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Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6C Foundation questions

la v = —6sin2t
X = —12cos2t = —4x
36 sin? 2t + 36 cos® 2t = 36
v? = 36 — 36 cos? 2t = 36 — 4x?
v? = 4(9 — x?)

1b When x = 2,
v =1,/4(9 — 22)
= +2V5 m/s
X =-4(2)

= —8m/s?

2a

;—x(%vz) =-n?(x —c¢)
v?2 =D —n?%(x —¢)?

At each extreme of motion, the velocity is 0.
0 =D —n%a?

D = n?a?

v?2 = —n?((x =c)? — a?)
c=0,a=5andn=3

Thus, v? = 9(25 — x?)

2b v =+/9(25-32)
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2C Whent =0,x=0
v = +./9(25)
=+15m/s

3a

4= o

v?2 =D —n?(x —c)?
c=0,andn = |\/E| =4
v? =D — 42x?
v=24whenx =0
576 = D — 16(0)
Thus,
v? =576 — 16x?

= 16(36 — x?)

3b Period = %n = gand Amplitude = 6

3c When x = 2,

vl = /16336 = 22)
= 16V2 cm/s
i =—-16(2)
= —32 cm/s?
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43

CY

v?2 =D —n?(x —c)?

At each extreme of motion, the velocity is 0.
0 =D —n?a?

D = n?%a?

v?2 = —n?((x — c)? — a?)
c=0,a=6andn =2

Thus, v? = 4(36 — x?)

. .2 . ‘
Therefore, the period is 7” = 1 and maximum speed is 6 cm/s.

4bi x = 6cos2t
4bii x = —6cos 2t
4biii x = 65sin 2t

4biv x = —65sin 2t

5a
d /1
— (=2 = —_n2 —
=(Gv) = -0
2=D—n%(x—c)?
n = [vV256| = 16
c=0

v?2 =D —16%(x)?
v =0whenx =2

0 =D —16%(4)
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Thus, v2 = 1024 — 16x? = 16(64 — x?)

When x = 0,
vl = \/16(64)
=32m/s
5b
1
X=-—gx

Whenx =0,v = 4.

1
v? = =(64 — x?)
2
Whenv = 0,
1
0 =§(64—x2)

0 =64 — x2
x% =64

x = 8cm

6a Whenx =0,v=4

2
YA

= _y
"=

16 = 42(a?)
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a=1m
6b
_27‘[
=3

2m?
2 = = (22 — x?)

When x = 0,
4T

= |—(4

vl /9<>
_471'

=3 m/s
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Solutions to Exercise 6C Development questions

7a Amplitude a = % =10 cm

2T
T=8=—
n
_TL'
"=y

Maximum speed of particle in SHM is:
= 10X~
an = 2

_5m
= 7cm/s

Assuming the particle started from O (though, it won’t affect the maximum speed
or acceleration):

o
x = 10sin—t

4
St mw
v =7COSZTI
. 5 , T
X:—gﬂ' Slnzt

5
Maximum acceleration is gT[z cm/s?

7b X =6cm
Using the relations: v2 = n?(a? — x?) and ¥ = n%(c — x)
2
2 _ (I 2 2
v? = (%) (10% - 62)
v =12mr cm/s
.o 7T 2
X¥=4 (Z) (0—-6)

_ 4 3m?
3 cm/s?
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8 a=5m; when x=2, ¥=+4
Using & = n?(c — x)
¥ =+4 =n?%(-2)
n? =2
Using v2 = n?(a? — x?):

Atx =0, v?= 2(5%-102%

Vo = 5vV2m/s
Atx =4, v?=2(5%—-42%)
v, = 3vV2m/s
9 T=m vpy=an=3_8
_2m 5
nET
vmax 8
= =—=4
n 2
Using v2 = n?(a? — x?):
When x = 3,

172 — 22(42 _ 32)

v; = 27 m/s

10 x=4cm; v=20cm/s; X= —6§cm/s2
Using the relations v? = n?(a? — x?) and ¥ = n?(c — x):
400 = n?(a® — 16) and — 6§ = n2(—4)
5
2 _ 2
T3
5
400 = §(a2 —16)

- J(400 xg) +16

=16 cm
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11 Initial speed = |v,,4,| = 10v/3 cm/s
x = asinnt
v = ancosnt
Vmax = an

_10V3

=225
v=+15cm/s

Therefore speed is 15 cm/s.

12 Vg =VUmax =V =an
x =asinnt and v = ancosnt
2 = nz(az _ x2)
The particle comes to rest when v = 0.
0 = na® — n%x?

V? =n2x? (asV = an)

SEIRS

= +

Hence proved.

13a  Amplitude=a and % = —n%x
d?x _ d (1
=—= ( 172) —n?x
dt? dx
d (1
—(—172) = —n?x
dx \2
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Integrating both sides with dx

%vz = —n? [x dx
v? = —2n? [x dx
v:=-n*x2+¢C

Atx=a, v=0,

As the particle is in SHM,
0= —n2a?+C

C =n?a?

Therefore

v? = n?a? — n?x?

= n2(a? — x?)

13bi x=0
vE =n%(a? - 0?)
vy = tan

Speed = |vy| = an

13bii x ==
2
2
e (o)
Uy = i\/z—gan

Speed = |v,| = %\/gan
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14a v?= —9x? + 18x + 27
= —9(x? —-2x—13)
= —9((x*-2x+1)—4)
= —3%((x—1*-2%)
= 32 -(x-1%
which is of the form v? = n?(a? — (x — ¢)?)
wheren =3,a=2andc = 1.

So, the amplitude is 2.

Period is:
_ 2T _ 2T
“n 3

The centre of the motion is x = 1.

14bi v? =80+ 64x — 16x2
=16(5 + 4x — x?)
=16(9 — (x? — 4x + 4))
=4%(3* - (x = 2)%)
which is of the form v? = n?(a? — (x — ¢)?)
wheren =4,a =3 andc = 2.

So, amplitude is 3.

Period is:
A 2T m
Tn 2

Centre of motion is x = 2.

14bii v? = —9x2 + 108x — 180
=9(=20 + 12x — x?)
=9(16 — (x? — 12x + 36))
=3%(4* - (x — 6)%)
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which is of the form v? = n?(a? — (x — ¢)?)
wheren = 3,a =4 andc = 6.

So, amplitude is 4.

Period is:
_ 2T _ 2T
“n 3

Centre of motion is x = 6.

14biii v> = —2x?> —8x — 6
=2(—x?—4x - 13)
=2(1-(x*+4x+4)
= (V2) (1% - (x + 2)?)
which is of the form v? = n?(a? — (x — ¢)?)
wheren =+v2,a = 1andc = 2.
So, amplitude is 1.

Period is:

= V2n

Centre of motionis x = —2.

14b iv v? = 8 — 10x — 3x?

8 10
3G-n-r)

2 [ (7\? 5\2
=(3) ((5) - (x+3) )
which is of the form v? = n?(a? — (x — ¢)?)
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7 5
wheren=\/§,a=§ and c = -3

7
So, amplitude is 3 or2—

3
Period is:
2t 2m 243
T=—=—=——11
n 3 3
o 5
Centre of motionisx = — 3

15ai x = sin?5t
Using cos 2y = 1 — 2sin?y => sin?y = % - %cos 2y

1 1
x ==—=cos 10t
2 2

v=ﬂ=x=551n10t
dt

d?x .
proi 50 cos 10t

¥ = 50cos 10t + 50 — 50

= —100 (1 ! 10t) !
= > 2cos >
— 102 _1
= —10 (x 2)

Hence proved.

15aii x = sin?5¢
sin2y = 2siny.cosy

5c=%=251n5t.0055t .5=5sin10t

= dix = 50cos 10t
dt?

¥ = 50cos 10t + 50 — 50

= —100 (1 ! 10t) !
= 5 T 5C08 >
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15b

16a

16b

= —102 (sin2 5¢ —%)

- -0 (x-3)

Hence proved.

Centre of the motion is:

X=c=>x=2
2

Range of the motion is:

1 1 1 1
(———)SxS(—+—)= 0<x<1

2 2 2 2
Period is:
_2m 2m m .
= —10—5m1nues

¥=-9(x—-7); a=7cm

Centre of the motion is theline:x =c=>x =7

So, the particle oscillates in the range:
7—a)<x<(7+a)=0<x<14

That is, the origin is a point of extremity for this motion.
The velocity of a particle in SHM at the extremes is zero.

Hence, for this motion, the velocity at the origin is zero.

= —9(x—"7)

i = i(lvz) = —9(x—7)

T dx \2
Integrating both sides w.r.t x

P2
2

v?= —9(x?—-14x) +C

= =9 [(x —7)dx

Atx=0, v=0s0C=0

Therefore
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16¢

17a

v? = —9(x? — 14x)
= —9((x? — 14x + 49) — 49)
=-9((x-7)?-7%)
V= VUpgy for(x—c) =0
Vpax = —9((7=7)? = 7%)
Vmax = £21 cm/s

Maximum speed =|v,,4,| = 21 cm/s

X=-9(x—-7)
Atorigin,x =0
¥ =-9(—7) = 63 cm/s?

Observe that the acceleration at origin of the particle is towards the positive
direction and at its maximum value.

Thus, even if the particle has zero velocity at the origin, the restoring
acceleration of the particle is maximum and makes it move away from the origin.

x = 4 cos3t — 65sin 3t

6
c0s = ———= andsin = ———
V4Z + 62 V4Z + 62

x = V52(cos 6 cos 3t — sin 6 sin 3t)
x = \/52cos(3t = 6)

dx

S =#= —3v52sin(3t — 0)
d’x

== —9v52 cos(3t — 6)

¥ = —9(v/52 cos(3t — 6))
X =-9

Hence, the acceleration is proportional to the displacement but in the opposite
direction and the motion is simple harmonic.
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17b ¥ = —-9x = —3%x
x=acosnt; a= Vv52=2v13; n=3

Amplitude is 2v13.
2n 2w
n 3

Maximum speed = |Vy,4,| = an = 6vV13
Required magnitude of acceleration

= ||

-5(3)

2V/13
= 9(7)

9V13

18a x = 3+ sin4t + V3 cos 4t

1 1 _ V3
cosaz—zz and sma'=7

,/12 +V3
x = 3 + 2(sin 4t cos a + sin a cos 4t)
x = 3 + 2(sin(4t + a))
x = 8cos(4t + a)
¥ = —32sin(4t + a)
= —16(2sin(4t + a))
= —16((3 + 2sin(4t + a)) — 3)
= —16(x — 3)
Hence proved.

The centre of the motion is x = 3.

Period is:
T_Zn_Zn_n
n 4 2
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18b  From the solution in part a:
x = 3 + sin 4t + /3 cos 4t

1 1 _ V3
cosa=—=§ and sma=7

,/12+\/§2

x = 3 + 2(sin 4t cos a + sin a cos 4t)
= 3 + 2(sin(4t + a))
= 3+ 2sin(4t + a)

T
a = tan" 13 =3

18c  When the particle is at the centre in SHM its speed is the maximum.
So, speed at centre is:
an =2X4=8

x=c=>x=3
] T
3=3 +Zsm(4t+§)
) T
Sin (4t + 5) =0
For first three times:

T
4t+§=n,27t,37r

19a x =104 8sin2t + 6 cos 2t

__ 8 _8_ 4 . _6_ P
COS“—\W—lo—5 an sma—lo—s an a = tan 2

x = 10 + 10(cos a sin 2t + sin a cos 2t)
x =10+ 10sin(2t + a)
x =20cos(2t + a)

¥ = —40sin(2t + a)
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= —4((10 + 10sin(2t + a)) — 10)

= —4(x — 10)

= —n?(x —c¢) wheren =2and ¢ = 10
Hence, the motion is SHM.

The centre of the motionis:x = c =>x = 10

Period is:
_2n_27r_
T n 2 -r

Since x = 10 + 10sin(2t + @) is of the form x = x, + a sin(nt + @),

amplitude is 10.

19b  The particle first reaches origin when x = 0.
0 =10+ 10sin(2t + a)
sin(2t + a) = —

2t + a) =sin"1(-1)

2t+a=—

2
3w 1 3
T4 T g
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