Chapter 5 worked solutions — Vectors

Solutions to Exercise 5D Foundation questions

1la

1b

1c

[1
a=|2

|1

(2
(3]
-1
a-b=(1x2)+2x1)+(1x-1)
=2+2-1
=3
1
[
1
2
(3]
-1

la|? = 1% 4+ 22 + 12

=6

lal = V6

|b|? =22 + 1% + (-1)?
=6

bl = V6

a-b=3
lal = V6
bl =6
So

a-b=lallblcos6

~ ~

3 =6 xV6 X cosf
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1

8 = cos 15
0 = 60°
T
9=3

2
2a a=|0
0

la|? = 2% 4+ 02 + 02
lal? =

la| = 2

g0

|b|? = 22 + 1% + (—2)?

b1 =9
|b| =3
a-b=02x2)+((0x1)+(0x-2)
a'b=
a-b=lgllblcos®
cosH—g.b

lallbl

4
X 3

1
2b a= ’—1‘
-1

lal> =17 + (1) + (=1)?
lal? =

lal =V3
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a0

|p|? =22 + 12 + (—1)2

b|> =6

bl = V6
b=(1x%x2)+(-1x1)+(-1x-1)

Q

a-b=2-1+1
=2

Q

b = |allb|cos

cosf =

» oo

la|* = 3% + (=2)* + (=3)?

lal>=9+4+9

la|? = 22
lal = V22

~1
b=|3

—4

|b|? = (—1)% + 32 + (—4)?
b2 =1+9+ 16
|b|? = 26
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Chapter 5 worked solutions — Vectors

bl =26
hb=0Bx-1)+(-2x%x3)+(—3x—-4)

4a

© Cambridge University Press 2019

Q

a-b=-3-6+12

=3
a-b=lallb|cos6
cosf = a-b
lallbl
So for
cosf = >
2V/143
LHS = cos 0
3
T V22 xV26
3
" 2143
= RHS

p

vy = 32+ 22 + 12

va|* = 14
o] = V14

of

|v|* = 12 + 22 + 32

|v,|” = 14
|U~2| =\/ﬁ

V3 v, =BX1D)+(2%x2)+(1x3)



Chapter 5 worked solutions — Vectors

=10

V1tV = |v1||v~2| cos @

Vv
cosf = L2
|1{1||112|
0 10
cosf = —
V14 x /14
g 5
cosf = Z
0 =cos 1=
60 =4442..°
0 = 44°
5
4b 7{1 =13
-1

|v~1|2 =52 + 32 4+ (-1)?

|v~1|2=25+9+1

|1{1|2 = 35
|7{1| = \/ﬁ

[

v,|* = (=2)% + 22 + (—6)?
v,|" =4+ 4+36
v = V44
V1 v, =(5X-2)+(B%2)+(-1x-6)
Vv, =—=10+6+6
=2

v1 0 = [vi][vy] cos 6
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v v
cos O = 1—2
|V1||V2|
p 2
COoS =
V35 x 44
p 1
COoS =
V35 x V11
0 -1 !
= COS
V385
6 =87.08..°
0 = 87°
3
a=|-2
5
17
i=1|0
n
o
J=1
n

of

proia = (15):

So for proj;a = 31

LHS = proj;a
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So for proj;a = =2

LHS = projja

0
1 \
0
O

\ 1
O

= —2]

= RHS

proja = <—>

So for projia = 5k

=9 Q
e R
=

LHS = projza

P
2L

= 5k

= RHS
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Solutions to Exercise 5D Development questions

6a a=1 ]~ k

W
I

21—2)—k

R

projpa

Il
W~ [
>

W~

N
[
N
+
U=y

N
+
N
+
—_

3

ey

OIN Ol -

e~

|
Ol N
i~

|
O =
TR

=
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7a a=21+3]—2k

bl = V45
= 3+/5
So
T— 8—6-10
rojyal =
Proiyg 35
8
35
So the length of projection i e
(0] e len (0] rojection1s ——.
g proj Ve

7b a=

b:

DR W s

lprojyal = lal cos 6

cosf =

Ibl? =64 +16+1 =81
bl = V81
=9
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So
8+4+3

lprojya| =

8a A=1(27,-12)
B =(-1,5,-5)
C=041-4
BA= (2~ (-1)i+ (7= 5) + (=12 = (-5))k
=31+2) -7k
BC=(4— -1+ (1= 5) +(~4 - (-5)k

=51—4+k

8b BA=31+2 -7k

—_—

BC =51 — ]~ +k

~ (BA BC)
2ABC = cos 71| ——
|BA||BC]|
BA-BC =0
So:

2ABC =cos™10
= 9(0°

8c AC=BC-BA

=62
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|BC| =V25+ 16 + 1
=42
|AC| = V4 +36 + 64
=104
=226
2 =2 =2
Pythagoras’ theorem: |BA| + |BC| = |AC|

— 2 — 2
LHS = [BA| + |BC|

= (V&2) + (vaz)’
=62+42

=104

= |4c|’

= RHS

So the equation is satisfied.

92 A=(3-31

B =(-2,1,2)
C=(40-1)
[ -2-3
AB = 1—(—3)]
L 2-1
[—5
=\|4
L 1
1 4-3
AC = o—(—3)]
[ -1-1
[ 1
| —2
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. -5
9b BA =] 4 ]
1
. 1
BC = [ 3 ]
-2
()
2ABC = cos 1 ————
|BA||BC]|
So:
2ABC

—54+12-2

= cos~ !

V254+16+1xV1+9+4

()

= COS _—

Va2 x V14
=cos‘1(i)

1443

= 78.100...°
=78°

10 P =(-4-1,6)

QR =21+ — 11k

QP - 0F = [0P|[0F| cos 0
QP - QR
o)
QP-QR=2—-4-22

2PQR = cos™! (

= —24

—— 2

|0P|" =12 + (—4)% + (2)?
=21
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Chapter 5 worked solutions — Vectors
QP =

QB = 22 + 12 + (-11)?

=126
|0R| =
=3V14
So
2PQR = cos™! <@>
|QP|[eR]

-1

(\/_XB\/_)
A

= cos™ ! (7\/88)

=117.811...°
= 117°49'

11a A= (1,0,-1)
B=(111)
C=(0,1,-1)
E§=L+Zl~c
ﬁ)zg—l
CB-CA=1+0+0=1
ICB| =12 +02+22 =5
€5 =
[CA|" = 12 + (—1)2 + 0% = 2

¢ =
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11b

12a

Area = > ab cos C

For AABC,

Area = % |E4)| |C_B)| cos £LACB

Since cos 2ACB = L, |C_B)| = /5 and |E4)| =
V10
Areazlx\/EX\/gxL
2 V10

1
= > square unit

P =(-4,3,-1)
A=(3,21)
B = (0,—4,1)
o [-4-3
AP =|3-2
—1-1
—7
=1
|2
. [0-3
AB = |-4-2
| 1-1
-3
=|-6
0
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(=3%X =7)+ (=6 x 1) + (0 x =2)
(

T (=3x-3)+ (=6 % —6) + (0 x 0)

21—6 '—3]
= X —6
0

12¢ d= |projb p— }3|

-1
proj, p = [—2]
0

-1 -7
projyp—p=|-2|—| 1
-2

I
I
L w J L
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d* = 6% + (=3)* + 22
=36+9+4
=49

d = 7 units

13a P =(3,-21)
A=(1,-11,-4)
B =(9,3,8)

—

AP =p

3-1
—2— (—11)]
| 1-(-4)

[2
9]
15

b

o
S
Il

9-1
3— (—11)‘
8 — (—4)

(12

l@‘
z@ 2"3
leyl

proj, p =

IU‘

(8x2)+ (14 % 9) + (12 X 5) \8‘

=(8><8)+(14><14)+(12><12) ‘11“2}

16 + 126 + 60
T 64+196 + 144 12

=—X2
404

i
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d = |proj, p — p

[4 2
projyp—p =|7(—|9
L6 5
[ 2
=1-2
[ 1
d? =22+ (-1)%?+1%»
=9
d = 3 units

13b P =(0,0,3)

A=(1,21)
B = (4,0,0)
AP=p
0—-1
= 0—2‘
3-1
—1
=|-2
2
AB=1b
4-1
=lo-2
0—1
3
= [=2
—1

_Bx-D+(-2x-2)+(-1x2) [3
T (3x3)+(-2x-2)+(-1x-1)

3
—2
-1
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e
Nt 13

11
30 ]
=27
2

1
d? = (ﬁ) (112 + 30% + (=27)?)
1
= ——(121 + 900 + 729)

196

1750
196

125
14

i 125
| 14

5V70

= 12 units

14 AG=(0-a)i+ (a—0)+ (a— 0k
=-—ar+aj +ak
CE=(a—0)1+(0—a)+(a—0k
=ar—aj +ak

To find the acute angle we use EC.

EC = —CE
=-—ar+aj —ak

AG -EC = a® + a* — a®

=a2
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|E|2 =a?+ (—a)? + a?

= 3a?
|E| =+/3a?
=+3a
EC| = (~a)? + a? + (—a)?
= 3a?
|R| =+/3a?
=+3a
AG -EC
cosf = fp————
|[AG||EC|
a2
"~ V3ax+3a
aZ
" 3a?

1
So 6 = arccos (§)

15 0 =(0,0,0)

B=(1,2,0)
D =(0,0,3)
F=(@1,2,3)
For OF and Eﬁ,

OF =(1-0)+(2—-0)+ (3—0)k
=1+2)+3k

BD = (0— 1)1+ (0—2); + (3—0)k
=—-1—2]+3k

OF-BD=-1-4+9

=4
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Chapter 5 worked solutions — Vectors
OF|" = 12 + 22 + 32
=14
[OF| =

BD|" = (~1)? + (=2)? + 32

=14
|BD| =
OF -BD
cosf = —
OF||BD|
4
T V1dx V14
B 2
~ 7
For OF and CE,

OF =(1-0)+(2-0)+(3 -0k
=1+2)+3k
CE=(1—-0)+(0—2)+ 3 -0k
=1—-2)+3k
OF-CE=1-4+9
=6
[OF|" =12 + 22 + 32
=14
|0F| =

ICE|" = (1)% + (—2)% + 32

=14
[CE| =
OF - CE
cosO = [ ——
|OF||CE]
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16

6
T V14 x 14
3
7
Forﬁandﬁ,

ﬁ=g+2}~+3l~c
AG = (0— 1+ (2-0) + (3—0)k
=-1+2)+3k
OF -AG=-14+4+9
=12
|0F| =

AG|" = (~1)? + 22 + 32

=14
|[AG| = V14
cosf = @,@:
|OE||AD]|
8
V14 x Vi4
_6
7
Say
a = |AD|
= |DC|
= |BD|
A=(0,0,a)
B = (0,a,0) B
C = (a,0,0)
D = (0,0,0)
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Chapter 5 worked solutions — Vectors

M is the midpoint between B and C.

M_(0+a a+0 O+0)
L2 2" 2

m))=(0—%)g+(2—%)]~+(0—0)l~c
a a
AL
M4 = (0,0,a) — (g%o)
a a
=—§L——l+ak
MD - MA (——x—%)+(—%x—§)+(ax0)
2a?
4
a2
2
ol = (-3) +(-3)
a’? a?
~ T 7
a2
g
M| = -
V2
= (-5) +(-5) +o
_3a2
2

© Cambridge University Press 2019
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4y 2a

N

_V2 2

2 3
_1
V3
LAMD -1 1
= cos ' —
V3

17a ﬁ=—5£+221+515
5§= +2)+ 3k
5?=4~+3]~+215
0D = — 2] — 3k

ﬁ=(—5—1)£+(22—2)1~+(5—3)15
= —61+20] + 2k
BD =(-1=1)1+2-2)+ (-3 -3k
= —21— 6k
BA-BD = (=6 x —=2) + (20 X 0) + (2 X —6)
=124+0—12
=0
cos £CBD =—EB_D>
|BD||BA]
So
2CBD = cos™10
£CBD = 90°
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17b

17c

m’)=45+31+215
0D = —1+2) -3k
AB=(1-(-5))+@2-22);+(B-5k
=61—20] — 2k
BC=(@4—-Di+ (B -2+ @23k
=3t+)—k
BD=(-1-1i1+(2-2)+(-3-3)k
= —21— 6k
For 4B to be perpendicular to BC and BD,
AB -BC = 0and AB - BD = 0.
AB-BC=(6X3)+(-20x1) +(-2%x—1)
=18—-20+2
=0
So AB and BC are perpendicular.
AB -BD = (6 X —2) + (—20 X 0) 4+ (—2 X —6)
=—-12+0+12
=0

So AB and BD are perpendicular.

The volume of a tetrahedron is:
14 1 XxXZ
=—XXX
3

X = Area of the base of the pyramid
Z = Height of the pyramid

We know that AB and BD are perpendicular.

© Cambridge University Press 2019
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So the lengths |ﬁ|, |ﬁ))| and |E4)| form a right-angled triangle.

AB = 61— 20] — 2k

[AB|" = 67 + (—20)2 + (~2)?

=36+400+4

= 440
(45| = V440

= 2¢/110
B_D)=—25—6I~c

BD|" = (~2)? + (-6)?

= 40
|BD| = V40
=210

So the area of the base will be

1
X =§><2\/110 x 24/10

= 20V11 square units

Since £CBD = 90°, and AABD is perpendicular to BC, the height Z will be
IBC).

0C =41+ 3 +

N

k
SoB_C)=3£+j~—l~c

BE|” = 32 + 12 + (-1)?

=9+1+1
=11
|BC| =2z =11

So the volume of the tetrahedron is

© Cambridge University Press 2019 18



Chapter 5 worked solutions — Vectors

18a

18b

1
V==-XXXZ

3

1
V=§><20\/11><\/11
4 20 11

=—X
3

220 ) )
V= 5 cubic units

—

0A =2

Ve~

+)—2k

E—

OB =6

Ve~

— 35+ 2k

AB = 41— 4) + 4k
We want to show that:
OP = 2+ 41+ (1 —42)] + (41— 2)k
So:
OP = 04 + 1AB
=21+ = 2k) + A(4L — 4 + 4k)

=(2+4/1)£+]~+(1—4/1)l+(4)1—2)l~c

For OP and 4B to be perpendicular:

—_— ——

OP-AB =0

—

AB = 41— 4) + 4k

OP = (2+ 401+ (1 — 42)) + (41 — )k

OP-AB = 2+ 401+ (1 —42)) + (41— Dk - 41— 4 + 4k
0=4x Q2441+ (—4) x (1 —42) + 4 x (41— 2)
0=161+8+161—4+ 161 —8

0 = 481 — 4

481 = 4

© Cambridge University Press 2019
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18c 2AOP = 2BOP
So

(OA 0P> _1(5§-5F>
CcoS~ —_— COS e —

|04||0P| |0B||oP|

which becomes

0A-0F 0B 0P
04]  |oB]

04-0P = (25+l—21~<)-((2+4/1)L+(1—4/’l)]~+(4/1—2)l~c)

=22 +40) + (1 —41) —2(41=2)
—4+81+1—41—81+4
= —41+9

OB - OF = (61— 3] +2k) - (2 + 41 + (1 — 42); + (44 — 2)k)
= 6(2+41) —3(1 — 42) + 2(41 — 2)
=12+ 241 -3+ 121+ 81— 4
= 441 + 5

04" =22 +12 +(-2)> =9
|04]| = 3

[0B|" = 62 + (=3)? + 22 = 49
|0B| = 7

04-0P 0B 0P

04 [0B]
Substituting gives:
—44+9 441 +5

3 7

—2841+ 63 = 1324+ 15
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19

—1601 = —48
—1604 = —48

3
10

eyl
Il
|

N

6
_2]
3
=(—=12)+ (8) + (34)

=31—-4
la|? = 62 + (—2)% + 32

=36+4+9
= 49

lal =7

B> = (=2)* + (—4)* + 2
=4+16+ A*
=20+ A

© Cambridge University Press 2019
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|b| = /20 + A2

ab 4

lallbl — 21

Solve for A
a'b 4
lallbl — 21
_leg-lg
~ 4x]|q|
_21)((3/1_4)
N 4x7
334—4)

4

Joor =212

4

J20F R =22-3

4

|b| =

9 2
2 _ (21—
20+/1—<4A 3)

81 54
20 + 22 ——Az——/l 9

81 54
0= =22 ——i-11

0=651%2 — 2161 — 176
0= (651 + 44)(1 — 4)

A= i 4
=—gg or

Alternatively, using the quadratic formula:

216 +4/(—216)% — 4 x 65 X —176
B 2 X 65

© Cambridge University Press 2019
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216+ V92 416
B 130

216 + 304
~ 7 130
520 88
130 " T 130

1=

1224 44
or 65

20a For A, B and P to be collinear, g, b and p all lie on one line.

If ¢ b and p all lie on a straight line then

AB + BP = AP

So:

AB=hb-gq
ﬁ)=1~9—lg
ﬁz;g—g

LHS = 4B + BP
=b—a+p->b

= AP
= RHS

So 4, B and P are collinear.

20b ga=1+)
b=41—2]+ 6k
p=Aa+(1-1)b
5X=L+]~

OP =2Aa+ (1— )b

© Cambridge University Press 2019 23
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0P = (L+l)ﬂ+(1—ﬂ)(4g—21+6l~c)
ﬁ’)=/1£+Al+4g—21+6I§—4/’lg+2&l—6)ll~c
0P = (4—3D1+ (B1—2);+6(1 - Dk
04| =1+1=2
04| = V2
|OP|2 = (4 —32)% + (31 — 2)% + 36(1 — 1)?
|OP|2 = 16 — 244 + 942 + 942 — 121 + 4 + 36 — 721 + 3612

|OP|? = 54 — 1081 + 56

|OP| = V2 x /(2712 — 541 + 28)

—

OA-OP=4—31+31—2

—_— ——

OA-0P =12

VZ x V2 x /(2712 — 541 + 28) 2

V(2722 — 541 + 28) = 2
2712 — 540 + 28 = 4
2712 — 541 + 24 =0
912 —181+8 =10
(31—2)(31—4)=0
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[50]

CZ!)C&.) (-jg s 'ZL. 'é()‘ +é,\}f

C;t = 4p +12y
S0 Cé C,A— -30
cB cA
] LA‘CB: _'_‘:'___—-
i [cB)|cAl
-80
2019, 4Jjo
S . Jig9
~ iRl
- =19 (30 ) AcE
\.Iqo ;.5 thug jo
so sun [ ACB = 3J10 T S
| Jido J14
So avea G-FAABC == Z}Cg”CA)SLnLACB
b 4‘\)-— s
=4 J1g . =
= JzﬂB i-L2
(b AB =-¢i-185 +¢k
o A.D 5 2L =by f2k
so 0D = OA+ AD
@L"'_]J“k) (?.L _(’d+‘2k>
& 7L +J 4—,(
pes —AL =l =2k
—5 i
go DE &= =i “3J Jc
—
G5 BB = O D%
=2 G .)




(“2!)(0\) [A Liﬁlrna,{-{ve: 5olw+>‘0ﬂ, that aver s 76‘,2(‘5.005-7
Area of AARC é[é%l}&%[mnzﬂ4c5

ﬁ/éﬁjfgﬁlj7t;ﬁaiﬂcﬁ
- -2{-\)/Ca/z/ggj:((a/@j@}lmf
NG G =S

i _
= Z | leox T6— g%
I
- iz\m u.l)as before .

i
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5
(21)(c) op.AB

fi

(4,5’2,9')(—{5 - 18y +é£>
- =364 36
= O
h SRR (6 25y (ae12))
- =24 +24
=0
s o O_?':' i g Fcza-gum&if(_wl,m +o bo Tl A—g g /4;2)_

So 0—2 i it it

(L) V= 5 % aa of basex Lherght

_ Ly ara or AABCXJO—%I
T3

._3',_3( )QJTO x 25!—0

30 u

+he. ,o(.m ABC .

—

~—
—

b

3

sz) l AOB] =

cos L AcB =

)

e
™
oL

o
- H

{1
‘(\
(\eﬁ
M NS T
L0
Rl

N
67O
~_

S
"y
'a'—-m
wn
+
)
t)

T e
2

i c 31+/c/4‘_~_— qzlfzwtcazcn-é)clp;f
) \’(¢2+§2>@2+¢3 50 4 = \m,
e
= L Jake ./\}12{-6; : J;léz';"mzczfé%l
2 J(22506 %)
e JABCS = Ei J}’L%a‘zzc;Jr!;zcz .

5o ]Aoﬁju ]Boc)z-}- JCoAF z

A

ZL:' 42 2 _j_ 2 2
a + 4.“‘: -+ 4_(9c
(a\zL cz-i»lz‘zéz)

:
:
Z’f 2, 42
= | ase]”
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