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Chapter 5 worked solutions — Vectors

Solutions to Exercise 5F Foundation questions

la The line intersects the point A = (—1, 3) and is in the direction b = 21 — .

1(a) 't

~_1
e

=V

—i | ™

-1 o)

J

1b  A=(-1,3)

1c r=(-1+ 3]~) + (2 —]~)

1d r=(-+ 31) +,1(25—]~)

So
x=21-1
y=3-1
x=23-y)—-1
NN S
y=3*"3
__ 1.5
Y=72*%73
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2a a=xt+y

x =3
y=7z03)—-4
y=-2

SO
a=31—2

m—b2
by
m_2
3
b=31+2

2c r=a+Ab

3ai ForAx+ By =0,

directional vector b is:

b=[lore=[7]

So for

x—3y+12=0

-1l
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3aii x—3y+12=0
For the x-intercept:
x—3(0)+12=0
x=—12
x-intercept = (—12,0)
So the position vector will be:
e=["]
For the y-intercept:
0-3y+12=0
-3y =-12
y=4
y-intercept = (0, 4)

So the position vector will be:

o=[)

3aiii r=qg+1b

Using the y-intercept,

q= 0

~ 4
o]

So
r=[]+2[;

3bi x+3y=6
x+3y—-6=0
So for the directional vector
_[-3
b= [ 1 ]
x-intercept is
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x+3(0)-6=0
x=6
x-intercept = (6, 0)

So the position vector will be:

o-[3

=[ol+2[7]

3bii y=3
y—3=0

So for the directional vector

b=}

y-intercept is
y=3
y-intercept = (3,0)

So the position vector will be:

=[]

So

=[5l +2[]

3biii x =-5
x+5=0

So for the directional vector

b=[3]

x-interceptis x = —5

x-intercept = (=5, 0)
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So the position vector will be:
_[-5

= [ 0 ]

So

r=[1+2[]

[l =[]+

x=-3+41
y=5+44
So
A=x+3

Substituting this back into the equation for y gives:
y=5+4+4(x+3)

y=5+4x+12

y=4x+17

4b r = 55+2]~+/1(—25+31)

x=5-21
y=2+31
y—2

3 =A

Substituting this back into the equation for x gives:

e E)
x=5 2(3

3x+2y =19
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2 o[+

For (2,-8)

el =[51+25)

For x-equation:

2=—-4+31
6 =31
2=2

For y-equation:
—8=2-51
10 =54

2=21

As A = 2 for both equations, the point (2, —8) lies on the line r.

b r=[7] +,1[_35]
For (—13,17)
71 =151+ 2]

For x-equation:

—13=—-4+341
-9=31
-3=2

For y-equation:

17 =2 -52
—15=54
-3=2

As 1 = =3 for both equations, the point (—13,17) lies on the line r.
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e o=[F]+a3)

For (8,—20)

|20l = [Z] 2]

For x-equation:

8=-4+31
12 =32
4 =2

For y-equation:

~20=2-52
22 =51

22 _

==

As there are different values for 4, the point (8,20) does not lie on the line 7.

6a P(7,0,-5)
a=7L—5k
b=—41—-6]+9k

r=a+4b
r =71— 5k + A(—41— 6] + 9k)
6b  P(3,4,5)

3
a=|4

5

—6
b=1-7

-8
r=a+Ab

3 —6
r=\|4|+1|-7

5 -8
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7a  P(3,-2,—4)
r=2-2+k+A(5.-3] k)

r=a+4b
a=31—2]—4k
b=51-3 -k
So

r=31—2)—4k+A(5. -3 — k)

7b  P(-1,—-1,2)

We multiply the directional vector by a number without altering the direction it
represents so:

b_6 6 6k
PTet T3l 2
b=1+2;+3k

r=—1—)+2k+A(+2+3k)

4 -2
8a r=|(-7|+1|3
-1 —6
P = (8,—13,11)
X -2
=[]+
A —6

For x-equation:

8=4-121
—4 =21
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A==2

For y-equation:
—-13=-7+32
-6 =31
A==2

For z-equation:

11=-1-64
12 = —64
A==2
As A = —2 for all three equations, the point P lies on the line r.
4 -2
8b r=|-7|+1|3
-1 —6

P = (—4,5,-25)

IR

3
For x-equation:

—6

—4 =4 -2
8 =21
A=4

For y-equation:

5=-7+31
12 =32
A=4

For z-equation:
—25=-1-64
24 =64

A=4

As A = 4 for all three equations, the point P lies on the line r.
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Solutions to Exercise 5F Development questions

9ai x+2y—4=0

y= Zx

Forx =0,y =2

0,2)

Forx =2,y=1

(2,1

The directional vector, g for this line is:
2—-0

=112

¢= [—21]

9aii g = [_21]

The vector, n, perpendicular to g, is:

-1}

9aiii The vector equation for the perpendicular line through (2, —3) is

[y =[]+

9b x=y+3=0

y=x+3
Forx =0,y =3
(0,3)

Forx =1,y =4
(1,4)

So the directional vector for this equation is:
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1-0
¢= 4—3]
a=[1

The vector, n, perpendicular to g, is:

n= [—11]

The vector equation for the perpendicular line through (1, —2) is

[ﬂ = [—12] +4 [—11]

10 r=a+Ab

[yl = [+ L)

This gives:
xX=x;+41
xX—x; =41
)’_3/1:)L
m
Y=
=x—x1

So

y—y1 =m(x —Xxq)

11a  A(4,3)
B(6,0)

AB=[ 7]

- [—23]

r=4+3+A(21—-3))
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11b  A(-7,5)
B(—13,-8)

ap =1 7]

_[—6
B [_13]
r=-=71+5 -6+ 13))

which is equivalent to:

r=-=71+5+A(61+13))

12a  P(-1,3,1)

0(2,4,5)
o 2-(-D
PG = 4_3]
| 5-1
3
= |1
4

r=-1+3+k+ A3+ + 4k)

12b  P(7,-11,14)
Q(17,9,—16)
[ 17-7 ]

PQ =|9-(-11)
[ —16 — 14

[ 10
=120
[—30
r=71—11; + 14k + A(101 + 20; — 30k)
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13a  A(1,-2)
B(5,4)
AB = -4 5?—1@
= [¢]
[=[ )+l 0sa=n

13b  A(-1,1,-2)

B(2,3,-1)
22— (-1
AB=| 3-1 ]
-1 - (-2)

3
2
11

X [—1 3
[yl= 11+1]2],0<4<1
z | —2 1
-4 6
14 n=|3[+4 —15‘
[ —1] | —24

2 —4
= —5 + U 10
[ —4 ] 116

If r; and 1, are parallel then there is a value a, that is the ratio between the
directional vectors of r; and 1, so

-l
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15a

LHS =

6
—15

1

Since LHS = RHS, r; and 7, are parallel.

(4] 1

3] [ 1]

o 6
n,=|6(+ul4

5] 5
4 1 7 6
8|+ A|2|=|6|+ul4
3 11 5 5

Equating the first two components and solving for A:
4+A=7+6u

A=3+4+6u

Equating the second two components and substituting for A:
8+21=6+14u

20 =-=2+4+4yu

23+ 6u) =—-24+4u

6+ 12u=—-24+4u

8u = -8

u=-1

So the point of intersection is:

7 6
6+ (-1) [4] =(1,2,0)
5
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7 [ 4 ]
[ 8 | 2
[—2] 5
p=1[+tu]-3
[ 101 —4
7 [ 4 -2 5
=3+ A|-1|=|1|+ul-3
8 | 2 10 —4

Equating the second two components and solving for A:
—-3-1=1-3u

A=3u—4

Equating the first two components and substituting for A:
7+41=-2+5u

42 = -9+ 5u

4(B3u—4)=-9+5u

12u—16 = =9 + 5pu

u=7

u=1

So the point of intersection is:

-2 5
1|+|-3|=@3-26)
10 —4

[ 1 2

-1 1

[1 —4

L0 -3
1 2 1 —4

+A|-1|=|1|+un]| 3
-1 1 0 -3

Equating the first two components and solving for A:
1+24=1-4u
A=-2u
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17a

Equating the second two components and substituting for A:
—-A=1+3u
2u=1+3u
2u=1+3u

Equating the third two components and substituting for A and u:
—1+A=-3u

LHS = -1 p— d
= c="gan

RHS = —=

LHS # RHS
As the simultaneous equations are inconsistent the lines do not intersect.
These lines are not parallel as there is no value for a at which v; = av,

where v; and v, is the directional vectors for r; and r,, respectively and a is a real
number.

So r; and r,, are skewed.

[ 3 ] 2
V1=_2 +A—1
| 3 | 1
—2] 1
U2=—2 +,u 2
[ 4 | -3
3 [ 2 -2 1
2|+ a|-1|=|-2|+u]| 2
3 |1 4 -3

Equating the first components and solving for u:
34+2A=-2+u
Uu=21+5
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Equating the second components and substituting for u:
—2—A=-=-2+4+2u

—2—-1=-=-2+4+2021+5)

—-1=41+10

—54=10

A=-=2

Hence

u=2(-2)+5

u=1

Using the third components and substituting for A and u:
3+1=4-3u

LHS=3—-2=1and

RHS=4-3=1

So v; and v, intersect.

3 2
-1
1

2|+
3] 2
=|-2|+(-2) [—1]

Ulz

3
1

R R NS R
w

So v, intersects v, at (—1,0,1) or — 1 + k.

[3 2
17b v, = |1+ 1
|4 -1
[ 2 -1
vy =|-1|tu| 2
| 1 3
3 2 2 -1
11+ A1 =|-1|+u| 2
4 -1 1 3

Using the first two components and solving for u:
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3421=2—-pu

u=-1-21

Using the second two components and substituting for u:
1+A=-1+2u

1+A=-14+2(-1-22)

4 =—-54
1= 4
-5
Hence
=-1-2(-3)
H= 5
_19
=7

Using the third two components and substituting for 4 and pu:

4—-21=1+3u
LHS=4—(—f)=Eand
5 5
RHS=1+3(Q)=£
5 5
LHS # RHS

As the simultaneous equations are inconsistent, the lines do not intersect.

So r; and 1, are skewed.

18a  For the points (2,0,1) and (-1, 3,4)

the directional vector v; will be:

B

[ 3
v, =|[-3

[—3

So a vector for the line will be:
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3
-3
-3

For the points (—1, 3,0) and (4, —2,5),

2
of+4
1

=

the directional vector v; will be:

[—1] 4
v, =13 |— [—2]
| 0 | 5
e
v, =|5
| 5]
So a vector for the line will be:
-1 -5
0 -5
So r; and r, will intersect for r; = 15.
2 3 -1 -5
ol+4 —3] =3 [|+uls ]
1 -3 0 -5

Using the first two components and solving for u:

2+31=-1-5u

3 3 1
H=7575
Using the third two components and substituting for u:
1—-34=—-5u
1-31= 5< 53 /'1)

N 5 5

1-31=3+31
—2=641
1 1

-3
Hence
H=7575
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y|=|0|-3|-3
Zl 1 33
_x_ 1
y=1|1
A WA

Sor; and r;, intersect at (1, 1, 2).

18b  In order to find the angle between the two vectors, we can use the directional
vectors of r; and 75,.

C 3
vy =|-3
| — 3
e
v, =1]5
| —5]
Vv
6 = cos~1 =2

lvallve|

w3

=(B3x-=5)4+(-3x5)+ (-3 x-5)
= —15

lv12 = (3)% + (=3)% + (-3)? = 27

lvi] = V27 = 3V3

|v,]2 = (=5)% + 5% + (=5)? = 75

lv,] = V75 = 5vV3

So

-1 V1 Vy

lvallv,l

0 = cos
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15
6 = cos™t (——)

3V3 X 5v3
1
= -1 _Z
6 = cos ( 3)
For the acute angle,
1
o)
cos 3
6 = 70.5°
19
[ 2 1
[13 3
- a _1
=7 l +ul 2 ]
|2 -3

So if r; and r;, intersect then, r; = 15.
-1
2
-3

Equating the first two components and solving for a:

+u

24+4A=a—-yu

a=2+A+u

Equating the third two components and solving for A:
13+31=-2-3u

31=-15-3u

A=-5—-u

Equating the second two components and substituting for A:
9+241=7+2u

9+2(-5—w)=7+2u

—-10—-2u=-2+2u

—4u =18

p=-2
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Hence
A==5—-u
A=-5-(-2)
A=-3

So
a=2+A+u
a=2-3-2
a=-3

20a = [—04] +4 [;]

bl =150+

x= A
y=—4+21
y=—-4+2x

So, for x = 1 and x = 2 respectively, two points on the line will be
A=(1,-2)
B =(2,0)

20b  Using A and B from part a:

P = (=23)
A=(1,-2)
B = (2,0)
. r-2-1
AP =3 "
— -3
AP__S]
[ 2-1
AB=|,"
—
AB__Z]
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20d

b=}

AP =p
p=[3]
projyp = %b

I
_ (Ix-=3)+(2x5)

12 + 22

The perpendicular distance d from the point P to the line is:

d= |projl~,£) — }3|
rojp =51}
p=[7]

So

d = |projyp — p|

_ —3

‘S 5[14

d =

2= - _ -

d 5 5)

d2_484+121
25 25
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B 121
B 5
11V5
= units
5
21a
-1 1
r=|1[+1]0
0 2
X -1 1
Iyl= + 110
VA 0 2
=—14+4
y=1
z=2A
So
= 1+Z
x= 2

So,for y=1, z=0and y = 1, z = 2 respectively, two points on the line will be
A=(-1,1,0)
B =(0,1,2)

21b  Using A and B from part a:
P=(1,-1,1)
A=(-1,1,0)

=(0,1,2)

oS

3l

Il

|-

[N

I
_—

= L

o
!
Il
I

N
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21c

21d

o
Sy
Il

1

o
Sy
Il

SECE I S

(1x2)+(O0x-2)+((2x1)

projpp =

N

projpp =

U]

projpp =

ul| =
Fos Son

The perpendicular distance d from the point P to the line is:

d = [proj,p — p

1[4
proj,p =t 0
8

d = [projyp — p

© Cambridge University Press 2019

12 + 02 + 22

:

16



3 ;01.“@“",

CambridgeMATHS == &

Chapter 5 worked solutions — Vectors

qiNE

[_9]

145

V145

units

22a  Two lines are parallel if there is value a at which n; = an,

where 1, and n, are the directional vectors for v; and v, respectively and a is a
real number.

In this case the directional vectors n; = n, so the lines must be parallel.

1
_2‘
3

A point on the line v, is:

P=(1,-2,1)

22b  For the line v,
1
-2
1

where v, = +u

The position vector for P, ¢ will be

1
g=[—2]org—2]~+l~c
1
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22c  The perpendicular distance d from the point P to the line is v,:

. b-p
pro]l}? |b|2 b
d = [projyp — p|

Finding two points on v,

1 1
Uy = |2+ u|-2
3
X 1
-
z 3
x=14+u
u=x-1
y=-—2-2u

y=-2-2(x—-1)
y=—2x D
z=1+3u

z=3x—-2 (2)

Using (1) and (2), solve for x = 0 and x = 2 for points A and B respectively.

A =(0,0,-2)
B =(2,—4,4)
2 0
AB=|-4|-]0

4] -2
—_— -2-
AB = |-4

6
AB=1b

2
c=|1

—2
AP =
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P =

0
-5
6

AP =p
|b|2 = 22 + (—4)? + 62
b2 =4+ 16 + 36

|b| =56
. b-p
projyp = Wb
. 0+20+36][2
projpp = 13 —4
6
2
projpp = |—4
6
d = [projyp — p|
[ 2 0
N3 6
2
d=||1
0
d* =2%+1%+0?
d>=5
= +/5 units

23a  If ABCD is arhombus then all sides will be equal and opposing sides will be

parallel.
a4 = —1
~ =2
b=
e =3

AB=(a+b) - (@)
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AB=bh
=
BC=(a+b+)—(a+bh)
BC=¢
=[]
CD=bh
co =}

CD=(a+¢)—(a+b+¢)

DA=(a)-(a+¢)

DA = —¢
DA =[]

So in order for the opposing sides to be parallel, for real numbers a and b,
AB = aCD and BC = bDA

These hold fora =1and b = —1

If all sides are equal in length, then:

2 =22 =2 =2

|AB|” = |BC| = |[cD| = |DA]

We already know that

2 =2 —2 =2

|AB| = |CD| and |BC| = |DA|

—,2 — 2
So we need to see if |[BC| = [CD]|

BE| = 22 + 32
5| = [cB|”

So as ABCD has all sides equal in length and opposite sides are parallel,

ABCD is a rhombus.
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23b

24a

The bisector of angle ZABC is BD.

OB=ga+h
a5 -}
OD=a+c
o0 =[]}

rs» = OB + A(0D — 0B)
o = [o] + 2 ([1] = [¢])

o = [+

As the bisector of angle ZABC is perpendicular to BAD,

the vector equation for AC will be

- —1
tie = 0+ 2] gy

me =[5+ 4[]
For OM

S
o
Il

2
()
Il
N NIH Co® =3

OM == (04 +0C)

. 0] T[4

OM = <1+0>
2l 1

S|

I
————————
N WN| =D
—_—

© Cambridge University Press 2019
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24b  For a vector equation for the line BD

—1
0B =|-1
L 0
3
oD =1
2

Tgp = [—1

Tgp = |—1

+ A

+ A

24c  Solving for A:

_1'
Tgp = |—1

| 0 |
X —17
o=
z 0
z =21
/1—2
2
M—<21
=(23
So
1 3><1
272
/1_3
4

Substituting this back into 7 should be equal to M if M is on the line:

LHS =1pp

+ A

+A

[4
2
2

So= fo=

)

© Cambridge University Press 2019
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24d

~1] 3[4

— =1 +2]2

Lol %42

3

. )

ol |3

2
2
1|
—|2
3
2
— RHS

So M lies on the line 75p.

BM:MD
—_ _1
OB = |-1
| 0
—_— -3-
OD =11
[ 2]
_2_
1
oM =12
3
[

2]
1A —1\‘
BM = 21—1—-1

Y

2

2|
I
—————————
Nl W ww

© Cambridge University Press 2019
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e B
=[i)

MD =|2
i
2
Il
BM:MD =|21:|2
EIE
=3:1

25a  The interval of the line segment AB.

25b  The ray with endpoint B in the direction of b — a.

25b  The ray with endpoint 4 in the direction of @ — b

© Cambridge University Press 2019
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626)6:1) P s the variable point (—24—)\) } 5 2*2))

- 3.7
So AP = ?;
I =2

$o ]ﬁfar(?\‘@z*('“/\)z
. 2AT-8a+10
so [AP]= J22?-8a+i0 .

ONLAE JW
= \}—5(2-2>2+ 2

So +L\0- m:tﬂ;mméf/{st‘ﬁmc@ gom /jf ‘l:\:) ,Q
RS J2 wnids yomd Fhis occurs whoon A =2

(c) Whin 2=2, A—#)P"(>

O

The direchon of L 18 _,
(—rl> ( > = —l+o+

50 AFJ_ +he ai,me_c{wan vecdor 07C £
S +he m i muern &le‘f&%—w@ (s +he P.u?_amég,'cwiﬁwc{_,gf@ﬂ@q

ti

(A-) The 6%0% Jorodgzvt(,‘t 6§ Ag)mgi thae o‘a:m@(f]an veedo 0‘_(‘ é

3”‘) () -3+ -1+

For +he M N U (;.a. f.b?.e/w(ilayim) iulﬁf‘&wt@)
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