Chapter 6 worked solutions — Mechanics

Solutions to Exercise 6A Foundation questions

lai v=6

dx

T

1 dt

v dx

1 dt

6 dx

1
t=€X+C

Substituting x = 1 when t = 0,

0=%(1)+c
1
¢=-%
1
tzg(x—l)

laii v=6

_dx
V=
x=6t+C

Substituting x = 1 whent = 0,
1=C

“x=6t+1

1bi v =—6x2

_dx
V=
dt
—6x2% = —
x dx
1
t=——x3+C
18x +
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Substituting x = 1 when t = 0,

1
S
0=-=D+C

.C_l
718

1

— _ A3
t 18(1 x>)

f= (1)
“1gv ¥

18t=1-x3
x3=1-18t

1
wx=(1-18t)3

1ci v =—6x

Substituting x = 1 whent =0

0—1+c
12
.C_ 1
h 12
1 1 1
b a2 (=2 _
e TR @ -1
1cii v =—6x3
1
t—E(X -1)
2 =12t +1

1
x=(12t+1)72
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1di v=e 2
2 _ X
dt
t=lezx+C
2

Substituting x = 1 whent =0

0—12+C
1
C=—Eez

1dii v=e"%*
1
t= E(ezx —e?)

2t + e = e**

1
X = Eln(Zt + 82)

lei v=1+x?

14x%=—
+ x at
1 dt
1+x2 dx

t=tanlx+C
Substitutingx = 1 whent =0

O=tan"114C

.C_ T
~C = 7
s
St=t  ——
an X 4
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leii

1fi

1fii

2a

v=1+x?
i

t=tan lx ——
4

t+n tan™!
— = 1tan X
4

=t t+n
x =tan ( 4)

v = cos® x
cos’x = dx
dt
1 dt
cos?x  dx
t=tanx +C

Substitutingx = 1 whent =0
0=tan1+C
~C=—tanl

~“t=tanx —tanl

v = cos®x
t=tanx —tan1l
t+tanl = tanx

x =tan (¢t +tan1)

‘[]:

d /1
_ % (2.2
_dx(2v>
d /1

_ Y2
_dx(26)

d
—a(18) =0
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d (1
— — | — 4 2
—dx<2(1+x + 2x ))

d /1 1
— = 3 2
_dx(2+2x +x)

= 2x + 2x3
= 2x(1 + x?)

2f v = cos®x
d /1
Rl )
_dx(zv )

-4t

= % <% (cos* x))

= —2cos® xsinx

3a ¥ = 6x°?

From above

d /1

L (Z2) = a2

dx (Zv ) 6x
d

v (12) = 2

o (v9) =12x

2=4x3+C
for some constant C.

Now apply the conditions v(0) = 0 and x(0) = 0

0=0+2C
nv? =4x8
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3b

for some constant C.
Now apply the conditions v(0) = 0 and x(0) = 0
0=-2+C

3c

Tt 1

d /1 ) 1
—|=v —
dx(Z ) 2x+1
2
2x+1

~vi=m|2x+1|+C

d
a (v2) -

for some constant C.
Now apply the conditions v(0) = 0 and x(0) = 0
0=Inl1|+C
“C=0
= In|2x + 1]

3d
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o1
T ara
d(l 2) 1
—|=v —
dx 4 + x2
2
_ 2\ —
dx(v) 4+ x2

for some constant C.
Now apply the conditions v(0) = 0 and x(0) = 0

O=tan" 104 C

43

2
5c'=—2andwhent=0,v=0
v

dv_Z
dt  v?
dt_v2
dv 2
1
t=—v3>+C
617

for some constant C.

Now apply the conditions v(0) = 0 and t(0) = 0

0=04+7C
1

R — 3
61.7
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4b 5c'=v2andwhent=0,v=§

dv
o2
P
de 1
dv  v?2
1
t=—=+4C
v

for some constant C.

Now apply the conditions v(0) = %and t(0)=0

0=-2+4+C
1
nt=2——
v

4c ¥=24+vandwhent=0,v=1

dv
EZZ-I_U
dt 1
%:2+v

t=mh|24+v|+C

for some constant C.

Now apply the conditions v(0) = 1and t(0) = 0
0=In2+1|+C

€ = —1In|3|
2+v
“t=In|2+v|—In|3] = |
5a
2
5C'=T and whenx =0,v =1
dv v?
Vix~ &
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dx 4
dv v
x=4In|v|+C

for some constant C.

Now apply the conditions v(0) = 1 and x(0) = 0

0=0+7C
wC=0
&~ x = 4In|v|

5b

5c'=; and whenx =0,v =6

dv

3
dx v
dx_v2
dv 3

3

¢
=7

for some constant C.
Now apply the conditions v(0) = 6 and x(0) = 0
0=244+C

5c ¥=2+vandwhenx =0,v=0

dv
va=2+v
dx v
E=2+v

x=24+v—2In|2+v|+C

for some constant C.
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6a

6b

Now apply the conditions v(0) = 6 and x(0) = 0
0=2—2In|2|+C
v C=21n|2| -2
~x=v+42In|2| —21In|2 + v|
=
2+v

=v+2In

From Newton'’s second law, after dividing through by the mass,

W _ 3y
dt '

Integrating, v = %tz —2t+C

At=0,v=0,s0C =0and

3
==t? -2t
Y72
dx
— ==t* -2t
dt 2

. d
Integrating, d—: = %tz -2t

1
x=—=t3—t>+D

2
Att=0,x=0,so0D = 0and
1
— Z 3 _¢2
*=3

Henceatt =4,x = 16

From Newton'’s second law, after dividing through by the mass,

d(l 2)_4 +2
dx\2Y ) T3% "3

4 oy 8t
dx 0’ 73%7"3
Integrating, v2 = gxz + %x +C

At=0,v=0,s0C =0
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4o 4
v —3.X' 3x

Henceatx = 3,v =4

6c

From Newton’s second law, after dividing through by the mass,

dv_ 1
dt  0.25v + 0.5

dt
— =0.25v+ 0.5
dv

Integrating, t = %vz + %v +C

At=0,v=0,s0C =0

Henceatv =4,t =4

6d

From Newton's second law, after dividing through by the mass,

dv 1
Vax T 05v +1
dv 1
dx 0.5vZ+v
= = 0502 +
= 050" +v
Integrating, x = %v3 +%v2 +C
At=0,x=0,s0C =0
1 1
x=gv3+§v2

Henceatv=3,x =9
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Solutions to Exercise 6A Development questions
7 F =12i+ 23]

F,=91—7]

Fy = =51 + 14§

o

=F1+F2+F3
E. = 16 + 30j

F=ma m=2

_ 161 +30)

a4y =———

= 8i + 15]
la,| = V82 + 152
=17 m/s?

a, = tan™! (?)

L _1(15 .
The acceleration is 17 m/s? at an angle of tan™? (1?) above the horizontal.

8a OA=20Nat32°
OA = 20cos32°i+ 20sin32°}
= 16.961 + 10.6j
OB =15 Nat (180 - 54)°
OB = 15 co0s(180 — 54)°i + 15sin(180 — 54)°}
= —8.817+ 12.13]

8b F =0A+OB
= 16.961 + 10.6] + (—8.81f + 12.13))
= 8.14{ + 22.73]

|E.| = V8.142 + 22.732
=24.14...
= 24N
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8c Direction of F,.

9a F,=207; F, =61 Fy=—221-2V2j

20N A

P 6N

F;-:F1+F2+F3
=20j+60+(—2v21—2v2))
= (6 — 2V2)i + (20 — 2V2)j

9% |F|= J(e—zﬁ)2+ (20 — 2v2)°

= 17.462 ...
= 175N
_ 20 — 22
E. =tan™! ( )
6 — 22
= 79.5°
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10

11a

11b

Initial velocity = u
Final velocity = v
Time =t
Acceleration=a = %

Displacement = s

_n_d(l 2)_vdv
== w2V ) T as
ads = vdv

2" v? —u?
=17 T2

u

FromtimeOtot: dx = (s—0)andd®w?) = v? — u?

%(v2 —u?)
Hencea = =———
s—0

Rearranging gives:

v? =u? + 2as

Using the result from question 10 and u = 20, a = g, with the distance as
variable x, we get:

v? = 400 — 20x

At the greatest height, the velocity of the ball will be zero for a moment after
which it will start descending back to the ground. So, v = 0.

400-0
Xmax = H = 0 - 20 metres

When the ball is rising, from the first and second laws of motion, the ball tries to
maintain its inertial state of going up with a velocity of 20 m/s while being acted
upon by a gravitational force pulling it towards the ground with an acceleration

of 10 m/s2. Hence, when the ball is rising, it follows the equation:

= v400 — 20x.
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11c

12a

= 400 — 20x
dx dx
E=\/400—20x asv=E

dx
dt = f—
f V400 — 20x
-1
t = 1—0\/400 —20x+C

Att=0,x=0. So,C = 2.

V400 — 20x
t=2——v-—
10
x = 20t — 5¢t?

To find time taken to reach maximum height, put x = x4, = 20.

20 = 20t — 5t2
t?—4t+4=0
(t—2)(t—2)=0
t=2

Therefore T,,,,, = 2 seconds.

vdv

u=1km/s=1000m/s; a= ¥ = —kvzza; x=100m; v=10m/s
vdv

— = —kv?

dx v

dv

— = —kdx

v

Inv= —kx+C

Using the given information of 0 m and after 100 m, we get:
In1000 =C

soC =1In1000 =3In10

Also

In10 = —k(100) + In 1000

_In100
100
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2In10
~ 100

In10
~ 50

Therefore

In10
x+3In10

Inv= —

50lnv
In10

Atv =1m/s,

x = 150 —

= 150 metres

12b  u =1km/s= 1000 m/s; a=5€'=—kv2=%; t=1s; wv=10m/s

Att=0,v=1000andatt =1,v =10

1 11 99
C = To0p M4k = (E_ 1000) ~ 1000
Therefore i t= l - L
1000° v 1000
Forv =1;
_ 1000 (1 B 1 )
99 1000
999
~ 99

1
= 10H seconds
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B dv_ B
X = vdx—e

vdv = e *dx

—=-e*+C

Using initial conditions:

2
- = —e%+C
2=-1+C
C=3
Therefore
v—2=3—e‘x
2

The particle has an acceleration of e ™ which is always greater than zero and the
particle has an initial velocity of 2. So, from there onwards, the particle can only
accelerate and increase the velocity. Hence, the velocity can never fall below 2.
After infinite amount of time, the particle will reach a limiting velocity of V6 m/s2

14a v=6-2x; X; =(0,0,0)
_dv @
~dr dx
a=(6-2x)(—2)
=4x — 12
At origin (X;), x = 0.

Thereforea = ¥ = —12.

14b v=6-2x=%
dt
dx
dt 6 —2x
1 dx
t:§f3—x
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1
= —sIB-x)+¢

Att=0,x=0,s0

C—ll 3
_En

Therefore

t= 1l (3 )+1l 3
= 2n X 2n

t=—2in(1-3)

2 3
X
2t = 1n(1 _5)
X
-2t — 1—=
3
x=3(1-e2%)

14c  Ast — oo, the particle reaches (tends towards) the point x = 3.

15 x;,=0; u=0; a=2(1+v); v=20

dv
a—E—2(1+v)
2dt = =2

T (14v)

2t=In(1+v)+C
Using initial conditions:
0=In(1+0)+C
C=0

Therefore

t = %ln(l + v)

When v = 20,

t—ll 21
_zn
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= 1.52 seconds

15b a=m—;=2(1+v)

d
v
2dx = dv
1+v
—(1 ! )d
1+v v

2x+C=v—In(1+v)
Using initial conditions, C = 0
Therefore
2x =v—In(1+v)
1 1
X=cv —Eln(l +v)
When v = 20,
x =10 - %ln(21)

x = 8.48m

X
16a Mass=m; v;,=u; x;=0; v=u+;

dv
F=maanda =v—
dx

dv
a—vdx

~(u+3) ()

=—DV

Hence, F < v and constant of proportionality is %
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16bi v, =3u
vy = u+xf=3u
X4 = 2uk
16bii v=""=u+%
gt = dxx
utr

X
t+C = kln(u+E)
Using initial conditions,
0
0+C =kln(u+;)

C=klnu

Therefore

t=kln(u+%)—klnu

t=k1n(1+5—k)

At point 4, x = 2uk

t, =kl (1+ZUk)
4= xIn uk

=kIn3

17a m=05kg F=(x-1
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Using initial conditions,

L
2
Cc = -10
Therefore

v? =2(x% — x —20)
=2(x+4)(x—5)

As v? > 0, the particle cannot be at a position where x < 5. Hence the particle can
never be at the origin.

17b v =25 v%2=20
20 = 2(x%? —x —20)
x2—x—30=0
(x+5)(x—-6)=0
x=-=50r6

As x > 5; x = 6 is the position where the velocity is 2v/5. The particle moves
forwards with increasing velocity.

18a m=2kg F=6x*N; x;=1;, w= —/2m/s

F =ma
d /1
e ent o)
x?=m-—|5v
v? = fxzdx
=2x34C

Using initial conditions,

(—v2)" =20)) + ¢

C=0
Therefore
2 — 2x3
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18b v =% and v = V2x3

dt
1 dx
dt = — —
2 X2
d 1 _3d
t=—x 2dx
V2
1 241
_xz
t+C=\/§3
—7+1
t+C= —V2x 2

Using initial conditions:

0+C = 2
- 1

C=—V2
Therefore
2
t—V2=—|=
X
2
X=—-
(¢ =+2)

The particle starts at position x = 1 and moves away from the origin and then it
disappears at time t = /2.
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19a ¥=31-x2); u=4 x;=0
d (v?
es1-r- 4 (2)

2
—=3j(1—x2)dx
2

=3x—x3+C

Using initial conditions:
42

—=0-0+C
> +

c=8

Therefore
Y o gx—xd+8
> = X —Xx

v? =6x—2x3+16

19b v?=6x—-2x3+16

N\
| \

i

From the sketch, we can see that the particle does change direction.
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Whin tz0, 2=D amd v=0
s¢o C = “‘féDml
sk

SO -i;v T o— -—E—
VQI 2!4(3; - >
$y Hdha Sgu,rzci LS \Jik(ac* ) - ’21-{(5._%! _
X

(2')(&) 3 = "“fi

W Ak t‘:CJ) 2=R and dx:'ﬁ .

~ e
Soujz 72—52
S50 k—fﬁég. .

Cé) From (20>)

Vl:: k + C

&: 2
- 8R4
a8
Wz\@w x:ﬁ)v:\/
so C ::-éj\fzwj“u‘g
¥, év*r‘;@g+%\/l—5Q

AL v=0, x=H (the grealest A,Q_,‘a,.},,{)
5 O = 2524@&_4, \/a-QjéQ

H does not exist -{- V ‘Z’-Zﬁﬁ
C> L e \/7/2>!O OO‘iﬁXé‘l’OOldm/S

se V= Il 2Jemls



e >
- v
AV 2(8-%)
2 dx = --g—vt—\;—-alv
. Y
0 Sde— ﬁaﬂv

C e 2 (=4 mm
.
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