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MATHEMATICS EXTENSION

Chapter 5 worked solutions — Vectors

Solutions to Exercise 5H Chapter review
1 g=6£—3]~+21~c
la|? = 62 + (—3)% + 22

la|?=36+9+4

lal? = 49
la| =7
~ g
a=—
~ al
1
=7(6L—3:+215)
_6 .3 .2,
7T LTS

2a A=31—-1] -6k
B=-21-5+1k

AB = -21—5)+ 1k — (31— 1 — 6k)

=-=51—4 +7k

2b A=31—-1 -6k
B=-21-5+1k
ﬁ=35—1j~—61§—(—25—51+1l~c)

=51+4 -7k

2c Distance AB = |E|
AB = —51—4 +7k
4B|" = (=5)2 + (-4)% + 72
[AB|" =25 + 16 + 49
|[AB| = V90 = 3v10
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Chapter 5 worked solutions — Vectors

3

A=(612,7)
B = (10,2, —15)
C =(—4,1,5)

D= (-2,—-4,-6)

AB = (10— 6)1+ (2—12); + (15— Nk
=41 —10) — 22k

€D = (-2 — (41 +(—4 - 1)) + (-6 -5k
=21—5]—11k

Ifﬁ”ﬁf, then AB = aﬁ)), fora e R

AB = aCD

This holds for a = 2.

So AB is parallel to CD.
A=(23-1)
B=(5-11)

C = (—4,11,-5)

For A, B and C to be collinear ﬁ| |ﬁ| |E4)

AB=(5—-2)1+(-1=3)+ (1 - (-1)k
=31—-4)+ 2k

BC = (—4—51+ (11— (-1); + (-5 - Dk

BC = —91+12) — 6k

CA=@2—(9+ B -1+ (-1- (-5)k

CA=61—8) +4k

Ifﬁ”ﬁ, then AB = aﬁ, fora € R
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Chapter 5 worked solutions — Vectors

AB = 2CA

So 4, B and C are collinear.

6
5a b=|2
-2
a-a=lal?
4 4
[3 _3]
5 5
=16+9+25
=50
6
5b b=|2
-2
b-b=|bl?
6 6
=12 2
—21 1-2
=36+4+4
= 44
4
5c a=|-3
| 5 |
N
b=|2
|—2.
4 6
g-b=1-3|"|2
51 [-2
=24-6-10
=8
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Chapter 5 worked solutions — Vectors

5d a

I
I
oW

ISy
I
(\®)

(@+b)-(a+b)

= |g?| +2¢-b + |b?|
=50 + 16 + 44
=110

S~
1]
T NO =
e—

o
Il
H I
N
P ———

-3
[ 3
d=]2
1]
oM gt
- o] -| «]
2] L5
ol
= -4
~3
. [37 [-2
co=|2|-|1
-1l [-3

AB and CD are perpendicular if:

AB-CD=0
LHS = AB - CD
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MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

=i

=10—-4-6

=0
= RHS

So AB and CD are perpendicular.

7 a=@A+4+2 +4k
b=21+(1—-4))+k
a-b

=((A+4+2)+4k) - (2t+ (A—-4)+k)
=21+4)+2(1—-4)+4
=21+8+21-8+4

=41+ 4

For @ and b to be perpendicular, g - b = 0.

42+4=0

A=-1
o

8 a=|-3

[ 2 |
1

b= (-2
[ 1 ]

lal?=4+9 + 4

lal?=4+9 + 4

=17
lal = V17
b12=1+4+1
=6
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Chapter 5 worked solutions — Vectors

bl = V6
211
a-b=1-3|"1-2
2 1
=—2+6+2
=6
P a-b
COSU =
lal|b]
_ 6
V102
9 a=21+)— 3k
b=41-3]—2k
Proi __b-gb
Tojba_b_b~
a-b=(21+)—3k) (4 - 3] = 2k)
=8-3+6
=11
beb=(41-3) —2k)" (41~ 3~ 2K)
=16+9+4
=29
Proi b-gb
1"0],361—12_[2~
L PR )
=59 (4 — 31— 2k)
44 33 22
~ 29t 72917 297
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Chapter 5 worked solutions — Vectors

10a P =(2,31)
A=(1,0,-2)
B =(0,—1,1)

l k l H

10b AP =p
1

= |3

3

AB =b

ey
3

I

[
wb—\H
—_—
—
w w =

S
o
Il
I
=
e—
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10c p= 3

b-p
d = [Proj,p — p ‘b'b
5 -1
P =—|-
rojpp 11 1
3
5[_1] [1‘
d=|—|-1/-|3
11 3 3
51 71117
11 11
|l 5] 33
11 11
15 33
111 11
16 1
11
|| 38
11
18
11

g_

- |6 6D (-

256 n 1444 4 324
121 121 121

g_

:

202
11

< 2506
11

units
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Chapter 5 worked solutions — Vectors

11 X =(=5,7,3)

Y = (5,-26)
Z = (3,-5-4)
. [-5-5 ~10
YX = 7—(—2)]=l 9 ]
| 3-6 -3
[ 3-5 —2
YZ = —5—(—2)]=l—3]
| —4-6 ~10
-0 -2
YX-YZ=| 9 ]-[—3
3] l-10

XY -YZ = (=10 x —2) + (9 X —3) + (=3 x —10)
=20 —27 + 30
=23

|ﬁ|2 = (=10)% + 92 + (-3)?

=100+81+9
=190
|XY| = V190
VZ)" = (=2)% + (=3)? + (—10)?
=4+9+100
=113
[VZ| = V113
cos£XYZ = g
|xY||YZ|
cos£XYZ = L
V190 x V113
¢XYZ = 81°
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Chapter 5 worked solutions — Vectors

12a

For a rhombus with verticies 4, B, C, D with respective position vectors g,
and diagonals of length a and b:

=[ol

Q

W~
I
| —R o] -
eyl Q
—

1o
Il
N ©Q N =

Q.
Il
| N |
Nl g
o
e——

The midpoint of BC = N

o {of]

The midpoint of CD = P

0P = < [0])

1
2

2
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Chapter 5 worked solutions — Vectors

L)

The midpoint of DA = Q

o
f;

So the sides of the quadrilateral MNPQ will be:
3 1
-a —-a 1

|4 |l _ 14 | _|=a

e 1b‘ Ilb _120]
4 4

[ 3] 3 0
—a —a
~5 _ | 4 _ |4 _ 1
NP=1" 1 “[——4

—= - 2
4b_ b
1 [ 3 1
—a —a
—7b] =3P

For a rectangle, opposite sides are equal in length and parallel, and adjacent
sides are at right-angles.

MN = —PQ
NP = QM

So MN andw are equal in length and parallel and NP and W are equal in
length and parallel.

For adjacent sides MN and NP to be perpendicular, MN.NP = 0:

© Cambridge University Press 2019 11
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Chapter 5 worked solutions — Vectors

g

So MN and NP are perpendicular.

MN.NP =

Therefore opposite sides are parallel and equal in length and adjacent sides are
at right angles. Hence NPQM is a rectangle.

12b  For arectangle with vertices 4, B, C, D with respective position vectors g, b, ¢, d

and length a and width b:
a= 0
< _0_
_ [0]
b= L]
— _a_
€= b
a
4=1o

The midpoint of AB = M

o =51+ )= 13

The midpoint of BC = N

=351+ - ]

The midpoint of CD = P

o7 =5 (] +[5) - [

The midpoint of DA = Q

=50 +15)= [z

So the sides of the quadrilateral MNPQ will be:

© Cambridge University Press 2019 12
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Chapter 5 worked solutions — Vectors

1
. 1 0 -a
MN = Ea]_[lblz %
2 —
b 2b
a 1 -%a
Np =11 | _|za| =
Np_libl [Zb‘_ 1b
| 27
1 161 ——a
———>_ —a _ _
PQ_lzol libl_ 1b
2" ]

. AN
2 0 Zb

For a rhombus all sides are equal in length and opposite sides are parallel.

MN = —PQ
NP = —QM
So MN and PQ are parallel (and equal in length) and NP and QM are parallel
(and equal in length).
— 1\ /1
vl = [(z¢) +(30)
1 1
|22 p2
2 a“ + 2 b
1
= E\/ a? + b2
Similarly,

© Cambridge University Press 2019 13
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So all sides are equal in length.

Hence MNPQ is a rhombus.

13 y=2x+3
Forx =0,y =3
So

r=a+A(b—aqa)

= [ +a(E-12)
= [+l

© Cambridge University Press 2019 14
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14 r=[2]+2[]]
x=2+4+31 (1)
y=—4+21
A=y+4
Substituting for A in (1):
x=2+3(y+4)
x=2+3y+12

2
1
3 -2

x=—-6+21 (1)

x—3y=14

—6

15 r = + A

y=4+41

Sol=y—4 2
z=3-21 3)
30,1=3;Z (4)

Substituting (2) into (1) to obtain an equation in terms of x and y:
x=—-6+2(y—4)

x=—-6+2y—8

x—2y=-14 (5)

Substituting (2) into (3) to obtain an equation in terms of z and y:
z=3-2(y—4)

z=3—-2y+8

z+2y=11 (6)

Substituting (4) into (1) to obtain an equation in terms of x and z:

- 6+2<3_z>
x= 2

xX=—-64+3—2z

© Cambridge University Press 2019 15
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Chapter 5 worked solutions — Vectors

x+z=-3 (7)
For ¢ intersecting the xy-plane, z = 0.

Substituting z = 0 into (6):

0+2y =11
11
Y=

So (5) becomes:

2 (L) = 14
X > =

x—11=-14
x=-3

So ¢ intersects the xy-plane at:

(-279)

o
For ¢ intersecting the yz-plane, x = 0
Substituting x = 0 into (5):
0—-—2y=-14
y=7

So (6) becomes:

z+2(7)=11
z+14 =11
z=-3

So ¢ intersects the yz-plane at:
(0,7,-3)

For ¢ intersecting the xz-plane, y = 0
Substituting y = 0 into (6):
z+2(0)=11

z=11

So (7) becomes:

x+11=-3

© Cambridge University Press 2019 16
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Chapter 5 worked solutions — Vectors

x=-14
So ¢ intersects the xy-plane at:

(-14,0,11)

l6a 71 =

6
==
y=—4+21

+4
SOAzyT ©)

z=-34+7A

z+ 3
7

Consider the point (—4, 0, 13). If it lies on the line then the values for A should be
the same.

SoA= 3)

Substituting x = —4 into (1):

6—(=4
A = —
5
Substituting y = 0 into (2):
0+4
2
Substituting z = 13 into (3):
13 + 3 16
7 7

As all the values for 4 are not the same, (—4, 0, 13) is not a point on the line r.

© Cambridge University Press 2019 17
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Chapter 5 worked solutions — Vectors

6 -5
16b r=|—-4|+A1| 2
-3 7
x=6-—51
Soa=2 "% 1
0 - 5 ()
y=—4+2A
+ 4
so1=2"2 (2
2
z=-34+7A
z+ 3
Sod= 7 3)

Consider the point (16, —8,—17) . If it lies on the line then the values for 1 should
be the same.

Substituting x = 16 into (1):
6—-16
= =
Substituting y = —8 into (2):
—8+4
S— =
Substituting z = —17 into (3):
_—17+3
= - =

As all the values for 4 are the same, (16, —8,—17) is a point on the line r.

17 1+ —k

(2,-1,2)
21— +2k

s
Il
™~

Q=
q

PG=(@2—-11+(-1-1;+ @2 - (-D)k

w=g—21+3k

© Cambridge University Press 2019 18
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6 2
18a n= 5|+ 1|1
13 4
[—3 5
n=|7|+un|[-4
[ 2 -7
For a point of intersection, 1; = 715:
6 2 -3 5
5(+Al1(=]|7 |+u|—-4
3 4 2 -7
6+21=-3+5u
1= 9+5
- T27 gk
5+A=7—-4u
Substituting A we get
5+( 242 )—7 4
S ToH) = U
1 74 5
2 T T H
13 13
2 - 2 H
ﬂ:
For A
A= 9+5 1
=—5+t7;M
A==2
So:
x=6+21
x=6+2(-2)
x =2
y=5+141
y=5+(-2)
y=3
z=3+41
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Chapter 5 worked solutions — Vectors
z=3+4(-2)
z=-=5
So 1; intersects 1, at point:

(2,3,-5)

18b 1, =-71—1)+7k+ A2+ 3] — 4k)
T, = 91— 4] — 16k + u(41 — 3] — 5k)
For a point of intersection, 1; = 715:
~71—] + 7k +A(2t+ 3] — 4k) = 91 — 4] — 16k + (41 — 3 — 5k)
—7+4+21=9+14u
21 =16 +4pu
A=8+2u

—14+31=-4-3u
Substituting A we get
—1+3(8+2u)=—4-3u

27 = =9y
u=-3
For A
A=8+2(-3)
A=2

So:
x=-=7+2A
x=-7+2(2)
x=-3
y=-1+34
y=-1+3(2)
y=25

© Cambridge University Press 2019 20
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Chapter 5 worked solutions — Vectors

z=7—4A
z=7—-4(2)
z=13

So r; intersects 1, at point:

(-3,5,-1)
19a g=3;—4~+21~c
r=+7

Ir—cl?=r?

(x=3)2+@+4)*+(@=z-2?%=7

19b c¢=31+4)+2k

r=+7
T —c¢cl=r
3
r—|—4 =7
2
20 P=(514)
5
p=|1
4
2
r— 3‘ =7
-1
T =
-2
c=|-3
1
r=7
CP=p-—c¢
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1IN

WG

CP|” = 72 + 4% + 32

CP|" =49+ 16+ 9

cP|” =74
CP =74

Soas CP > r the point (5, 1, 4) lies outside of the sphere |r —

21 x*4+y?+2z2—4x—10y+12z+41=0
(x? —4x) + (y?> — 10y) + (z? + 122) = —41
(x? —4x +4) + (y2 — 10y + 25) + (z%2 + 12z + 36) = 24
(x—2)2+(y—5)72?+(z+6) =24
Centre is (2,5,—6)

r? =24
r =124
= 2V6

Radius is 2v/6 units.

So vector equation is

1)
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Lk a5
P .

" CambridgeMATHS

22 (x+2)2+(y—-3)2%+(=z+4)?%=125

-2
r—| 3 |[=125
—4
4 2 ]
r=|-5[+1] 13
1 —11.
[ 4 2 [—2
—5|+A|1 13 |—]| 3 || =125
[ 1 -11 [—4
[ 24+ 6
131 -8 || =125
—111+5

(22 +6)? + (131 —-8)%2 + (—111+ 5)%2 = 125

42% + 241 + 36 + 16942 — 2081 + 64 + 1214% — 1104 + 25 = 125
2944% — 2941 + 125 = 125

2941% — 2941 =0

AA-1)=0

So the line intersects with the sphere for the values of A where
A=0,1

Substituting these values back into the line equation gives:

4 2
r=|-5|+A1] 13
1 —-11
ForA=0
ve 4
IR
z 1
Fori=1
X1 [ 4 2
y|=|-5|+] 13
Lz ] | 1 -11
.x. B 6
yl=| 8
Lz ] |—10

The line intersects with the sphere at points:
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(4,—5,1) and (6,8, —10)

23a
r=0@ou+ (1 +t2)]
x = 2t
t_x
2
2
Yo 1+ 2
2
y = >
X
1+(3)
8
Y 4 + x2
23b

2_( 2t )2+ 1-¢%)°
" =\17 1+¢t2
A +(1—t2)2
(142 (1+1t2)2

1
=m(4t2 + 1 —2t2 +t4)

(@417
“Gror

=1
So we have a circle with radius 1.

x?2+y?=1wherey # 1
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Chapter 5 worked solutions — Vectors

23c  r=sintir+sin2tj

x =sint
t =sin"1x
y = sin2t

= 2sint X cost
= 2sin(sin"! x) X cos(sin™! x)

y = £2xV1 —x? (assinxand cos x can be both positive and negative)
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