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Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6B Foundation questions

la The amplitude is 12.

27

The period is % =4

1b

1c Att=0,x=12cos0=12cm

Att =0,v=—6msin0=0cm/s

1d Solving x = 0 gives

0=12 7Tt
=12 cos>

7Tt—O
cost =

T 3

t=—,
2" 2

N[ X

t = after 1 second

le As the next time the particles hits the origin in at t = 3, it is 2 seconds between
each visit.

2a The amplitude is 2.
The period is -l
41 2
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2b Max and min are 2 and —2. The points of intersection with the x-axis are -

1

13
2°4°

=

2c v = 8w cos 4mt

¥ = —32m? sin4mt

2d x = 2sin4mnt
¥ = —32m?sin4mt
= —16m?(2 sin 4mt)

= —16m%x

2e Whenv =0,

0 = 8w cos4nt

cos4nt =0
Aot = m 3w

=27
. 13

- 8’8
Att == & = —3272

3 2
Att = g, = 3271
2f Greatest speed is when acceleration is 0.

When ¥ = 0,

0 = —32m? sin 4mt
sindnt =0

It =0,
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Whent = i,

v =8mcosm

= 8mr m/s
3a Whent=0,x=0

3b v = 4 cosTt

X = —4msinnt
2 4
= —m“ X —sinmt
T

= —m?x

3c The amplitude is %. The period is 27” =2s

3d The maximum distance is the amplitude. - %

. 4
Maximum speed = X = 4 seconds

3e Max and Min of x at%and —%.
When x = 0,
4
0 = —sinnmt
T
sintt =0
t=1,2
v =4 cosmt

Max and Min of v at 4 and —4.
X = —4msinmt

Max and min are —4m and 47
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3f Whenv = =4 m/s,
—4 = 4 cosmt
cosmt = —1
t=1
Whenv =4 m/s,

4 = 4 cosmt
cosmt =1
t=2

3g When ¥ = —4m m/s,

—4m = —4msinmt
sinwtt =1
‘o 1

2

When ¥ = 47 m/s,

4w = —4msinmt
sinwtt = —1
t—3
2
43
2
n=—=2
T
a—z—
X = 2sin 2t
4b a==6
_4_2
"T673
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= 6sin=t
X Sll’l3

5a x = bsinnt + c cosnt
v = bn cosnt — cnsinnt
¥ = —bn? sinnt — cn? cosnt

= —n-x

5bi Whent=0,x=3
3= bsin0+ccos0
Thus,c =3
Whent=0,v=0
0 = bncos0—cnsin0
Thus, b =0

So,x = 3cosnt

S5bii

_2n_2
n= T = T

Whent=0,x=5
5= bsin0+ ccos0
Thus,c =5
Whent=0,v=0

0 = bncos0 —cnsin0
Thus, b =0

So, x = 5 cos 2mt

t= %as it takes 1 s to complete cycle of 27 so it takes % s to return to origin.
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6a X = asinmt

V = amcos Tt

¥ = —am?sinmt = —mw?x
6b
41
a=—=4%
i

6¢ When v = 2,
As this is slower than the starting velocity, this value is negative

—21m = 4mcosmt

7a v = 6sin3t
X = 18 cos 3t
A particle is stationary when the velocity is 0.
When x = 10,
10 =12 — 2 cos 3t

. 2T
3
2T
When t = Y

v=6sin2n =0

7b a=2
2
3

Centre x = 12
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7c Moving between 10 < x < 14

= _TL’
2 3

2
3

7d When x = 10,
10 =12 — 2 cos 3t

1 =cos3t

2w 4

t=—,—

3 3
Whent=2—n,4—n,
3’3

v=0,% = 18 cm/s?

7e When x = 12,
12 =12 — 2 cos 3t

0 = cos 3t
t_n T
6’2
Whentzz,E
6’2
v =6cm/s

% = 0cm/s?

8a Amplitude = 6, period = 277[, initial phase: g

8b
% = 12 cos (21: +§)

% = —24sin (Zt + g)

= —22x
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8c When x = 0,

0= 6sin(2t+g)
sin(2t+%) =0

2t+§=nand2t+§=27t

8d Velocity is maximum when acceleration is zero.

When ¥ = 0,
0 = —24sin (Zt + %)

2t+§=2nand2t+§=4n

8e As the periodism, t = m,2m

% = 12 cos (2(m) +%) -0
# = —24sin (2(m) + %) =24
% = 12 cos (2(2m) +§) =0

% = —24sin (2(27‘[) +§) = —24
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Solutions to Exercise 6B Development questions

9a A= 120, T = 24', Xg = O; vy > 0

2T
T="2294
n
_7T
=12

x = 120sin—t
12

v = 10w cos—t
12

Maximum speed = 10r m/s (= 31.4 m/s)

9bi x=+30= 1205in1—n2t

12 1
—T[sm 2

= 0.9652 seconds

9bii x =—-30=120 sinl—nzt

12 ¢ 1
t =—sin" (——)
T

4
r 1z |1
=E+?sm Z
12 1

=12+ —sin"'-
71_Sln 4

= 12.97 seconds

9c Half maximum speed = 12—” =51

Hence v = 5mor — 57

When v = 57,
T
57 =10m cosEt
12 1

t=—cos 1=
i
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= 4 seconds
When v = —5m,
T
—57 = 10¢ cosﬁt
t= Ecos"1 (— l)
s 2
T 12 .1
=73
24 12 «m
2 173
=12-4
= 8 seconds

The speed of the particle will be the same when it reaches the same position
again. That is, for every quarter of the SHM, the speed will be half the maximum
speed after 4 seconds.

Hence, the speed will be half the maximum speed after 4 and 8 seconds and then
after 16 and 20 seconds.

10a T =

Particle at positive extreme initially and moving towards O.
x = Acosnt
= 4 cos 4t

v =—16sin4t

10bi Forx = +2,

2 =4 cos4t
t =2cos™1=
4 2
1 =
= — X —
4 3
— 4 d
=1 seconds
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10bii Forx = -2,
—2 = 4cos4t
1

~
|
A=
(@)
o
ml
[N
/
N
N—

)
o
wn
I
=
N =

=

|
O\I:l Al NN
|
| =

[E
N

seconds

10c  |Vpax| = 16 cm/s
For half maximum speed:
v=-8andv =28
When v = -8,
—8 = —16sin4t

= 57 seconds

When v = 8§,
8 = —16sin4t
1 1

t= Zsin‘1 (— E)
_T 1 _11
—273%"M 3
moom
T4 24
_57T q
=52 seconds

T 5w
Therefore the first two times areﬁ seconds and >4 seconds.
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11 x = sin®t

Using cos 260 = 1 — 2sin? @

., 1 — cos 26
sin“ 0 = ——

2
So
2 1 —cos?2t
sin“t = ———

2
11 ”
x—2 > cos

1 1

=x0—acosntWhereczz,azzandnzz
Centre of the motion is the line x;, = %

Amplitude of the motion is %

Range of SHM:

(1 1)< <(1+1)
27 2)=*=12"2
0<x<1

Period:

12a x=3-—2cos?2t
Using cos 20 = 2cos?6 — 1
2cos?0 =1+ cos 26
So
2cos?2t =1+ cos4t
x =3 —(1+ cos4t)
= 2 —cos4t

which is of the form x, — a cosnt where x, =2,a =1andn =4
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12b  Centre of the motion is the line x, = 2.
Amplitude is 1 cm.
Range of SHM:
2-1D)<x<@2+1)
1<x<3
Period:

T_Zn_n
T n _25

12c v=d—x=4sin4t
dt

Maximum speed = 4 cm/s

The maximum speed occurs at the centre and as the particle starts at one of the
extremes, it will occur after:
T 1

274 8

e B

S

132 x=2+3cost+ 3+V3sint
% = —3sint + 3v3 cost
¥ = —3cost — 3/3sint
= —(3cost + 3V3sint)
=—(x—2)
which is of the form
% = —n?(x —c)wheren=1andc = 2.

Hence, the motion is simple harmonic.

13b Centre of the motion is the line x = 2.

13c  Period of the motion is:
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13d  3cost+ 3V3sint

=6 ! t+\/§' t
= 6{cos 7 Sin

n . 7t - - - . 71-
=6 (cos 3 cost + sm§ sin t) (since we are aiming for 0 < 8 < 5)

=6 (cos t cosE + sin t sin E)

B 3 3

Using cos(A — B) = cos Acos B + sin Asin B,
3cost + 3V3sint

=6cos(t—g)

which is of the form

T
Acos(x —0) where A =6,x =tand 6 =3

13e x=2+6cos(t—§)

Amplitude is 6 cm.

Initial phase is: ¢ = —g

13f  Interval of particle
= range of oscillation
=(2-6)<x<(2+6)

=—4<x<8

1l4a wvy=3;, T=4m; x9=6

x = bsinnt + ccosnt

_277,'
T n
2T
4T = —
n
_1
=3
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Hence
ot t
x = bsmz+ccosz
dx
arrs
b t c .t
= ECOSE_ESIHE

Using initial conditions:
Xo=6=>bsin0+ccos0=c
Hence ¢ = 6.

b
Vg =3=§c030—zsin0=5

Hence b = 6.

Therefore

—6<' t+ t)
X = Sll’l2 COS2

The particle is at the origin for the first two times when:
6 (sinz+cos=) = 0
sinZ + cosz | =

b ostoo
Sin — COS— =
2 2

ot t
SIN— = —COS—
2 2

14b T =6; xy=-2; Vo= X =
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bsinet + ccosmt
X = Sin — C COS —
3 3

b s nt T 77.'t
v=bX=cos=t—cX=sin—-
3 3 3 3

Using initial conditions:

Xo=—2=¢cC

A
U0=3=b><§

9
b=-—
T
Therefore
= Zsinst—2cosmt
x—nsm3 cos3

The particle is at the centre the first two times when x = 0:
9 =

in-t—2 7Tt—O
7Tsm?’ cos3 =

o T
—sin—=t = 2cos—=t
T

3 3
tanEt = 2—77:
3 9
t= Etan‘lz—n
T 9

T
t = 0.582 and <§

t = 0.582 and 3.582

+ 0.582)

15a x = asin(nt + a)

vo=5 x=0 T=6

X = asin(gt+a)
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_dx
L

an (nt ra)
=—cos(zt+a
3 3

Using initial conditions:
Xo =0=asina

Sincea > 0,a = 0.

am ar
2 =5=?cos(0+0) =3

15b x=asin(nt+ a); v= % = an cos(nt + a)

2T
T=3nr=—
n
_2
=3

Using initial conditions:

xo =asin(0 +a) = =5

2a
vo=—=cos(0+a)=0

3
2a
?cosa =0
m 3w
a =z or—
From x, = —5 = asina, we get:
a=5anda =37n
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15¢ x =asin(nt+ a); v= % = ancos(nt + a)

n=1
Using initial conditions:

Xo=1=asina

Vo= —1=acosa
X
2= —1=tana
Vo
3w
a=—
4
Hence
. 3w
1=asin—
4
a= 2

16a x =acos(2t+ a)

0 asin@e + a)
U—dt— a sin a

Xg = 0, Vo = 6
Using initial conditions:

Xo=0=acosa

) I8 I8
Since a > 0, a=§or—§
vy =6 = —2asina
a= I and a =3

16b x =acos(2t + a)

9 usin(2t + a)
U—dt— a sin a

xXo =1; v=—-2V3
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17

Using initial conditions:
Xo=1=acosa

vy = —2V3 = —2asina

V3 =asina
v
2 =tana =3
Xo
_ 5m m
a= 6or3
Asvo < 0; o ==
S Vg ; a—3
s

Substituting a = 3 into V3 = asina gives

s
V3 = asin=

3

V3
Vi=ax2

2
a=2

x=acos(§t+a)

x=0att=2andv =—4att =4
T T

v = —agsm(gt+a)

Using given conditions x = 0 att = 2:

0 =acos(%

cos(%+a)=0

+a)

. m 5w
a=or
Using given conditions v = —4 att = 4:

—4 = —agsin (%-I_ a)

32 ) m
—=acosa using sin (5 + x) = CcoSXx
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Si T 0andcos < 0: a="
Ince COS4 and cos 4 ; a—4

322

Hence a =

18 T=8m;, x=asinnt+a); t=1x;=3andv; =-1

2T
T =8nr=—
n
_1
=3
_dx_a (t_l_)
v—dt—4cos 2 a

Using given conditions:

—3= '<1+) dv, = —1=2 (1+)
xl— —aSln4 a ] an Ul— —4COS4 a

X1 1
—= -3 =4tan<Z+a>

V1
1+ 4 _1( 3)
7 a = tan 2

1
As sine > 0 and cosine < 0; (— +

zta ) in 2nd quadrant.
1 (3
—+a=m—tan (—)

4 4
1 (3

a=—Z+7t—tan (Z)
a = 2.248
Hence

_ 3
’ sm(%+a)

=5
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19a

19b

19c

ng; xo=3; v,=16
T_n_Zn

2 n
n==4%

X = bsin4t + c cos 4t

v = 4bcos 4t — 4csin4t
Using initial conditions:
3=bsin0+ccos0
c=3

and

16 = 4bcos0 + 4csin0
16 = 4b

b=4

Therefore x = 4 sin 4t + 3 cos 4t

x = 3cos4t + 4sin4t
3 4 . .
=5 (E cos 4t + < sin 4t) using triplet 3,4, 5

= 5(cos € cos 4t + sin £ sin 4t)
= 5(cos 4t cos € + sin4t sin¢€)

= 5cos(4t — ¢€) using cos(4A — B) = cos Acos B + sinAsin B

—sinl2 = tan-le =370
5—51n 5— an 37

where € = cos™?!

4
This is of the form x = a cos(nt — €) wherea = 5,n = 4and ¢ = tan™ ! 3

Amplitude of SHM is 5 m.
v =—20sin(4t — ¢)

So maximum speed is 20 m/s.
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19d Whenx =0,
0 = 4sin4t + 3cos4t

4sin4t = —3 cos 4t

3

tan4t——Z
T 1 .3
t=E—Ztan Z
r 1 .3
3T g

Also, 0 = 5 cos(4t — ¢€)
cos(4t—e) =0

T
4t—€:E
4t tan‘14—ﬂ
3 2
T 1 .4
t=§+ztan §
Since tan‘li:z—tan‘13
3 2 ’
T 1 4
t=§+ztan Ebecomes
m 1/m 13
t=§+16‘wn ﬁ
T m 1 .3
“gtgTa® 1
m 1 13
37" g

Hence the two answers obtained are the same.

© Cambridge University Press 2019 14



3 ;a{.@w

CambridgeMATHS == &

Chapter 6 worked solutions — Mechanics

20

20a

20b

T = 24 hours; Range = 19°—-9°=10°C; xo= 9

A=c—9=19—-¢c=5

2T T

n= T = 1z hours; t will be in hours after 4: 00 am

x =14 — 5cos (Et)

When x = 14°,

14 = 14 — SCos(Et)
T

cos(lz)—O

nt_n 3w

12°° 2972

t=6o0r18

That is, 6 or 18 hours after 4:00 am, the temperature will be 14°.

In the given time interval, it will be 10:00 am.

When x = 11°,

11 = 14 — 5cos (Et)

3
cos (17TZ ) =z
12 §

t=—cos !
T 5

= 3.542 ... hours after 4:00 am
= 3 hours 32.52 ... minutes after 4:00 am

The temperature will be 11° at 7: 33 am.
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20c  Whenx =17°,

17 = 14 — 5cos (—t)

12
mqg)-_i

t—12 _1( 3)
= —cos z

= 8.457 ... hours after 4:00 am
= 8 hours 27.479 ... minutes after 4:00 am

The temperature will be 17° at 12: 27 am.

21 Range =16 —10 = 6m

T
5= 7 hours (16: 00 — 9: 00)

2T
T=14 = —
n
_T[
n=yz
_16+10
c=—p—=

A=16—-c=c—-—10=3

Therefore

T
x =13 — 3cos(7t)
When x = 12,

12 = 13 — 3 cos (;t)

cos (5¢) =3
t= %cos 1%

= 2.742 ... hours after 9:00 am and 2.742 ... hours before 10:00 pm
= 2 hours 45 minutes after 9:00 am and 2 hours 45 minutes before 10:00 pm

Hence, the allowed timings are after 11:45 am and before 8:15 pm.
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22

Consider a SHM with time period T, amplitude 4, frequency n and phase angle a.
Say, the equation for displacement of the particle is: x = A sin(nt + a)

So, the velocity of particle is given by: v = An cos(nt + a)

In an SHM, a particle travels a total distance of 44 in time period T.

So, the average velocity is:

B 4A
Vavg = T
2n
Also,since T = —,
n
2An
Vavg = T

The maximum velocity of particle in SHM is: v, = An

Ratio of average speed to maximum speed is

Hence proved.
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(25)(,@) »C = 4~5¢'n(3i—+*g') + 2 s5in3t

= = 12cos(3% +g—-> F 6 os3t
2 = ——Bész‘n(gi;f*%l) — |8 sia3t
- = Joe
5 ;2 S 6’;—? +la .&rm ;zﬁ—hlx)

S0 Htha moton 1S SHM.

(19) > = 45L'nf’>tcosg’ + 4-6053%56ng +2sindt
= 2035003t + 2 s3t L 250n3¢

= 2(J3+1) sin3t + 2as3¢

= Asin (Bt+u)

w A2 ,A,D‘:: 4‘(@4—])2 + 4
- 4—(4-+2J’é>+4

2o+ 8J3
S0 +he ﬁmg)if‘i‘udd A s \)74‘"(‘5'4-2\}%)

= 2 /5+2J3

it




(24—> ot &= aces(nt +oé>'
Whan =0 ,2¢=] so & e Sod =
When t=1  2¢=5 50 acDS(n_-l-o-é):S @
W Lan t:z) =85 S0 aces C.Zn +o¢>:5 @
We must show vhat n = ca.s_,ri"-
Expanding (2t acosncesot — asinnsina =

u_gfnj@: cosSn —asinannsinoe =8 @

Ex,oamé{—"nj @: L coS 2ncCoSeld — Asitm2anSing =

Us{ng@: ces2n — asin 2n sinee =5
2¢os’n—| = 2asitan @wsasinoa = §
cosin — Asinan oS nsLoot = 2

co S ACQSm —_ ﬁ-St‘nn..Stlnot> :3
Us«'nj @; oS n <Cv.5r1 + B — s a) = 5

So Cof n = E.—'
5
g cc._s_,-—al T B :»eiu-'re.aﬂ.
Iy
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