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MATHEMATICS EXTENSION 2

Chapter 5 worked solutions — Vectors

Solutions to Exercise 5E Foundation questions

1

2a

2b

For a quadrilateral OABC, where the diagonals OB and AC bisect each other
Let M be the point where the diagonals intersect one another.

Since M bisects both diagonals:

_>OB_>

OM =—=MB
2

__, AC —,

AMZTZMC

Now we consider two opposite sides of the quadrilateral:
0A =0M + MA
= OM — AM

OB AC

2 2
CB =CM + MB

= —MC + MB

Therefore sides OA and CB are parallel and equal. This is sufficient to prove that
OABC is a parallelogram.

a - ¢ = 0 as they are perpendicular.

=)

o
I
Q

+
)

X~

a
I
Q)
[
Q

© Cambridge University Press 2019



~ CambridgeMATHS == &

MATHEMATICS EXTENSION 2
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2c Since the diagonals are perpendicular, 0B-AC =0
Therefore

(@+¢)(c—a)=0

Expanding:
a-¢c—ara+cc—ca=0
From part a:

a-c=¢ca=0

Therefore

c'c—aa=0
lcI?> —1gl* =0

lc|? = |al?

3a ﬁ=g
OB=b
OM =m
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3b OA=q

(m—a)-(m—aq) = |aM|’

Similarly:
BM=m-b

(m—b)- (m—b) = |BM|

Because M bisects AB, we know that |m| = |B—M|
— 2 — 2

Therefore |AM| = |BM|

Therefore (m — g) - (m —a) = (m — b) - (m — b).

3c For OM 1 E, it is sufficient to prove that OM-4B =0
From part b:
(m-—a)-m—a)=0m—-b)-(m—»b)

m-m-2m-g+a-ag=m-m-2m-b+

1@‘

b

—2m-q = —2m- b (using the factthatga-a = b - b)

Therefore OM 1 AB.
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4 The converse result is that if M lies on the chord AB and OM L E, then M bisects

AB.
We have
OA=g
OB =h
OM =m
a~a=b-b

and since OM 1 _A_ﬁ, we have
OM-4B =0

Therefore

Il
3
3
®
3
Q
+
Q
Q

=m-m-—2m-b+b-b (usingm-b=m-ganda-a=>b"-b)

(m—a)-m—a)=(0m—>b)-(m—>b)
[(m — a)|* = |(m — b)|?

[ = [BH]
Therefore M bisects AB.
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Solutions to Exercise 5E Development questions
5a  |b—gl*=1Id—¢l?

|4B| = |DC]| Mae N
. |' |II ~._~‘9’..-"' Il '|

L) —a= AB '.Il *II Hf, ,? II.'l
d—c=DC P ¢
LHS = |b — g/

= |4B|"

= |pe|”

=|d —c|?

= RHS

So the equation is satisfied.

5b rg-b=d-¢
|ﬁ|=|ﬁ|

As they are radial:
la| = |bl

lal* + bl —2a-b=1|d]*+c|*—2d ¢
2a-b=|al*+|bl*—1dI* - Ic|*+2d - ¢
LHS=a-b
lal>+ |b|* —2a-b
1 1 1 1
— _ 2 _ 2 _ 2 _ 2
2I@I +2I12I 2Irzll 2|§| +d-c
1 1 1 1
— _ 2 _ 2 _ 2 _ 2
2I@I +2Igl 2|QL| 2|QL| +d-¢
=d-¢
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= RHS

So the equation is satisfied.

5c For £ZAOB = 2COD
LHS = 2AOB

Q
ey

-1

= COoSs

I~

Q

0
QL

= cos™ !

QN
QL

= 2C0D
= RHS

So the equation is satisfied.

6a AB=b+a

1 ——1
ON =-(b+a) f 1
2 My N
1 7 1
— _ / |
OM =3¢ 0 ~ A

LHS = MN
= ON — OM
1 1
—E(LH'Q)—EQ
“lora-o
=5b+a-¢
= RHS

So the equation is satisfied.
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Chapter 5 worked solutions — Vectors
6b Forb —c=ka
C?HOT@ where g = 04

So as CB and 04 are parallel there must exist a constant value k whereby

a?)=kg
LHS=b—¢
=CB
:kg
= RHS
6c b—-c=ka
— 1
MN=§(q+b—§)
— 1
MN=§(g+ka)
1
and
0A||CB

Thus MN||04 and MN||CE.

7 0=(0,0,0)
A = (a1, ay,a3)
B = (by, bz, b3)
C = (c1,¢2,¢3)

So the mid points are:

M =E(a1,a2,a3)
1
N=§(a1+b1,a2+b2,a3+b3)
1
Pzi(b1+cl,b2+C2,b3+C3)
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R == ) )
2(6'1 C2,C3)

In order for MNPR to be a parallelogram, both pairs of opposite sides are
parallel, in which:

|W| = l|ﬁ| and |m5| = ,u|W|, where A and u are real numbers.

Q
Il
Q

N

Sy
Il
o

N

PR=sc—s(b+¢)=—ob
=5¢—50+9=-5b
So

|MN| = 2|PR|
LHS = |MN|

=5b

- —|PR|

= RHS
NP =10 La+b
=50kt -5(@+h)
pol 1

=567 54
ol 1
—5475¢

So

[NB| = u[RH]
LHS = |NP|

© Cambridge University Press 2019 4



~ CambridgeMATHS =% &
MATHEMATICS EXTENSION 2

Hence both pairs of opposite sides are parallel (and equal in length).

Thus MNPR is a parallelogram.

8a We want to find 2FOD.

OF - 0D

2LFOD = cos ! ———

|OF||oD]|
—_— -0-
OD = |a
on
—_— -a-
OF =10
L

05" = a2 + a2
0D =
0F|" = a? + a?
|0F| =

m’)-ﬁz(Oxa+axO+aXa)

OF - 0D = a?
ZFOD = cos™
(\/—axx/—a>
1
— -1
cos >
= 60°

8b The triangle 2FOD is an equilateral triangle as all interior angles of the triangle
are 60°.
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8c The triangular pyramid OBDF is a regular tetrahedron, as each face of the
tetrahedron is a equilateral triangle.

8d
_1 —_
za
. 1
1
5 4]
XF -XD
LFXDZCOS_lr
|XF||xD|
_1 —_
a 2a
1
XF:IO]- L
a 2
1
5 4]
1
za
— 1
1
_za
1 -
2a
N 1
1
B za
—2 1 1 1
— _ 42 42 42
|XD| 4a +4a +4a
—2 3
XD| =2 a?
o[ -2
. 3
|XD|=7a
—2 1 1 1
|XF| =Za2+za2+za2
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RF|" =2 a2
|ﬁ| = ?a

OF - 0D = L
So
2FXD = cos
\/_axﬁa
2 2
1
— -1(__
w1 (-3)
=109.471...°
= 109° 28’
9a PN =BN-BP
. C
AB =u
_ L
Be=v N oM
ﬁ:):W JJ#"{‘J f; -
g 1 ‘Jfr‘ + 1 + II'
BN = E(BC AB) A L B
Eﬁ—l( )
=;w-u
BP = 1B - PL
55 — 1
=Tou-w
PN = BN — BP
.1 1
PN—E(y—y)—(—Ey—w)
ﬁv’—l 1 +1 +
=l ooutoutw
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1
2

9b  AsAB 1 PL

PN=-v+w

AB-PL=0

w=0

IS

ASR’)LW
BC-MP =0

MP = ML — PL

So
1
v <——(u—v)—w)=0
~ 2~ ~
0= 1 1
=TSP~ Ugig
1 1
S Y=oV Y PP
AC = AB + BC
AC=u+v
So for the triangle AABC to be concurrent, PN L AC and
PN-AC =0
LHS = PN - AC
_L +
=sv+w-(u+y)
= ()«
=\zvtw) @ty
= ()
=\zvtw) @ty
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e L
—2121} w-u 21317 w:-v
1 1
=§13 u+w lJ"‘(E? u—v W)"‘W v
_1 +1
—2?% 2131!
=0
= RHS
Soﬁﬁlﬁ.

Thus, the perpendicular bisectors of the sides of AABC are concurrent.

10 AB=b Q:;..__
E—C—: _ g _ b ‘--._.-)-‘};--_ !.IIC‘
N

C_D) = (1 —C ,:"i"ﬁ; " IIIII.
M

DA=—d B

. A

AC=c

|AC|" =¢¢

BD=d-b

—,2

|BD|” = |d — bl?

—,2

For M;and M, where M, is the centre of ACand M, is the centre of BD,
. 1

AM1 ==C
AM, = AB + BM,
1
2

eyl

+5(

QL

—b)

va—k

(d+

1@‘
—~

M1M2 = AMZ - AM]_
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1

=>@+b-9)
2 1
L] =2 (d + b= 0
— 2 1
[ML|" =2 (d-d+d-b—d-c+b-d+b-b-b-c—cd—c-btc-o
— 2 1
MM, | =2 (c-c+d-d+2d-b+b-b—2b-¢c—2d¢)

[4B|" + [BC|" + [€D| + [DA| = [AC|" + |BD|" + 4|M.0;|
LHS

= |4B|" +|BC|" + [CD|" + [DA|"

=|b|*>+ |c—bl*+ |d —c|*> + |—d|?
=b-b+(c'c—2c'b+b-b)+(d-d—2d-¢c+c-¢c)+d-d

=2¢-¢c+2d-d+2b-b—2¢-(b+4d)

+2d-d+2b-b—(c-c+d-d+2d-b+b-b—4MM|)

I

)
1)
N
QL
QL
S

=cc+d-d—2d-b+b-b+4MM|

~ ~ ~

o)

= 4|’ + BD| + 4|My 5|
= RHS

So the equation is satisfied.
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