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MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

Solutions to Exercise 5G Foundation questions

la c=(6,-9)

€= [_69]

r=2V7

For a circle centred on (a, b)
(x—a)+ (@ —b)*=r?

So

(x—6)*+(y+9)?2= (2\/_)
(x—6)2+(y+9)* =28

1 c¢=(6-9)

9:[—69]
r=2J7
It —c¢cl=r

SO

|- [—69“ =2v7

1c For |a| = |b| =12 wherea b =0

r—c=acosf + bsinf

=151 = oo« ] ano

So the two parametric equations are:
x=6+2V7cos0

y = 2V7sinf — 9
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2a

2b

3a

3b

|r - [__150” =3V5

(x+5)?%+ (y+10)? = (3\/3)2
(x+5)?%+ (y+10)? =45

3
o
8
(x—32+@+1)%2+(z-8)?% =112

=11

(x—3)2+(@y+1)?2+(=z-8)?%=121

x=542v2cos6

y = 2V2sinf — 3

For |a| = |b| = 1% wherega-b =0
r—c=acosf +bsinf
x—5=2v2cos6

y —(=3) = 2+/2sin 6

So the vector equation will be:

1= 55l =2v2
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The Cartesian equation is:

(x—5)2+(y+3)?= (2\/—)
(x—5)2+@y+3)*=8

5a x2+y’—6x+8y=0
(x2—6x)+ (¥?>+8y)=0
Completing the square gives
(x2—6x+9) -9+ (y?+8y+16)—16=0
(x—3)2-9+(y+4)2—-16=0
(x—3)2+(@y+4)?%=25

|f_[—34]| =9

5b x2+4+y%2+2z°+x—-2y—-5z=0
(2+x)+(2=2y)+(z°=-52)=0

Completing the square gives

(2+ +1) 1+( 2y +1) 1+( 5+25) 25—
X X 1 y? y Z Z 7 i
1,2 5\2 30
_ _ 2 _ ) =__
(x+2) +0 1)+(Z 2) 4
So
_1
2
c=11
5
2
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6 P(8,-5,2)
5
|5 -7
—4

X

For the point P:

[)-[=]
[

=32+ (-2)2 + 62
=V9+4+36

= V49
=7

Thus point P is a point on the surface of the sphere.
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7 A(—4,-5,6)

r—| 4 =3V15
-1

X -2

-

z -1

For the point A:

(]
[

=J(=2)2 + (=92 + 72

=v4+81+49
134

Since V134 < 315, point A lies inside the circle.

8 (r—(25+]~—I§))-(r—(25+1~—l~c))=

x—21 [x—2

y—1|-|ly—-1
z+11 lz+1

x=22+@-1)?+E+1)%?=20
r?2 =20

r =+/20
r=2V5

So the centre of the circleis (2,1, —1)

=20

The radius of the circle is 2/5.
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9a

9b

r(t) = (Qcost+ 1)1+ (2sint — 1)1

x=2cost+1

y=2sint—1

x=2cost+1

x—1
2

cost =

y=2sint—1

.t_y+1
Sint = >

Since sin®t + cos?t = 1,

(5 -

x-1D2+ (@ +1)2=4
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Solutions to Exercise 5G Development questions

10a

10b

10c

r(t) = -2+ {t*—2)),fort 20

x=t—2
t=x+2
y=t%>-2

y=(x+2)?*-2

Sincet 2 0andx =t — 2,
x=>0-2
x=>—-2

So domain is [—2, o).

Graph of y = (x + 2)? — 2 for x > —2 shown below.
x-intercept: wheny = 0,

(x+2)2-2=0

(x+2)2=2

x+2=+V2

x=-2+2

But x > —2, so x-intercept is —2 + /2.

y-intercept: when x = 0,

y=(0+2)?%-2=2

So y-intercept is 2.

© Cambridge University Press 2019



o L T

" CambridgeMATHS == &

MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

}’*/a

242

|
o P
-y

11a

Q

w
e~
Ut~

For a circle with radius r, centred on the origin its vector equation will be:

r =|al
Ir|? = 3% + (=1)*
Ir| = V10

11b ga=31—)
The tangent of the circle at point ¢ is perpendicular to the radius.

So(r—a)-ga=0

(r-Gi-p) G-p =0

11c

Q
Il

31—J
=10

(r-a)

(et +yp)-(BL—p) +10=0
Bx—y)—10=0

So the Cartesian equation for the tangent is:

y=3x-—10
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r=[_11]+/1[§]

So the parametric equations are:

x=31+1
y=21-1

2o [ [1)]=vE
=)0
4B L= v
2= vm

91% 4+ 4)% = 13

=1

A=%1

Substituting A = +1 and solving for x and y:
A=CB1)+1,2(1)-1)

A=(41)

B=@BC1D+12(-1)-1)

B =(-2,-3)

13 First find the Cartesian equations for these spheres.

N\
r—|-6||=7
| 3]
a1
r—|2|l=5
| 7 ]

lv—c¢cl=r

So the Cartesian equations in terms of x will be:
(x —5)? =72
(x +3)? =52
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14a

14b

Equating these two equations to find the intersecting point on the x-axis
(x—5)?%2—-49 = (x +3)?>-25

x2—10x+25—49 =x2+ 6x+ 9 — 25

16x =8

X ==
2

As there is only a single value for the two spheres to intersect on the x-axis, the

spheres touch each other at a single point.

The circle of intersection will be perpendicular to the axis the spheres are
centred on as both spheres centre on the z-axis, one at (0, 0, 0) and the other at
(0,0,5).

The sphere of intersection between the two spheres will be parallel to the xy-
plane.

lr| =3
r—
0
(22—5)[01 =
5
x
EARE
z—05

x2+y2+2z2=9

y? =9 —x2 - z2 (1)
x2+y2+(z—-5)2=16 2)
Substituting (1) into (2) gives us:
x2+ 9 —-x2-2z)+(z—-5?%?=16
9—-z2+(z—-5)?%=16
9—2z2+22—-10z+25=16

—-18 = -10z
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Substituting this into equation (2) and solving for x? + y?:

9 2
x2+y2+(§—5) =16

PN
Xyt e

The intersecting circle is centred on (0, 0, z).

So, solving for the position of the intersecting circle on the z-axis
using a point on the circle solve for z, say x = 15—2,y = 0:

x2+y2+2z2=9
2

12
(?) +0%242%2=9

144
25

z? =

So the intersecting circle is centred on

C—(OOg)
- 115
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15 (x—-32+(@y+4)?%+(z+2)? =81
3
r—[—4
-2

-3
6|+A|—
-9

=381

7

=
Il

[—3
16
[—9

[—6 + 71

3 |
7 [ 3
—12] — —4]
3 [ —2
20 — 122
[ -7 + 31

(=6 +71)%+ (20 —12)% + (=7 + 31)? = 81
36 — 841 + 4922 + 200 — 4801 + 144A% + 49 — 421 + 91%> = 81

+A =81

2021A% — 6061 + 404 =0

A2—-31+2=0

1-1)A1-2)=0

So the line intersects with the sphere for the values of A where
A=1,2

Substituting these values back into the line equation 7:

Fori=1

X1 [—3] 7
yl=116|+1]—-12
Lz ] | —9] 3
_x_ 4
yi=14

Lz ] -6
For A =

X —3] 7
yl=116|+2]|-12
Lz ] —9] 3
X1 11
y|=|-8

Lz ] -3
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The line intersects with the sphere at points:

(4,4, —6) and (11, -8, —3)

-2 3
16a r=|3|+1[|4
4 5
X -2 3
H= 31+1|4
z 4 5
x=31-2
y=41+3
z=51+4

16b  Substituting the parametric equations into the equation for the plane:

x=31-2
y=41+3
z=51+4

2x +4y —z =55

234 —2)+4(4A1+3)—(54+4) =55
61—4+161+12—-51—-4=55
174+ 4 =55

A=3

Substituting A into 1 will give us the point of intersection.

X1 [—2 3
yl=|3|+3|4
izl 14 5
X '7
o] -]
z4 119

So the point of intersection between the line and the plane is:

(7,15,19)
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l(et+e‘t)
17a r=f
~(e"+e™)
1
x=§(et+e‘t)
1
2 =Z(et+e—t)2
, 1
x =Z(et+t+et_t+e_t+t+e_t_t)
2 1 -t
x =Z(e +2+e™)
1 1
2 _ 2 _ . (p2t 4 -t
X" =5 4(e +e™h)
1
y=5(f—e™
1
y2 — Z(et _ e—t)z
, 1
y — Z(et§+tf _ et—t _ e—t+t + e—t—t)
1
y? =Z(62t+e—2t_2)
2,1 1. 9 —2t
y +2—4(e +e74)
Equating the LHS for x and y gives:
1 1
2 _ e 2
U8 N -2
xZ_y2:1
17b [ 2sint
2sinttant

x = 2sint
We know that, cos? t + sin®t = 1
So

x% = 4sin?t
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y=2sinttant

2sin?t
Y = Tost
2 =4sin*t x
Y cos?t
1 1
y2 = x* x
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Cf%)(q,) Possible directhon veclors are

iB = (> M&Acv(>

S50 a ;9055 b(g e watbon -ffgr

( >* “()"‘/“( ) ww%,‘/uelk

WL.S an '~ ;/g num_{:.&r 0{50;’;@6’& Ww5w€-ﬂ5}:\9(&>
( In each Ga&& +ha cyrn’«LS;:aadznﬁ CarilesSian eq,ua%f?f) S e sama,

(b) A setof ywam_eﬂﬂ”'c e,@uti,‘%)ané o-f

3c:l+2-}2/u @
j:—}+42+5/u

3= 2 2m

@“@1 :»c;-—}:i%—f}/u,
So g = C;c -I)

3= - le-371)
Asa(>m37) 4y
- L(x 3" .

Subs {ﬂ\tu%'fzﬁ [ nte .
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Cfci We want a Pﬁ-—c"czm‘(‘v"'.C VEC‘(‘O" e&(/u.ﬁu Lo/}

Thtroduce 2 ,oé\_ranw;%&rﬁ A znde o 19? Le%b'nj

:j:)\ e & 5::/4,{‘,
Then a4+ b)) %C/L( =A
{
So = Z(ﬁwb%u—c/u_>

Se a oramaetri ¢ Vechkr e waten /s

r - [ x i’(@ﬁ» b2 ~c',l,c>
~ ) - 5
& M
b

_C_l;_ .
i.e. roo= a a =
~ A &
(O * J "*‘,/‘"( o
O o j .
So two non -f&.¢@{g,L o{’.r‘rec‘h‘orx Vec:“l'or.s e
_._g__ _Zg_
C’7 &vw(,é o
J .
a -t
NOW) (b>¢('“>:: -—-»L-—l-!o
“ '

= O
@ -£
.
W&Q <b>v(o = —c +4+C
< f
= O

a
So the vector ({;) /s fzwlpena{’fcg,&pw o the fl.w.

CZC’) The Curves g,z jr‘a}pz\zﬁ n the A‘néwﬂrﬁ";@ EXQ.rc:'SehS
in the e3¢ L%ﬂok.
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