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Solutions to Exercise 5H Chapter review 

1 𝑎̰ = 6𝑖̰ − 3𝑗̰ + 2𝑘̰ 

|𝑎̰|2 = 62 + (−3)2 + 22 

|𝑎̰|2 = 36 + 9 + 4 

|𝑎̰|2 = 49 

|𝑎̰| = 7 

𝑎̰̂ =
𝑎̰

|𝑎̰|
 

    =
1

7
(6𝑖̰ − 3𝑗̰ + 2𝑘̰̰ ) 

    =
6

7
𝑖̰ −

3

7
𝑗̰ +

2

7
𝑘̰ 

 

2a 𝐴 = 3𝑖̰ − 1𝑗̰ − 6𝑘̰ 

𝐵 = −2𝑖̰ − 5𝑗̰ + 1𝑘̰ 

𝐴𝐵⃗⃗⃗⃗  ⃗ = −2𝑖̰ − 5𝑗̰ + 1𝑘̰ − (3𝑖̰ − 1𝑗̰ − 6𝑘̰) 

       = −5𝑖̰ − 4𝑗̰ + 7𝑘̰ 

 

2b 𝐴 = 3𝑖̰ − 1𝑗̰ − 6𝑘̰ 

𝐵 = −2𝑖̰ − 5𝑗̰ + 1𝑘̰ 

𝐵𝐴⃗⃗⃗⃗  ⃗ = 3𝑖̰ − 1𝑗̰ − 6𝑘̰ − (−2𝑖̰ − 5𝑗̰ + 1𝑘̰) 

       = 5𝑖̰ + 4𝑗̰ − 7𝑘̰ 

 

2c Distance 𝐴𝐵 = |𝐴𝐵⃗⃗⃗⃗  ⃗| 

𝐴𝐵⃗⃗⃗⃗  ⃗ = −5𝑖̰ − 4𝑗̰ + 7𝑘̰ 

|𝐴𝐵⃗⃗⃗⃗  ⃗|
2

= (−5)2 + (−4)2 + 72 

|𝐴𝐵⃗⃗⃗⃗  ⃗|
2

= 25 + 16 + 49 

|𝐴𝐵⃗⃗⃗⃗  ⃗| = √90 = 3√10 
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3 𝐴 = (6, 12, 7) 

 𝐵 = (10, 2, −15) 

 𝐶 = (−4, 1, 5) 

 𝐷 = (−2,−4,−6) 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (10 − 6)𝑖̰ + (2 − 12)𝑗̰ + (−15 − 7)𝑘̰ 

       = 4𝑖̰ − 10𝑗̰ − 22𝑘̰ 

𝐶𝐷⃗⃗⃗⃗  ⃗ = (−2 − (−4))𝑖̰ + (−4 − 1)𝑗̰ + (−6 − 5)𝑘̰ 

       = 2𝑖̰ − 5𝑗̰ − 11𝑘̰ 

 If 𝐴𝐵⃗⃗⃗⃗  ⃗||𝐶𝐷⃗⃗⃗⃗  ⃗, then 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑎𝐶𝐷⃗⃗⃗⃗  ⃗, for 𝑎 ∈ ℝ 

 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑎𝐶𝐷⃗⃗⃗⃗  ⃗ 

This holds for 𝑎 = 2. 

 So 𝐴𝐵⃗⃗⃗⃗  ⃗ is parallel to 𝐶𝐷⃗⃗⃗⃗  ⃗. 

 

4 𝐴 = (2, 3, −1) 

𝐵 = (5,−1, 1) 

𝐶 = (−4, 11,−5) 

For 𝐴, 𝐵 and 𝐶 to be collinear 𝐴𝐵⃗⃗⃗⃗  ⃗||𝐵𝐶⃗⃗⃗⃗  ⃗||𝐶𝐴⃗⃗⃗⃗  ⃗ 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (5 − 2)𝑖̰ + (−1 − 3)𝑗̰ + (1 − (−1))𝑘̰ 

       = 3𝑖̰ − 4𝑗̰ + 2𝑘̰ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = (−4 − 5)𝑖̰ + (11 − (−1))𝑗̰ + (−5 − 1)𝑘̰ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = −9𝑖̰ + 12𝑗̰ − 6𝑘̰ 

𝐶𝐴⃗⃗⃗⃗  ⃗ = (2 − (−4))𝑖̰ + (3 − 11)𝑗̰ + (−1 − (−5))𝑘̰ 

𝐶𝐴⃗⃗⃗⃗  ⃗ = 6𝑖̰ − 8𝑗̰ + 4𝑘̰ 

If 𝐴𝐵⃗⃗⃗⃗  ⃗||𝐵𝐶⃗⃗⃗⃗  ⃗, then 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑎𝐵𝐶⃗⃗⃗⃗  ⃗, for 𝑎 ∈ ℝ 

𝐴𝐵⃗⃗⃗⃗  ⃗ = −3𝐵𝐶⃗⃗⃗⃗  ⃗ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = −
2

3
𝐶𝐴⃗⃗⃗⃗  ⃗ 
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𝐴𝐵⃗⃗⃗⃗  ⃗ = 2𝐶𝐴⃗⃗⃗⃗  ⃗ 

So 𝐴, 𝐵 and 𝐶 are collinear. 

 

5a 𝑏̰ = [
6
2

−2
] 

𝑎̰ ∙ 𝑎̰ = |𝑎̰|2 

         = [
4

−3
5

] ∙ [
4

−3
5

] 

         = 16 + 9 + 25 

         = 50 

 

5b 𝑏̰ = [
6
2

−2
] 

𝑏̰ ∙ 𝑏̰ = |𝑏̰|2 

          = [
6
2

−2
] ∙ [

6
2

−2
] 

          = 36 + 4 + 4 

          = 44 

 

5c 𝑎̰ = [
4

−3
5

] 

 𝑏̰ = [
6
2

−2
] 

𝑎̰ ∙ 𝑏̰ = [
4

−3
5

] ∙ [
6
2

−2
] 

          = 24 − 6 − 10 

          = 8 
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5d 𝑎̰ = [
4

−3
5

] 

 𝑏̰ = [
6
2

−2
] 

(𝑎̰ + 𝑏̰) ∙ (𝑎̰ + 𝑏̰) 

= |𝑎̰2| + 2𝑎̰ ∙ 𝑏̰ + |𝑏̰2| 

= 50 + 16 + 44 

= 110 

 

6 𝑎̰ = [
−1
4
5

] 

 𝑏̰ = [
1
0
2
] 

 𝑐̰ = [
−2
1

−3
] 

 𝑑̰ = [
3
2

−1
] 

 𝐴𝐵⃗⃗⃗⃗  ⃗ = [
1
0
2
] − [

−1
4
5

] 

       = [
2

−4
−3

] 

 𝐶𝐷⃗⃗⃗⃗  ⃗ = [
3
2

−1
] − [

−2
1

−3
] 

        = [
5
1
2
] 

𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐶𝐷⃗⃗⃗⃗  ⃗ are perpendicular if:   

𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐶𝐷⃗⃗⃗⃗  ⃗ = 0 

LHS = 𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐶𝐷⃗⃗⃗⃗  ⃗ 
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         = [
2

−4
−3

] ∙ [
5
1
2
] 

         = 10 − 4 − 6 

         = 0 

         = RHS 

 So 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐶𝐷⃗⃗⃗⃗  ⃗ are perpendicular. 

 

7 𝑎̰ = (𝜆 + 4)𝑖̰ + 2𝑗̰ + 4𝑘̰ 

𝑏̰ = 2𝑖̰ + (𝜆 − 4)𝑗̰ + 𝑘̰ 

𝑎̰ ∙ 𝑏̰ 

= ((𝜆 + 4)𝑖̰ + 2𝑗̰ + 4𝑘̰) ∙ (2𝑖̰ + (𝜆 − 4)𝑗̰ + 𝑘̰) 

= 2(𝜆 + 4) + 2(𝜆 − 4) + 4 

= 2𝜆 + 8 + 2𝜆 − 8 + 4 

= 4𝜆 + 4 

For 𝑎̰ and 𝑏̰ to be perpendicular, 𝑎̰ ∙ 𝑏̰ = 0. 

4𝜆 + 4 = 0 

𝜆 = −1 

 

8 𝑎̰ = [
−2
−3
2

] 

𝑏̰ = [
1

−2
1

] 

|𝑎̰|2 = 4 + 9 + 4 

|𝑎̰|2 = 4 + 9 + 4 

         = 17 

|𝑎̰| = √17  

|𝑏̰|2 = 1 + 4 + 1 

          = 6 
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|𝑏̰| = √6  

𝑎̰ ∙ 𝑏̰ = [
−2
−3
2

] ∙ [
1

−2
1

] 

         = −2 + 6 + 2 

         = 6 

cos 𝜃 =
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

           =
6

√102
 

 

9 𝑎̰ = 2𝑖̰ + 𝑗̰ − 3𝑘̰ 

𝑏̰ = 4𝑖̰ − 3𝑗̰ − 2𝑘̰ 

𝑃𝑟𝑜𝑗𝑏̰𝑎̰ =
𝑏̰ ∙ 𝑎̰

𝑏̰ ∙ 𝑏̰
𝑏̰ 

𝑎̰ ∙ 𝑏̰ = (2𝑖̰ + 𝑗̰ − 3𝑘̰) ∙ (4𝑖̰ − 3𝑗̰ − 2𝑘̰) 

         = 8 − 3 + 6 

         = 11 

𝑏̰ ∙ 𝑏̰ = (4𝑖̰ − 3𝑗̰ − 2𝑘̰) ∙ (4𝑖̰ − 3𝑗̰ − 2𝑘̰) 

         = 16 + 9 + 4 

         = 29 

𝑃𝑟𝑜𝑗𝑏̰𝑎̰ =
𝑏̰ ∙ 𝑎̰

𝑏̰ ∙ 𝑏̰
𝑏̰ 

                  =
11

29
(4𝑖̰ − 3𝑗̰ − 2𝑘̰) 

                  =
44

29
𝑖̰ −

33

29
𝑗̰ −

22

29
𝑘̰ 
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10a 𝑃 = (2, 3, 1) 

𝐴 = (1, 0, −2) 

𝐵 = (0,−1, 1) 

𝐴𝑃 = [
2
3
1
] − [

1
0

−2
] = [

1
3
3
] 

𝐴𝐵 = [
0

−1
1

] − [
1
0

−2
] = [

−1
−1
3

] 

 

10b 𝐴𝑃 = 𝑝̰ 

       = [
1
3
3
] 

𝐴𝐵 = 𝑏̰ 

       = [
−1
−1
3

] 

𝑏̰ ∙ 𝑝̰ = [
−1
−1
3

] ∙ [
1
3
3
] 

         = −1 − 3 + 9 

         = 5 

𝑏̰ ∙ 𝑏̰ = [
−1
−1
3

] ∙ [
−1
−1
3

] 

         = 1 + 1 + 9 

         = 11 

𝑃𝑟𝑜𝑗𝑏̰𝑝̰ =
𝑏̰ ∙ 𝑝̰

𝑏̰ ∙ 𝑏̰
𝑏̰ 

               =
5

11
[
−1
−1
3

] 
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10c 𝑝̰ = [
1
3
3
] 

𝑑 = |𝑃𝑟𝑜𝑗𝑏̰𝑝̰ − 𝑝| = |
𝑏̰ ∙ 𝑝̰

𝑏̰ ∙ 𝑏̰
𝑏̰ − 𝑝̰| 

𝑃𝑟𝑜𝑗𝑏̰𝑝̰ =
5

11
[
−1
−1
3

] 

𝑑 = |
5

11
[
−1
−1
3

] − [
1
3
3
]| 

    =
|

|

[
 
 
 
 
 −

5

11

−
5

11
15

11 ]
 
 
 
 
 

−

[
 
 
 
 
 
11

11
33

11
33

11]
 
 
 
 
 

|

|
 

    =
|

|

[
 
 
 
 
 

16

11
38

11

−
18

11]
 
 
 
 
 

|

|
 

   = √(
16

11
)

2

+ (
38

11
)
2

+ (−
18

11
)
2

 

   = √
256

121
+

1444

121
+

324

121
 

   =
√2024

11
 

   =
2√506

11
  units 
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11 𝑋 = (−5, 7, 3) 

𝑌 = (5,−2 6) 

𝑍 = (3,−5,−4) 

𝑌𝑋⃗⃗⃗⃗  ⃗ = [
−5 − 5

7 − (−2)
3 − 6

] = [
−10
9

−3
] 

𝑌𝑍⃗⃗⃗⃗  ⃗ = [
3 − 5

−5 − (−2)
−4 − 6

] = [
−2
−3
−10

] 

𝑌𝑋⃗⃗⃗⃗  ⃗ ∙ 𝑌𝑍⃗⃗⃗⃗  ⃗ = [
−10
9

−3
] ∙ [

−2
−3
−10

] 

𝑋𝑌⃗⃗⃗⃗  ⃗ ∙ 𝑌𝑍⃗⃗⃗⃗  ⃗ = (−10 × −2) + (9 × −3) + (−3 × −10) 

                = 20 − 27 + 30 

                = 23 

|𝑋𝑌⃗⃗⃗⃗  ⃗|
2

= (−10)2 + 92 + (−3)2 

            = 100 + 81 + 9 

            = 190 

|𝑋𝑌⃗⃗⃗⃗  ⃗| = √190 

|𝑌𝑍⃗⃗⃗⃗  ⃗|
2

= (−2)2 + (−3)2 + (−10)2 

           = 4 + 9 + 100 

           = 113 

|𝑌𝑍⃗⃗⃗⃗  ⃗| = √113 

cos ∠𝑋𝑌𝑍 =
𝑋𝑌⃗⃗⃗⃗  ⃗ ∙ 𝑌𝑍⃗⃗⃗⃗  ⃗

|𝑋𝑌⃗⃗⃗⃗  ⃗||𝑌𝑍⃗⃗⃗⃗  ⃗|
 

cos ∠𝑋𝑌𝑍 =
23

√190 × √113
 

∠𝑋𝑌𝑍 ≑ 81° 
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12a For a rhombus with verticies 𝐴, 𝐵, 𝐶, 𝐷 with respective position vectors 𝑎̰, 𝑏̰, 𝑐̰, 𝑑̰ 

and diagonals of length 𝑎 and 𝑏: 

𝑎̰ = [
0
0
] 

𝑏̰ = [

1

2
𝑎

1

2
𝑏

] 

𝑐̰ = [
𝑎
0
] 

𝑑̰ = [

1

2
𝑎

−
1

2
𝑏

] 

The midpoint of 𝐴𝐵 = 𝑀 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  =
1

2
([

1

2
𝑎

1

2
𝑏

] + [
0
0
]) 

         = [

1

4
𝑎

1

4
𝑏

] 

The midpoint of 𝐵𝐶 = 𝑁 

𝑂𝑁⃗⃗⃗⃗⃗⃗ =
1

2
([

𝑎
0
] + [

1

2
𝑎

1

2
𝑏

]) 

       = [

3

4
𝑎

1

4
𝑏

] 

The midpoint of 𝐶𝐷 = 𝑃 

𝑂𝑃⃗⃗ ⃗⃗  ⃗ =
1

2
([

1

2
𝑎

−
1

2
𝑏

] + [
𝑎
0
]) 
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     = [

3

4
𝑎

−
1

4
𝑏

] 

The midpoint of 𝐷𝐴 = 𝑄 

𝑂𝑄⃗⃗⃗⃗⃗⃗ =
1

2
([

0
0
] + [

1

2
𝑎

−
1

2
𝑏

]) 

        = [

1

4
𝑎

−
1

4
𝑏

] 

So the sides of the quadrilateral 𝑀𝑁𝑃𝑄 will be: 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ = [

3

4
𝑎

1

4
𝑏

] − [

1

4
𝑎

1

4
𝑏

] = [
1

2
𝑎

0

] 

𝑁𝑃⃗⃗⃗⃗⃗⃗ = [

3

4
𝑎

−
1

4
𝑏

] − [

3

4
𝑎

1

4
𝑏

] = [
0

−
1

2
𝑏
] 

𝑃𝑄⃗⃗ ⃗⃗  ⃗ = [

1

4
𝑎

−
1

4
𝑏

] − [

3

4
𝑎

−
1

4
𝑏

] = [−
1

2
𝑎

0

] 

𝑄𝑀⃗⃗ ⃗⃗ ⃗⃗  = [

1

4
𝑎

1

4
𝑏

] − [

1

4
𝑎

−
1

4
𝑏

] = [
0

1

2
𝑏
] 

For a rectangle, opposite sides are equal in length and parallel, and adjacent 

sides are at right-angles. 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ = −𝑃𝑄⃗⃗⃗⃗  ⃗ 

𝑁𝑃⃗⃗⃗⃗⃗⃗ = −𝑄𝑀⃗⃗ ⃗⃗ ⃗⃗   

So 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ and𝑃𝑄⃗⃗⃗⃗  ⃗ are equal in length and parallel and 𝑁𝑃⃗⃗⃗⃗⃗⃗  and 𝑄𝑀⃗⃗ ⃗⃗ ⃗⃗   are equal in 

length and parallel. 

For adjacent sides 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ and 𝑁𝑃⃗⃗⃗⃗⃗⃗  to be perpendicular, 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗. 𝑁𝑃⃗⃗⃗⃗⃗⃗ = 0: 
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𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗. 𝑁𝑃⃗⃗⃗⃗⃗⃗ = [
1

2
𝑎

0

] . [
0

−
1

2
𝑏
] 

                = 0  

So 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ and 𝑁𝑃⃗⃗⃗⃗⃗⃗  are perpendicular. 

Therefore opposite sides are parallel and equal in length and adjacent sides are 
at right angles. Hence 𝑁𝑃𝑄𝑀 is a rectangle. 

 

12b For a rectangle with vertices 𝐴, 𝐵, 𝐶, 𝐷 with respective position vectors 𝑎̰, 𝑏̰, 𝑐̰, 𝑑̰ 
and length 𝑎 and width 𝑏: 

𝑎̰ = [
0
0
] 

𝑏̰ = [
0
𝑏
] 

𝑐̰ = [
𝑎
𝑏
] 

𝑑̰ = [
𝑎
0
] 

The midpoint of 𝐴𝐵 = 𝑀 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  =
1

2
([

0
𝑏
] + [

0
0
]) = [

0
1

2
𝑏
] 

The midpoint of 𝐵𝐶 = 𝑁 

𝑂𝑁⃗⃗⃗⃗⃗⃗ =
1

2
([

𝑎
𝑏
] + [

0
𝑏
]) = [

1

2
𝑎

𝑏

] 

The midpoint of 𝐶𝐷 = 𝑃 

𝑂𝑃⃗⃗ ⃗⃗  ⃗ =
1

2
([

𝑎
0
] + [

𝑎
𝑏
]) = [

𝑎
1

2
𝑏] 

The midpoint of 𝐷𝐴 = 𝑄 

𝑂𝑄⃗⃗⃗⃗⃗⃗ =
1

2
([

0
0
] + [

𝑎
0
]) = [

1

2
𝑎

0

] 

So the sides of the quadrilateral 𝑀𝑁𝑃𝑄 will be: 
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𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ = [
1

2
𝑎

𝑏

] − [
0

1

2
𝑏
] = [

1

2
𝑎

1

2
𝑏

] 

𝑁𝑃⃗⃗⃗⃗⃗⃗ = [

𝑎
1

2
𝑏] − [

1

2
𝑎

𝑏

] = [

1

2
𝑎

−
1

2
𝑏

] 

𝑃𝑄⃗⃗ ⃗⃗  ⃗ = [
1

2
𝑎

0

] − [

𝑎
1

2
𝑏] = [

−
1

2
𝑎

−
1

2
𝑏

] 

𝑄𝑀⃗⃗ ⃗⃗ ⃗⃗  = [
0

1

2
𝑏
] − [

1

2
𝑎

0

] = [
−

1

2
𝑎

1

2
𝑏

] 

For a rhombus all sides are equal in length and opposite sides are parallel. 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ = −𝑃𝑄⃗⃗⃗⃗  ⃗ 

𝑁𝑃⃗⃗⃗⃗⃗⃗ = −𝑄𝑀⃗⃗ ⃗⃗ ⃗⃗   

So 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ and 𝑃𝑄⃗⃗ ⃗⃗  ⃗ are parallel (and equal in length) and 𝑁𝑃⃗⃗⃗⃗⃗⃗  and 𝑄𝑀⃗⃗ ⃗⃗ ⃗⃗   are parallel 

(and equal in length). 

|𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗| = √(
1

2
𝑎)

2

+ (
1

2
𝑏)

2

 

           = √
1

4
𝑎2 +

1

4
𝑏2 

           =
1

2
√𝑎2 + 𝑏2 

Similarly, 

|𝑁𝑃⃗⃗⃗⃗⃗⃗ | = √(
1

2
𝑎)

2

+ (−
1

2
𝑏)

2

 

           = √
1

4
𝑎2 +

1

4
𝑏2 

           =
1

2
√𝑎2 + 𝑏2 
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|𝑃𝑄⃗⃗ ⃗⃗  ⃗| = √(−
1

2
𝑎)

2

+ (−
1

2
𝑏)

2

 

           = √
1

4
𝑎2 +

1

4
𝑏2 

           =
1

2
√𝑎2 + 𝑏2 

|𝑄𝑀⃗⃗ ⃗⃗ ⃗⃗  | = √(−
1

2
𝑎)

2

+ (
1

2
𝑏)

2

 

           = √
1

4
𝑎2 +

1

4
𝑏2 

           =
1

2
√𝑎2 + 𝑏2 

So all sides are equal in length. 

Hence 𝑀𝑁𝑃𝑄 is a rhombus. 

 

13 𝑦 = 2𝑥 + 3 

For 𝑥 = 0, 𝑦 = 3 

So 

𝑎̰ = [
0
3
] 

For 𝑥 = 1, 𝑦 = 5 

So 

𝑏̰ = [
1
5
] 

 

𝑟̰ = 𝑎̰ + 𝜆(𝑏̰ − 𝑎̰) 

𝑟̰ = [
0
3
] + 𝜆 ([

1
5
] − [

0
3
]) 

𝑟̰ = [
0
3
] + 𝜆 [

1
2
] 
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14 𝑟̰ = [
2

−4
] + 𝜆 [

3
1
] 

𝑥 = 2 + 3𝜆       (1) 

𝑦 = −4 + 𝜆 

𝜆 = 𝑦 + 4 

Substituting for 𝜆 in (1): 

𝑥 = 2 + 3(𝑦 + 4) 

𝑥 = 2 + 3𝑦 + 12 

𝑥 − 3𝑦 = 14 

 

15 𝑟̰ = [
−6
4
3

] + 𝜆 [
2
1

−2
] 

𝑥 = −6 + 2𝜆          (1) 

𝑦 = 4 + 𝜆 

So 𝜆 = 𝑦 − 4           (2) 

𝑧 = 3 − 2𝜆              (3)  

So 𝜆 =
3 − 𝑧

2
          (4) 

 Substituting (2) into (1) to obtain an equation in terms of 𝑥 and 𝑦: 

𝑥 = −6 + 2(𝑦 − 4) 

𝑥 = −6 + 2𝑦 − 8 

𝑥 − 2𝑦 = −14        (5) 

 Substituting (2) into (3) to obtain an equation in terms of 𝑧 and 𝑦: 

𝑧 = 3 − 2(𝑦 − 4) 

𝑧 = 3 − 2𝑦 + 8 

𝑧 + 2𝑦 = 11            (6) 

 Substituting (4) into (1) to obtain an equation in terms of 𝑥 and 𝑧: 

𝑥 = −6 + 2(
3 − 𝑧

2
) 

𝑥 = −6 + 3 − 𝑧 
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𝑥 + 𝑧 = −3           (7) 

For ℓ intersecting the 𝑥𝑦-plane, 𝑧 = 0. 

Substituting 𝑧 = 0 into (6): 

 0 + 2𝑦 = 11 

𝑦 =
11

2
 

So (5) becomes: 

𝑥 − 2 (
11

2
) = −14 

𝑥 − 11 = −14 

𝑥 = −3 

 So ℓ intersects the 𝑥𝑦-plane at: 

(−3,
11

2
, 0) 

For ℓ intersecting the 𝑦𝑧-plane, 𝑥 = 0 

Substituting 𝑥 = 0 into (5): 

0 − 2𝑦 = −14 

𝑦 = 7 

So (6) becomes: 

𝑧 + 2(7) = 11 

𝑧 + 14 = 11 

𝑧 = −3 

 So ℓ intersects the 𝑦𝑧-plane at: 

(0, 7, −3) 

For ℓ intersecting the 𝑥𝑧-plane, 𝑦 = 0 

Substituting 𝑦 = 0 into (6): 

𝑧 + 2(0) = 11 

𝑧 = 11 

So (7) becomes: 

𝑥 + 11 = −3 
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𝑥 = −14 

 So ℓ intersects the 𝑥𝑦-plane at: 

(−14, 0, 11) 

 

16a 𝑟̰ = [
6

−4
−3

] + 𝜆 [
−5
2
7

] 

𝑥 = 6 − 5𝜆 

So 𝜆 =
6 − 𝑥

5
          (1) 

𝑦 = −4 + 2𝜆 

So 𝜆 =
𝑦 + 4

2
          (2) 

𝑧 = −3 + 7𝜆 

So 𝜆 =
𝑧 + 3

7
           (3) 

Consider the point (−4, 0, 13). If it lies on the line then the values for 𝜆 should be 

the same. 

Substituting 𝑥 = −4 into (1): 

𝜆 =
6 − (−4)

5
= 2 

Substituting 𝑦 = 0 into (2): 

𝜆 =
0 + 4

2
= 2 

Substituting 𝑧 = 13 into (3): 

𝜆 =
13 + 3

7
=

16

7
 

As all the values for 𝜆 are not the same, (−4, 0, 13) is not a point on the line 𝑟̰. 
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16b 𝑟̰ = [
6

−4
−3

] + 𝜆 [
−5
2
7

] 

𝑥 = 6 − 5𝜆 

So 𝜆 =
6 − 𝑥

5
          (1) 

𝑦 = −4 + 2𝜆 

So 𝜆 =
𝑦 + 4

2
          (2) 

𝑧 = −3 + 7𝜆 

So 𝜆 =
𝑧 + 3

7
           (3) 

Consider the point (16,−8,−17) . If it lies on the line then the values for 𝜆 should 

be the same. 

Substituting 𝑥 = 16 into (1): 

𝜆 =
6 − 16

5
= −2 

Substituting 𝑦 = −8 into (2): 

𝜆 =
−8 + 4

2
= −2 

Substituting 𝑧 = −17 into (3): 

𝜆 =
−17 + 3

7
= −2 

As all the values for 𝜆 are the same, (16,−8, −17) is a point on the line 𝑟̰. 

 

17 𝑝̰ = 𝑖̰ + 𝑗̰ − 𝑘̰ 

𝑄 = (2,−1, 2) 

𝑞̰ = 2𝑖̰ − 𝑗̰ + 2𝑘̰ 

𝑃𝑄⃗⃗ ⃗⃗  ⃗ = (2 − 1)𝑖̰ + (−1 − 1)𝑗̰ + (2 − (−1))𝑘̰ 

𝑃𝑄⃗⃗ ⃗⃗  ⃗ = 𝑖̰ − 2𝑗̰ + 3𝑘̰ 

𝑟̰ = 𝑝̰ + 𝜆𝑃𝑄⃗⃗⃗⃗  ⃗ 

𝑟̰ = 𝑖̰ + 𝑗̰ − 𝑘̰ + 𝜆(𝑖̰ − 2𝑗̰ + 3𝑘̰) 
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18a 𝑟̰1 = [
6
5
3
] + 𝜆 [

2
1
4
] 

𝑟̰2 = [
−3
7
2

] + 𝜇 [
5

−4
−7

] 

For a point of intersection, 𝑟̰1 = 𝑟̰2: 

[
6
5
3
] + 𝜆 [

2
1
4
] = [

−3
7
2

] + 𝜇 [
5

−4
−7

] 

6 + 2𝜆 = −3 + 5𝜇 

𝜆 = −
9

2
+

5

2
𝜇 

5 + 𝜆 = 7 − 4𝜇 

Substituting 𝜆 we get 

5 + (−
9

2
+

5

2
𝜇) = 7 − 4𝜇 

1

2
− 7 = −4𝜇 −

5

2
𝜇 

−
13

2
= −

13

2
𝜇 

𝜇 = 1 

For 𝜆  

𝜆 = −
9

2
+

5

2
(1) 

𝜆 = −2 

So: 

𝑥 = 6 + 2𝜆 

𝑥 = 6 + 2(−2) 

𝑥 = 2 

𝑦 = 5 + 𝜆 

𝑦 = 5 + (−2) 

𝑦 = 3 

𝑧 = 3 + 4𝜆 
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𝑧 = 3 + 4(−2) 

𝑧 = −5 

So 𝑟̰1 intersects 𝑟̰2 at point:  

(2, 3, −5) 

 

18b 𝑟̰1 = −7𝑖̰ − 1𝑗̰ + 7𝑘̰ + 𝜆(2𝑖̰ + 3𝑗̰ − 4𝑘̰) 

𝑟̰2 = 9𝑖̰ − 4𝑗̰ − 16𝑘̰ + 𝜇(4𝑖̰ − 3𝑗̰ − 5𝑘̰) 

For a point of intersection, 𝑟̰1 = 𝑟̰2: 

−7𝑖̰ − 𝑗̰ + 7𝑘̰ + 𝜆(2𝑖̰ + 3𝑗̰ − 4𝑘̰) = 9𝑖̰ − 4𝑗̰ − 16𝑘̰ + 𝜇(4𝑖̰ − 3𝑗̰ − 5𝑘̰) 

−7 + 2𝜆 = 9 + 4𝜇 

2𝜆 = 16 + 4𝜇 

𝜆 = 8 + 2𝜇 

 

−1 + 3𝜆 = −4 − 3𝜇 

Substituting 𝜆 we get 

−1 + 3(8 + 2𝜇) = −4 − 3𝜇 

27 = −9𝜇 

𝜇 = −3 

For 𝜆  

𝜆 = 8 + 2(−3) 

𝜆 = 2 

So: 

𝑥 = −7 + 2𝜆 

𝑥 = −7 + 2(2) 

𝑥 = −3 

𝑦 = −1 + 3𝜆 

𝑦 = −1 + 3(2) 

𝑦 = 5 
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𝑧 = 7 − 4𝜆 

𝑧 = 7 − 4(2) 

𝑧 = 13 

So 𝑟̰1 intersects 𝑟̰2 at point:  

(−3, 5, −1) 

 

19a 𝑐̰ = 3𝑖̰ − 4𝑗̰ + 2𝑘̰ 

𝑟 = √7 

|𝑟̰ − 𝑐̰|2 = 𝑟2 

(𝑥 − 3)2 + (𝑦 + 4)2 + (𝑧 − 2)2 = 7 

 

19b 𝑐̰ = 3𝑖̰ + 4𝑗̰ + 2𝑘̰ 

𝑟 = √7 

|𝑟̰ − 𝑐̰| = 𝑟 

|𝑟̰ − [
3

−4
2

]| = √7 

 

20 𝑃 = (5, 1, 4) 

𝑝̰ = [
5
1
4
] 

|𝑟̰ − [
2
3

−1
]| = 7 

𝑟 = 7 

𝑐̰ = [
−2
−3
1

] 

 

𝑟 = 7 

𝐶𝑃⃗⃗⃗⃗  ⃗ = 𝑝̰ − 𝑐̰ 
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= [
5
1
4
] − [

−2
−3
1

] 

= [
7
4
3
] 

|𝐶𝑃⃗⃗⃗⃗  ⃗|
2

= 72 + 42 + 32 

|𝐶𝑃⃗⃗⃗⃗  ⃗|
2

= 49 + 16 + 9 

|𝐶𝑃⃗⃗⃗⃗  ⃗|
2

= 74 

𝐶𝑃⃗⃗⃗⃗  ⃗ = √74 

So as 𝐶𝑃⃗⃗⃗⃗  ⃗ > 𝑟 the point (5, 1, 4) lies outside of the sphere |𝑟̰ − [
2
3

−1
]| = 7. 

21 𝑥2 + 𝑦2 + 𝑧2 − 4𝑥 − 10𝑦 + 12𝑧 + 41 = 0 

(𝑥2 − 4𝑥) + (𝑦2 − 10𝑦) + (𝑧2 + 12𝑧) = −41 

(𝑥2 − 4𝑥 + 4) + (𝑦2 − 10𝑦 + 25) + (𝑧2 + 12𝑧 + 36) = 24 

(𝑥 − 2)2 + (𝑦 − 5)2 + (𝑧 + 6)2 = 24 

Centre is (2, 5, −6) 

𝑟2 = 24 

𝑟 = √24 

   = 2√6 

Radius is 2√6 units. 

So vector equation is 

|𝑟̰ − [
2
5

−6
]| = 2√6 
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22 (𝑥 + 2)2 + (𝑦 − 3)2 + (𝑧 + 4)2 = 125 

|𝑟̰ − [
−2
3

−4
]| = 125 

𝑟̰ = [
4

−5
1

] + 𝜆 [
2
13

−11
] 

|[
4

−5
1

] + 𝜆 [
2
13

−11
] − [

−2
3

−4
]| = 125 

|[
2𝜆 + 6
13𝜆 − 8

−11𝜆 + 5
]| = 125 

(2𝜆 + 6)2 + (13𝜆 − 8)2 + (−11𝜆 + 5)2 = 125 

4𝜆2 + 24𝜆 + 36 + 169𝜆2 − 208𝜆 + 64 + 121𝜆2 − 110𝜆 + 25 = 125 

294𝜆2 − 294𝜆 + 125 = 125 

294𝜆2 − 294𝜆 = 0 

𝜆(𝜆 − 1) = 0 

So the line intersects with the sphere for the values of 𝜆 where 

𝜆 = 0, 1 

Substituting these values back into the line equation gives: 

𝑟̰ = [
4

−5
1

] + 𝜆 [
2
13

−11
] 

For 𝜆 = 0 

[
𝑥
𝑦
𝑧
] = [

4
−5
1

] 

For 𝜆 = 1 

[
𝑥
𝑦
𝑧
] = [

4
−5
1

] + [
2
13

−11
] 

[
𝑥
𝑦
𝑧
] = [

6
8

−10
] 

The line intersects with the sphere at points: 
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(4, −5, 1) and (6, 8, −10) 

 

23a  

𝑟̰ = (2𝑡)𝑖̰ + (
2

1 + 𝑡2
) 𝑗̰ 

𝑥 = 2𝑡 

𝑡 =
𝑥

2
 

𝑦 =
2

1 + 𝑡2
 

𝑦 =
2

1 + (
𝑥
2)

2 

𝑦 =
8

4 + 𝑥2
 

 

23b  

𝑟̰ = (
2𝑡

1 + 𝑡2
) 𝑖̰ + (

1 − 𝑡2

1 + 𝑡2
) 𝑗̰ 

|𝑟̰|2 = 𝑟̰ ∙ 𝑟̰ 

|𝑟̰|2 = (
2𝑡

1 + 𝑡2
)
2

+ (
1 − 𝑡2

1 + 𝑡2
)

2

 

         =
4𝑡2

(1 + 𝑡2)2
+

(1 − 𝑡2)2

(1 + 𝑡2)2
 

         =
1

(1 + 𝑡2)2
(4𝑡2 + 1 − 2𝑡2 + 𝑡4) 

         =
(1 + 𝑡2)2

(1 + 𝑡2)2
 

         = 1 

 So we have a circle with radius 1. 

 𝑥2 + 𝑦2 = 1 where 𝑦 ≠ 1 
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23c 𝑟̰ = sin 𝑡 𝑖̰ + sin 2𝑡 𝑗̰ 

𝑥 = sin 𝑡 

𝑡 = sin−1 𝑥 

𝑦 = sin 2𝑡 

    = 2 sin 𝑡 × cos 𝑡 

    = 2 sin(sin−1 𝑥) × cos(sin−1 𝑥) 

𝑦 = ±2𝑥√1 − 𝑥2    (as sin 𝑥 and cos 𝑥 can be both positive and negative) 

 


