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Solutions to Exercise 5E Foundation questions 

1 For a quadrilateral 𝑂𝐴𝐵𝐶, where the diagonals 𝑂𝐵 and 𝐴𝐶 bisect each other 

 Let 𝑀 be the point where the diagonals intersect one another. 

 Since 𝑀 bisects both diagonals: 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  =
𝑂𝐵⃗⃗ ⃗⃗  ⃗

2
= 𝑀𝐵⃗⃗ ⃗⃗ ⃗⃗   

𝐴𝑀⃗⃗⃗⃗ ⃗⃗  =
𝐴𝐶⃗⃗⃗⃗  ⃗

2
= 𝑀𝐶⃗⃗⃗⃗ ⃗⃗  

 Now we consider two opposite sides of the quadrilateral: 

 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  + 𝑀𝐴⃗⃗⃗⃗ ⃗⃗   

         = 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  − 𝐴𝑀⃗⃗⃗⃗ ⃗⃗  

        =
𝑂𝐵⃗⃗ ⃗⃗  ⃗

2
−

𝐴𝐶⃗⃗⃗⃗  ⃗

2
 

 𝐶𝐵⃗⃗⃗⃗  ⃗ = 𝐶𝑀⃗⃗⃗⃗ ⃗⃗ + 𝑀𝐵⃗⃗ ⃗⃗ ⃗⃗   

        = −𝑀𝐶⃗⃗⃗⃗ ⃗⃗ + 𝑀𝐵⃗⃗ ⃗⃗ ⃗⃗   

       = −
𝐴𝐶⃗⃗⃗⃗  ⃗

2
+ −

𝑂𝐵⃗⃗ ⃗⃗  ⃗

2
 

        = 𝑂𝐴⃗⃗⃗⃗  ⃗ 

 Therefore sides 𝑂𝐴 and 𝐶𝐵 are parallel and equal. This is sufficient to prove that 
𝑂𝐴𝐵𝐶 is a parallelogram. 

 

 

2a 𝑎̰ ∙ 𝑐̰ = 0 as they are perpendicular. 

 

2b 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑎̰ + 𝑐̰ 

𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝑐̰ − 𝑎̰ 
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2c  Since the diagonals are perpendicular, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ ∙ 𝐴𝐶⃗⃗⃗⃗  ⃗ = 0 

 Therefore 

 (𝑎̰ + 𝑐̰) ∙ (𝑐̰ − 𝑎̰) = 0 

 Expanding: 

 𝑎̰ ∙ 𝑐̰ − 𝑎̰ ∙ 𝑎̰ + 𝑐̰ ∙ 𝑐̰ − 𝑐̰ ∙ 𝑎̰ = 0 

 From part a: 

𝑎̰ ∙ 𝑐̰ = 𝑐̰ ∙ 𝑎̰ = 0 

 Therefore 

 𝑐̰ ∙ 𝑐̰ − 𝑎̰ ∙ 𝑎̰ = 0 

 |𝑐̰|2 − |𝑎̰|2 = 0 

 |𝑐̰|2 = |𝑎̰|2 

 |𝑐̰| = |𝑎̰| 

 Therefore 𝑂𝐴𝐵𝐶 is a rectangle whose sides are equal, making it a square. 

 

3a 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 𝑎̰ 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑏̰ 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝑚̰  

 |𝑂𝐴⃗⃗ ⃗⃗  ⃗| = |𝑂𝐵⃗⃗ ⃗⃗  ⃗| as both |𝑂𝐴⃗⃗ ⃗⃗  ⃗| and |𝑂𝐵⃗⃗ ⃗⃗  ⃗| are the radius of the circle. 

 For 𝑎̰ ∙ 𝑎̰ = 𝑏̰ ∙ 𝑏̰ 

 LHS = 𝑎̰ ∙ 𝑎̰ 

         = |𝑂𝐴⃗⃗ ⃗⃗  ⃗|
2
 

         = |𝑂𝐵⃗⃗ ⃗⃗  ⃗|
2
 

         = 𝑏̰ ∙ 𝑏̰ 

         = RHS 

 Thus 𝑎̰ ∙ 𝑎̰ = 𝑏̰ ∙ 𝑏̰.  
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3b 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 𝑎̰ 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑏̰ 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝑚̰  

Therefore: 

 𝐴𝑀⃗⃗⃗⃗ ⃗⃗  = 𝑚̰ − 𝑎̰ 

 (𝑚̰ − 𝑎̰) ∙ (𝑚̰ − 𝑎̰) = |𝐴𝑀⃗⃗⃗⃗ ⃗⃗ |
2
 

 Similarly: 

 𝐵𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝑚̰ − 𝑏̰ 

 (𝑚̰ − 𝑏̰) ∙ (𝑚̰ − 𝑏̰) = |𝐵𝑀⃗⃗ ⃗⃗ ⃗⃗  |
2

 

 Because 𝑀 bisects 𝐴𝐵, we know that |𝐴𝑀⃗⃗⃗⃗ ⃗⃗  | = |𝐵𝑀⃗⃗ ⃗⃗ ⃗⃗  |. 

 Therefore |𝐴𝑀⃗⃗⃗⃗ ⃗⃗  |
2
= |𝐵𝑀⃗⃗⃗⃗ ⃗⃗  |

2
 

Therefore (𝑚̰ − 𝑎̰) ∙ (𝑚̰ − 𝑎̰) = (𝑚̰ − 𝑏̰) ∙ (𝑚̰ − 𝑏̰). 

 

  

3c For 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ⊥ 𝐴𝐵⃗⃗⃗⃗  ⃗, it is sufficient to prove that 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐴𝐵⃗⃗⃗⃗  ⃗ = 0 

From part b: 

 (𝑚̰ − 𝑎̰) ∙ (𝑚̰ − 𝑎̰) = (𝑚̰ − 𝑏̰) ∙ (𝑚̰ − 𝑏̰) 

 𝑚̰ ∙ 𝑚̰ − 2𝑚̰ ∙ 𝑎̰ + 𝑎̰ ∙ 𝑎̰ = 𝑚̰ ∙ 𝑚̰ − 2𝑚̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ 

 −2𝑚̰ ∙ 𝑎̰ = −2𝑚̰ ∙ 𝑏̰ (using the fact that 𝑎̰ ∙ 𝑎̰ = 𝑏̰ ∙ 𝑏̰) 

 𝑚̰ ∙ 𝑎̰ = 𝑚̰ ∙ 𝑏̰ 

 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝑚̰ and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏̰ − 𝑎̰ 

 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐴𝐵⃗⃗⃗⃗  ⃗ 

= 𝑚̰ ∙ (𝑏̰ − 𝑎̰) 

 = 𝑚̰ ∙ 𝑏̰ − 𝑚̰ ∙ 𝑎̰ 

 = 0 

 Therefore 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ⊥ 𝐴𝐵⃗⃗⃗⃗  ⃗. 
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4 The converse result is that if 𝑀 lies on the chord 𝐴𝐵 and 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ⊥ 𝐴𝐵⃗⃗⃗⃗  ⃗, then 𝑀 bisects 
𝐴𝐵. 

 We have:  

 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 𝑎̰ 

 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑏̰ 

 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  = 𝑚̰ 

 𝑎̰ ∙ 𝑎̰ = 𝑏̰ ∙ 𝑏̰ 

 and since 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ⊥ 𝐴𝐵⃗⃗⃗⃗  ⃗, we have 

 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝐴𝐵⃗⃗⃗⃗  ⃗ = 0 

 Therefore 

 𝑚̰ ∙ (𝑏̰ − 𝑎̰) = 0 

 𝑚̰ ∙ 𝑏̰ = 𝑚̰ ∙ 𝑎̰ 

 (𝑚̰ − 𝑎̰) ∙ (𝑚̰ − 𝑎̰) 

= 𝑚̰ ∙ 𝑚̰ − 2𝑚̰ ∙ 𝑎̰ + 𝑎̰ ∙ 𝑎̰ 

 = 𝑚̰ ∙ 𝑚̰ − 2𝑚̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰            (using 𝑚̰ ∙ 𝑏̰ = 𝑚̰ ∙ 𝑎̰ and 𝑎̰ ∙ 𝑎̰ = 𝑏̰ ∙ 𝑏̰) 

 = (𝑚̰ − 𝑏̰) ∙ (𝑚̰ − 𝑏̰) 

 Therefore 

 (𝑚̰ − 𝑎̰) ∙ (𝑚̰ − 𝑎̰) = (𝑚̰ − 𝑏̰) ∙ (𝑚̰ − 𝑏̰) 

 |(𝑚̰ − 𝑎̰)|2 = |(𝑚̰ − 𝑏̰)|2 

 |𝐴𝑀⃗⃗⃗⃗ ⃗⃗  | = |𝐵𝑀⃗⃗ ⃗⃗ ⃗⃗  | 

 Therefore 𝑀 bisects 𝐴𝐵.  
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Solutions to Exercise 5E Development questions 

5a |𝑏̰ − 𝑎̰|2 = |𝑑̰ − 𝑐̰|2 

 |𝐴𝐵⃗⃗⃗⃗  ⃗| = |𝐷𝐶⃗⃗⃗⃗  ⃗| 

 𝑏̰ − 𝑎̰ = 𝐴𝐵⃗⃗⃗⃗  ⃗ 

 𝑑̰ − 𝑐̰ = 𝐷𝐶⃗⃗⃗⃗  ⃗  

LHS = |𝑏̰ − 𝑎̰|2 

          = |𝐴𝐵⃗⃗⃗⃗  ⃗|
2
 

          = |𝐷𝐶⃗⃗⃗⃗  ⃗|
2
 

          = |𝑑̰ − 𝑐̰|2 

          = RHS 

 So the equation is satisfied. 

 

5b For 𝑎̰ ∙ 𝑏̰ = 𝑑̰ ∙ 𝑐̰ 

 |𝐴𝐵⃗⃗⃗⃗  ⃗| = |𝐷𝐶⃗⃗⃗⃗  ⃗| 

 As they are radial: 

 |𝑎̰| = |𝑏̰| 

      = |𝑐̰| 

      = |𝑑̰| 

|𝑏̰ − 𝑎̰|2 = |𝑑̰ − 𝑐̰|2 

 |𝑎̰|2 + |𝑏̰|2 − 2𝑎̰ ∙ 𝑏̰ = |𝑑̰|2 + |𝑐̰|2 − 2𝑑̰ ∙ 𝑐̰ 

2𝑎̰ ∙ 𝑏̰ = |𝑎̰|2 + |𝑏̰|2 − |𝑑̰|2 − |𝑐̰|2 + 2𝑑̰ ∙ 𝑐̰ 

LHS = 𝑎̰ ∙ 𝑏̰ 

         = |𝑎̰|2 + |𝑏̰|2 − 2𝑎̰ ∙ 𝑏̰ 

         =
1

2
|𝑎̰|2 +

1

2
|𝑏̰|2 −

1

2
|𝑑̰|2 −

1

2
|𝑐̰|2 + 𝑑̰ ∙ 𝑐̰ 

         =
1

2
|𝑎̰|2 +

1

2
|𝑎̰|2 −

1

2
|𝑎̰|2 −

1

2
|𝑎̰|2 + 𝑑̰ ∙ 𝑐̰ 

         = 𝑑̰ ∙ 𝑐̰  
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         = RHS 

 So the equation is satisfied. 

 

5c For ∠𝐴𝑂𝐵 = ∠𝐶𝑂𝐷  

LHS = ∠𝐴𝑂𝐵 

         = cos−1
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

         = cos−1
𝑐̰ ∙ 𝑑̰

|𝑐̰||𝑑̰|
 

         = ∠𝐶𝑂𝐷 

         = RHS 

So the equation is satisfied. 

 

6a 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏̰ + 𝑎̰ 

𝑂𝑁⃗⃗⃗⃗⃗⃗ =
1

2
(𝑏̰ + 𝑎̰) 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  =
1

2
𝑐̰ 

 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ = 𝑂𝑁⃗⃗⃗⃗⃗⃗ − 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗   

For 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ =
1

2
(𝑎̰ + 𝑏̰ − 𝑐̰) 

LHS = 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ 

          = 𝑂𝑁⃗⃗⃗⃗⃗⃗ − 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗   

          =
1

2
(𝑏̰ + 𝑎̰) −

1

2
𝑐̰ 

          =
1

2
(𝑏̰ + 𝑎̰ − 𝑐̰) 

          = RHS 

So the equation is satisfied. 
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6b  For 𝑏̰ − 𝑐̰ = 𝑘𝑎̰ 

𝐶𝐵⃗⃗⃗⃗  ⃗||𝑂𝐴⃗⃗ ⃗⃗  ⃗ where 𝑎̰ = 𝑂𝐴⃗⃗⃗⃗  ⃗ 

 So as 𝐶𝐵⃗⃗⃗⃗  ⃗ and 𝑂𝐴⃗⃗ ⃗⃗  ⃗ are parallel there must exist a constant value 𝑘 whereby 

𝐶𝐵⃗⃗⃗⃗  ⃗ = 𝑘𝑎̰ 

 LHS = 𝑏̰ − 𝑐̰ 

         = 𝐶𝐵⃗⃗⃗⃗  ⃗  

         = 𝑘𝑎̰ 

         = RHS 

 

6c 𝑏̰ − 𝑐̰ = 𝑘𝑎̰ 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ =
1

2
(𝑎̰ + 𝑏̰ − 𝑐̰) 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ =
1

2
(𝑎̰ + 𝑘𝑎̰) 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ =
1

2
𝑎̰(1 + 𝑘) 

 and 

𝑂𝐴⃗⃗ ⃗⃗  ⃗||𝐶𝐵⃗⃗⃗⃗  ⃗ 

 Thus 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗||𝑂𝐴⃗⃗ ⃗⃗  ⃗ and 𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗||𝐶𝐵⃗⃗⃗⃗  ⃗. 

 

7 𝑂 = (0 ,0 , 0) 

𝐴 = (𝑎1, 𝑎2, 𝑎3) 

𝐵 = (𝑏1, 𝑏2, 𝑏3) 

𝐶 = (𝑐1, 𝑐2, 𝑐3) 

So the mid points are: 

𝑀 =
1

2
(𝑎1, 𝑎2, 𝑎3) 

𝑁 =
1

2
(𝑎1 + 𝑏1, 𝑎2 + 𝑏2, 𝑎3 + 𝑏3) 

𝑃 =
1

2
(𝑏1 + 𝑐1, 𝑏2 + 𝑐2, 𝑏3 + 𝑐3) 
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𝑅 =
1

2
(𝑐1, 𝑐2, 𝑐3) 

In order for 𝑀𝑁𝑃𝑅 to be a parallelogram, both pairs of opposite sides are 
parallel, in which: 

|𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗| = 𝜆|𝑃𝑅⃗⃗⃗⃗  ⃗| and |𝑁𝑃⃗⃗⃗⃗⃗⃗ | = 𝜇|𝑅𝑀⃗⃗⃗⃗ ⃗⃗ |, where 𝜆 and 𝜇 are real numbers. 

𝑎̰ = [

𝑎1

𝑎2

𝑎3

] 

𝑏̰ = [

𝑏1

𝑏2

𝑏3

] 

𝑐̰ = [

𝑐1

𝑐2

𝑐3

] 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ =
1

2
(𝑎̰ + 𝑏̰) −

1

2
𝑎̰ =

1

2
𝑏̰ 

𝑃𝑅⃗⃗⃗⃗  ⃗ =
1

2
𝑐̰ −

1

2
(𝑏̰ + 𝑐̰) = −

1

2
𝑏̰ 

So 

|𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗| = 𝜆|𝑃𝑅⃗⃗⃗⃗  ⃗| 

LHS = |𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗| 

         =
1

2
𝑏̰ 

         = −|𝑃𝑅⃗⃗⃗⃗  ⃗| 

         = RHS 

𝑁𝑃⃗⃗⃗⃗⃗⃗ =
1

2
(𝑏̰ + 𝑐̰) −

1

2
(𝑎̰ + 𝑏̰) 

𝑁𝑃⃗⃗⃗⃗⃗⃗ =
1

2
𝑐̰ −

1

2
𝑎̰ 

𝑅𝑀⃗⃗⃗⃗ ⃗⃗  =
1

2
𝑎̰ −

1

2
𝑐̰ 

So 

|𝑁𝑃⃗⃗⃗⃗⃗⃗ | = 𝜇|𝑅𝑀⃗⃗⃗⃗ ⃗⃗ | 

LHS = |𝑁𝑃⃗⃗⃗⃗⃗⃗ | 
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         =
1

2
𝑐̰ −

1

2
𝑎̰ 

         = −|𝑅𝑀⃗⃗⃗⃗ ⃗⃗ | 

         = RHS 

Hence both pairs of opposite sides are parallel (and equal in length). 

Thus 𝑀𝑁𝑃𝑅 is a parallelogram. 

 

8a We want to find ∠𝐹𝑂𝐷. 

∠𝐹𝑂𝐷 = cos−1
𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝑂𝐷⃗⃗⃗⃗⃗⃗ 

|𝑂𝐹⃗⃗⃗⃗  ⃗||𝑂𝐷⃗⃗⃗⃗⃗⃗ |
 

𝑂𝐷⃗⃗⃗⃗⃗⃗ = [
0
𝑎
𝑎
] 

𝑂𝐹⃗⃗⃗⃗  ⃗ = [
𝑎
0
𝑎
] 

|𝑂𝐷⃗⃗⃗⃗⃗⃗ |
2

= 𝑎2 + 𝑎2 

|𝑂𝐷⃗⃗⃗⃗⃗⃗ | = √2𝑎 

|𝑂𝐹⃗⃗⃗⃗  ⃗|
2

= 𝑎2 + 𝑎2 

|𝑂𝐹⃗⃗⃗⃗  ⃗| = √2𝑎 

𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝑂𝐷⃗⃗⃗⃗⃗⃗ = (0 × 𝑎 + 𝑎 × 0 + 𝑎 × 𝑎) 

𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝑂𝐷⃗⃗⃗⃗⃗⃗ = 𝑎2  

So 

∠𝐹𝑂𝐷 = cos−1 (
𝑎2 

√2𝑎 × √2𝑎
) 

             = cos−1
1 

2
 

             = 60° 

8b  The triangle ∠𝐹𝑂𝐷 is an equilateral triangle as all interior angles of the triangle 
are 60°. 
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8c  The triangular pyramid 𝑂𝐵𝐷𝐹 is a regular tetrahedron, as each face of the 

tetrahedron is a equilateral triangle. 

 

8d  

𝑂𝑋⃗⃗ ⃗⃗  ⃗ =

[
 
 
 
 
 
1

2
𝑎

1

2
𝑎

1

2
𝑎]
 
 
 
 
 

 

∠𝐹𝑋𝐷 = cos−1
𝑋𝐹⃗⃗⃗⃗  ⃗ ∙ 𝑋𝐷⃗⃗ ⃗⃗  ⃗

|𝑋𝐹⃗⃗⃗⃗  ⃗||𝑋𝐷⃗⃗ ⃗⃗  ⃗|
 

𝑋𝐹⃗⃗⃗⃗  ⃗ = [
𝑎
0
𝑎
] −

[
 
 
 
 
 
1

2
𝑎

1

2
𝑎

1

2
𝑎]
 
 
 
 
 

 

𝑋𝐹⃗⃗⃗⃗  ⃗ =

[
 
 
 
 
 

1

2
𝑎

−
1

2
𝑎

1

2
𝑎 ]

 
 
 
 
 

 

 

𝑋𝐷⃗⃗ ⃗⃗  ⃗ =

[
 
 
 
 
 −

1

2
𝑎

1

2
𝑎

1

2
𝑎 ]

 
 
 
 
 

 

|𝑋𝐷⃗⃗ ⃗⃗  ⃗|
2

=
1

4
𝑎2 +

1

4
𝑎2 +

1

4
𝑎2 

|𝑋𝐷⃗⃗ ⃗⃗  ⃗|
2

=
3

4
𝑎2 

|𝑋𝐷⃗⃗ ⃗⃗  ⃗| =
√3

2
𝑎 

|𝑋𝐹⃗⃗⃗⃗  ⃗|
2

=
1

4
𝑎2 +

1

4
𝑎2 +

1

4
𝑎2 
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|𝑋𝐹⃗⃗⃗⃗  ⃗|
2

=
3

4
𝑎2 

|𝑋𝐹⃗⃗⃗⃗  ⃗| =
√3

2
𝑎 

𝑋𝐹⃗⃗⃗⃗  ⃗ ∙ 𝑋𝐷⃗⃗ ⃗⃗  ⃗ = −
1

2
𝑎 ×

1

2
𝑎 −

1

2
𝑎 ×

1

2
𝑎 +

1

2
𝑎 ×

1

2
𝑎 

𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝑂𝐷⃗⃗⃗⃗⃗⃗ = −
1

4
𝑎2 

So 

∠𝐹𝑋𝐷 = cos−1 (
−

1
4𝑎2 

√3
2 𝑎 ×

√3
2 𝑎

) 

             = cos−1 (−
1 

3
) 

             = 109.471… ° 

             ≑ 109° 28′ 

 

9a 𝑃𝑁⃗⃗⃗⃗⃗⃗ = 𝐵𝑁⃗⃗⃗⃗⃗⃗ − 𝐵𝑃⃗⃗⃗⃗  ⃗ 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑢̰ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = 𝑣̰ 

𝑃𝐿⃗⃗ ⃗⃗  = 𝑤̰ 

𝐵𝑁⃗⃗⃗⃗⃗⃗ =
1

2
(𝐵𝐶⃗⃗⃗⃗  ⃗ − 𝐴𝐵⃗⃗⃗⃗  ⃗) 

𝐵𝑁⃗⃗⃗⃗⃗⃗ =
1

2
(𝑣̰ − 𝑢̰) 

𝐵𝑃⃗⃗⃗⃗  ⃗ = −𝐿𝐵⃗⃗⃗⃗  ⃗ − 𝑃𝐿⃗⃗ ⃗⃗   

𝑃𝐵⃗⃗⃗⃗  ⃗ = −
1

2
𝑢̰ − 𝑤̰ 

𝑃𝑁⃗⃗⃗⃗⃗⃗ = 𝐵𝑁⃗⃗⃗⃗⃗⃗ − 𝐵𝑃⃗⃗⃗⃗  ⃗ 

𝑃𝑁⃗⃗⃗⃗⃗⃗ =
1

2
(𝑣̰ − 𝑢̰) − (−

1

2
𝑢̰ − 𝑤̰) 

𝑃𝑁⃗⃗⃗⃗⃗⃗ =
1

2
𝑣̰ −

1

2
𝑢̰ +

1

2
𝑢̰ + 𝑤̰ 
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𝑃𝑁⃗⃗⃗⃗⃗⃗ =
1

2
𝑣̰ + 𝑤̰ 

 

9b As 𝐴𝐵⃗⃗⃗⃗  ⃗ ⊥ 𝑃𝐿⃗⃗ ⃗⃗   

𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ 𝑃𝐿⃗⃗ ⃗⃗  = 0 

𝑢̰ ∙ 𝑤̰ = 0 

As 𝐵𝐶⃗⃗⃗⃗  ⃗ ⊥ 𝑀𝑃⃗⃗⃗⃗ ⃗⃗  

𝐵𝐶⃗⃗⃗⃗  ⃗ ∙ 𝑀𝑃⃗⃗⃗⃗ ⃗⃗ = 0 

𝑀𝑃⃗⃗⃗⃗ ⃗⃗ = 𝑀𝐿⃗⃗⃗⃗⃗⃗ − 𝑃𝐿⃗⃗ ⃗⃗   

𝑀𝑃⃗⃗⃗⃗ ⃗⃗ = (−
1

2
𝑣̰ + (−

1

2
𝑢̰)) − 𝑤̰ 

𝑀𝑃⃗⃗⃗⃗ ⃗⃗ = −
1

2
𝑢̰ −

1

2
𝑣̰ − 𝑤̰ 

So 

𝑣̰ ∙ (−
1

2
(𝑢̰ − 𝑣̰) − 𝑤̰) = 0 

0 = −
1

2
𝑣̰ ∙ 𝑢̰ −

1

2
𝑣̰ ∙ 𝑣̰ − 𝑣̰ ∙ 𝑤̰ 

1

2
𝑣̰ ∙ 𝑣̰ = −

1

2
𝑣̰ ∙ 𝑢̰ − 𝑣̰ ∙ 𝑤̰ 

𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝐴𝐵⃗⃗⃗⃗  ⃗ + 𝐵𝐶⃗⃗⃗⃗  ⃗ 

𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝑢̰ + 𝑣̰ 

So for the triangle ∆𝐴𝐵𝐶 to be concurrent, 𝑃𝑁⃗⃗⃗⃗⃗⃗ ⊥ 𝐴𝐶⃗⃗⃗⃗  ⃗ and  

𝑃𝑁⃗⃗⃗⃗⃗⃗ ∙ 𝐴𝐶⃗⃗⃗⃗  ⃗ = 0 

LHS = 𝑃𝑁⃗⃗⃗⃗⃗⃗ ∙ 𝐴𝐶⃗⃗⃗⃗  ⃗ 

         =
1

2
𝑣̰ + 𝑤̰ ∙ (𝑢̰ + 𝑣̰) 

         = (
1

2
𝑣̰ + 𝑤̰) ∙ (𝑢̰ + 𝑣̰) 

         = (
1

2
𝑣̰ + 𝑤̰) ∙ (𝑢̰ + 𝑣̰) 
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         =
1

2
𝑣̰ ∙ 𝑢̰ + 𝑤̰ ∙ 𝑢̰ +

1

2
𝑣̰ ∙ 𝑣̰ + 𝑤̰ ∙ 𝑣̰ 

         =
1

2
𝑣̰ ∙ 𝑢̰ + 𝑤̰ ∙ 𝑢̰ + (

1

2
𝑣̰ ∙ 𝑢̰ − 𝑣̰ ∙ 𝑤̰) + 𝑤̰ ∙ 𝑣̰ 

         =
1

2
𝑣̰ ∙ 𝑢̰ +

1

2
𝑣̰ ∙ 𝑢̰ 

         = 0 

         = RHS 

So 𝑃𝑁⃗⃗⃗⃗⃗⃗ ⊥ 𝐴𝐶⃗⃗⃗⃗  ⃗. 

Thus, the perpendicular bisectors of the sides of  ∆𝐴𝐵𝐶 are concurrent. 

 

10 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏̰ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = 𝑐̰ − 𝑏̰ 

𝐶𝐷⃗⃗⃗⃗  ⃗ = 𝑑̰ − 𝑐̰ 

𝐷𝐴⃗⃗ ⃗⃗  ⃗ = −𝑑̰ 

𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝑐̰ 

|𝐴𝐶⃗⃗⃗⃗  ⃗|
2

= 𝑐̰ ∙ 𝑐̰ 

𝐵𝐷⃗⃗⃗⃗⃗⃗ = 𝑑̰ − 𝑏̰ 

|𝐵𝐷⃗⃗⃗⃗⃗⃗ |
2

= |𝑑̰ − 𝑏̰|2 

|𝐵𝐷⃗⃗⃗⃗⃗⃗ |
2

= 𝑑̰ ∙ 𝑑̰ − 2𝑑̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ 

For 𝑀1and 𝑀2 where 𝑀1 is the centre of AC and 𝑀2 is the centre of BD, 

𝐴𝑀1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =

1

2
𝑐̰ 

𝐴𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝐴𝐵⃗⃗⃗⃗  ⃗ + 𝐵𝑀2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

                       = 𝑏̰ +
1

2
(𝑑̰ − 𝑏̰) 

                       =
1

2
(𝑑̰ + 𝑏̰) 

𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝐴𝑀2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  − 𝐴𝑀1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   
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            =
1

2
(𝑑̰ + 𝑏̰) −

1

2
𝑐̰ 

            =
1

2
(𝑑̰ + 𝑏̰ − 𝑐̰) 

|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
=

1

4
(𝑑̰ + 𝑏̰ − 𝑐̰)2 

|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
=

1

4
(𝑑̰ ∙ 𝑑̰ + 𝑑̰ ∙ 𝑏̰ − 𝑑̰ ∙ 𝑐̰ + 𝑏̰ ∙ 𝑑̰ + 𝑏̰ ∙ 𝑏̰ − 𝑏̰ ∙ 𝑐̰ − 𝑐̰ ∙ 𝑑̰ − 𝑐̰ ∙ 𝑏̰ + 𝑐̰ ∙ 𝑐̰) 

|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
=

1

4
(𝑐̰ ∙ 𝑐̰ + 𝑑̰ ∙ 𝑑̰ + 2𝑑̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ − 2𝑏̰ ∙ 𝑐̰ − 2𝑑̰ ∙ 𝑐̰) 

4|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
= 𝑐̰ ∙ 𝑐̰ + 𝑑̰ ∙ 𝑑̰ + 2𝑑̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ − 2𝑏̰ ∙ 𝑐̰ − 2𝑑̰ ∙ 𝑐̰ 

4|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
= 𝑐̰ ∙ 𝑐̰ + 𝑑̰ ∙ 𝑑̰ + 2𝑑̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ − 2𝑐̰ ∙ (𝑏̰ + 𝑑̰) 

So 

2𝑐̰ ∙ (𝑏̰ + 𝑑̰) = 𝑐̰ ∙ 𝑐̰ + 𝑑̰ ∙ 𝑑̰ + 2𝑑̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ − 4|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
 

Prove: 

|𝐴𝐵⃗⃗⃗⃗  ⃗|
2
+ |𝐵𝐶⃗⃗⃗⃗  ⃗|

2
+ |𝐶𝐷⃗⃗⃗⃗  ⃗|

2
+ |𝐷𝐴⃗⃗ ⃗⃗  ⃗|

2
= |𝐴𝐶⃗⃗⃗⃗  ⃗|

2
+ |𝐵𝐷⃗⃗⃗⃗⃗⃗ |

2
+ 4|𝑀1𝑀2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|
2

 

LHS 

= |𝐴𝐵⃗⃗⃗⃗  ⃗|
2
+ |𝐵𝐶⃗⃗⃗⃗  ⃗|

2
+ |𝐶𝐷⃗⃗⃗⃗  ⃗|

2
+ |𝐷𝐴⃗⃗ ⃗⃗  ⃗|

2
 

= |𝑏̰|2 + |𝑐̰ − 𝑏̰|2 + |𝑑̰ − 𝑐̰|2 + |−𝑑̰|2 

= 𝑏̰ ∙ 𝑏̰ + (𝑐̰ ∙ 𝑐̰ − 2𝑐̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰) + (𝑑̰ ∙ 𝑑̰ − 2𝑑̰ ∙ 𝑐̰ + 𝑐̰ ∙ 𝑐̰) + 𝑑̰ ∙ 𝑑̰ 

= 2𝑐̰ ∙ 𝑐̰ + 2𝑑̰ ∙ 𝑑̰ + 2𝑏̰ ∙ 𝑏̰ − 2𝑐̰ ∙ (𝑏̰ + 𝑑̰) 

= 2𝑐̰ ∙ 𝑐̰ + 2𝑑̰ ∙ 𝑑̰ + 2𝑏̰ ∙ 𝑏̰ − (𝑐̰ ∙ 𝑐̰ + 𝑑̰ ∙ 𝑑̰ + 2𝑑̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ − 4|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
) 

= 𝑐̰ ∙ 𝑐̰ + 𝑑̰ ∙ 𝑑̰ − 2𝑑̰ ∙ 𝑏̰ + 𝑏̰ ∙ 𝑏̰ + 4|𝑀1𝑀2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
 

= |𝐴𝐶⃗⃗⃗⃗  ⃗|
2
+ |𝐵𝐷⃗⃗⃗⃗⃗⃗ |

2
+ 4|𝑀1𝑀2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|
2

 

= RHS 

So the equation is satisfied. 
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