the motion of the submarine or the net force on the
submarine

. dv
Now, ¥ = —

dt
Hence,

dv_ 1 (F — kv?)
dt m v
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5b

dv vdv

ac ax Y M

f P = L logla + bv?) + 2
a+bpz ¥ T gp BT oY (2)
Using (1) and (2):

1
w' = —(F — kv?)

m

Integrate both sides w.r.t x between the limits v; and v,

L]
———dx=—| dx
_L F— kv2 _f

[——ln(F kvz)]v2 =—

X = 2 [ZIn(F = kv2) — (= In(F — kv))]

2k
_m_ F—kv}
YTk F — kw2

6a m=1, f.=v+v3 v,=0
Since, there is only one resistive force: m¥ = —(v + v3)
dv
—=—-(w+v?
T ( )

v odv
fdtz—f .
o VtV
1 _1 1( 2v)
v+v3 v 2\1+4v2
fdt— f" 1 1( 2v ) g
B o \v 2\1+v? v

1 v
- [ln v—=In(1+ vz)]
2 0

+ 2
[n———ln QZI
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—In——=In

2 02 2 1402
_1 Q2 1+
(i)

6b t=1In (QZ x “”2)

vZ " 1+Q?

~ [1 v? 11+Zl

1+v? 1+ Q?
oz 02

eZt

172 QZ
T+v2 1+Q2°

2
e,
1+v2 14 Q2

1
1+v2= 5
1-_9Q° -
1+%°

QZ
Qz o2t <1+Q2>
2o 1102 _ AT o) = @7
_1 Qz e~ 1402
1+0Q?2
2 Q°
(1409 - Q?

-2t

2 Q?
o " Pt
Therefore v? « e~2t
Ast » o, v? -0

Q > 0 initially; which means that the speed decreases from some positive value
to zero with passage of time.

Hence, v is always positive.
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6e

dv dv

= —(v+v°) v—
dv

vd—= —v(1+v°)

fd f dv
= 1+ v2

Substituting v = tana

dv =sec’ada and (1+tan?b) =sec?b

— -1 v
x = —[tan™" v]g
x = —[tan™'v —tan"! Q]

x=tan"'Q —tan"lv

lim x = 11m (tan‘1 Q —tan"'v)

t—oo

limx =tan™1Q — lim <tan‘1
t—oo t— oo

limx =tan"1Q — limtan™10
t—oo t—oo

limx =tan™1Q
t—oo

x=tan"'Q —tan"lv

Lettan™'Q =g and tan " 'v =7
q

So, Q =tanqg and v =tanr

e2E(1+QD)-Q?

tang — tanr

tan(q —r) =

x=tan"'Q —tan”
Q—v
1+ Qv

-1

= tan
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7a

7b i

7b ii

1 _ A 4 B
2-v)3+v) 2—-v 3+4v

(BA+Av)+ (2B—Bv) =1

3442B=1
(A-Bw=0
A=B
54 =1

A=B =2
5

dv 10*

—=7(6—v—kv2) m=45 x10% v, =2; F=10*6-v)

dt

104
5é=—(6—v—kv2)

When the speed reaches its maximum value, the acceleration is zero.

0—104(6 kv q..)
_m Umax Umax
6—2—-4k =0

k=1

dv_lO“(6 3
dt  m vov

L PRy (RN
B —v—v2_5 2—v 3+4+v v

10* 1 3+v

T iTghy T te
Att=0, v=0.
SoC = 11 5
(0] = 5n2
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Atv = 1.5,

_om (l (3+1.5) 13)
T5x10\"\2—-15/7 "2

t = 161.25 seconds

t = 2 minutes and 41 seconds

8a For the first 3 seconds, the equation of motion is:
Mi = —2M
X =—-2m/s?
Vianding = 72m/s?
Using:v =u+at and x =ut+%at2 att =3
V3 = Vignding 1+ Xt
=72—-3%2
= 66m/s
x3=72X3—=x2x3?

= 207m

8b After the first 3 seconds, the equation of motion is:

) dv v?

X=vo = —Q ~10%
10*v

4= ~30000 + 2 Y

2v
de = —SOOOJWCIU

x = —5000[In(20000 + v?)] + C
Att =3, x =207 and v = 66.
207 = —50001n(20000 + 662%) + C
C =207 + 50001n(20000 + 662)

Therefore
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— 207 4 5000 In [ 22000 * 66°
= "\ 20000 + v2

8c

20000 + 662
x =207 + 5000 In

20000 + v2

This equation is valid till the limit of v = 36

20000 + 362

20000 + 662
x = 207 + 5000 In

=207 4+ 671.3
= 878.3m

8d Equation of motion after the speed has reduced to 36 is:

= —2 = p—
X de

dx = —2d
x——zv

So, the distance covered by the plane till the speed reduces to 7 m/s is:

7

x = 878+f (—;)dv

36

36 4,
=878 +f —dv

> R
= 878 +311.75

= 1190 m

9a F = mP; fr=mkv; u=V
Equation of the motion of the box:
mx = (F — f,) = mP —mkv
a=P—kv
When net force is zero, a = 0.

P—kv=0
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fdt_fp kv

1
t= —Eln(P—kv) +C

- -4 (1 v)+c
- TRy,

Att=0, U=Vi

1
C ==In(P — kV))

k
_1l <1 Vi)
“k o\t Ty,
Therefore
v
t——llnl_v0
= 1_&
Vo
Vi v
1——) k=g
( v,/ € V,

o (1)

V;
lim v = lim V, (1 — (1 ——) e‘kt) = Vy(1-0)
t—oo VO

limv =V,

t—oo
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9¢ Vi >V, =RedCurve; V;=5; V,=2
Vi <V, =GreenCurveV; =1; V,=2

VA

~ ¥
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9d (2 =—V0,' (%) =§Vo

2V,
fdt— fT dv
e P—kv
3
2V,
= ——[ln(P QL

Y

=[n(-7)l,
P Vo/ l2vo

3

(- -w(-3)

= 1l 2
= T n
10a
d’x 5-—2x
F = T, Xg = 1, Vo = 0
d*’x 5-2
W=T=3(>O)atx=1
At x = 1 the acceleration is positive. So, the particle will start to move in positive
x direction.
10b

2 x3
5 5—2x
ve =2 3 dx
X
dx dx
= 10 F—‘l- F
=-5x?+4x 14+ C
4 5
=-———+C
X X
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Att=0, x=1 and v = 0.

0=4-5+C
c=1
Therefore
4 5
v2=———2+1
X x
5 x> +4x -5
vVE=—
X2
VxZ+4x—5
v=t— = =
X
Vx2+4x—5
vV=— forx > 1
X
10c
Vx2+4x —5 ) 5
Graph of v = —— . Consider x = =
X 2
0 5 1‘0 15 20

As can be seen from the above graph, the velocity approaches 1 from above.
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11ai Xg = 0, Vg = VO (> 0)

dv 3
v— = —kv2
dx = ——
[z
—|=x 2\/5]
[x 2],
kx %
= Al

When particle stops moving, v = 0.

2V,
ok
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11bi

dx v (1 kx )2
vV=—= —
e~ ° 2.V,

Let =C

2.V,

dx
I =V,(1—-Cx)™2

J-dt = Vof(l — Cx)"?%dx

%
t=?0(1—Cx)‘1+D

Att =0,x =0, we get:

© Cambridge University Press 2019
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