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Solutions to Exercise 5D Foundation questions 

1a 𝑎̰ = [
1
2
1
] 

𝑏̰ = [
2
1
−1
] 

𝑎̰ ∙ 𝑏̰ = (1 × 2) + (2 × 1) + (1 × −1) 

         = 2 + 2 − 1 

         = 3 

 

1b 𝑎̰ = [
1
2
1
] 

𝑏̰ = [
2
1
−1
] 

|𝑎̰|2 = 12 + 22 + 12 

         = 6 

|𝑎̰| = √6 

|𝑏̰|2 = 22 + 12 + (−1)2 

         = 6 

|𝑏̰| = √6 

 

1c 𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 

𝑎̰ ∙ 𝑏̰ = 3 

|𝑎̰| = √6 

|𝑏̰| = √6 

 So 

𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 

3 = √6 × √6 × cos 𝜃 
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𝜃 = cos−1
1

2
 

𝜃 = 60° 

𝜃 =
𝜋

3
 

 

2a  𝑎̰ = [
2
0
0
] 

|𝑎̰|2 = 22 + 02 + 02 

|𝑎̰|2 = 4 

|𝑎̰| = 2 

𝑏̰ = [
2
1
−2
]  

|𝑏̰|2 = 22 + 12 + (−2)2 

|𝑏̰|2 = 9 

|𝑏̰| = 3 

𝑎̰ ∙ 𝑏̰ = (2 × 2) + (0 × 1) + (0 × −2) 

𝑎̰ ∙ 𝑏̰ = 4 

 𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 

cos 𝜃 =
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

           =
4

2 × 3
 

           =
2

3
 

 

2b 𝑎̰ = [
1
−1
−1
] 

|𝑎̰|2 = 12 + (−1)2 + (−1)2 

|𝑎̰|2 = 3 

|𝑎̰| = √3 



 
Chapter 5 worked solutions – Vectors 
 

© Cambridge University Press 2019  3 
 

𝑏̰ = [
2
1
−1
]  

|𝑏̰|2 = 22 + 12 + (−1)2 

|𝑏̰|2 = 6 

|𝑏̰| = √6 

𝑎̰ ∙ 𝑏̰ = (1 × 2) + (−1 × 1) + (−1 × −1) 

𝑎̰ ∙ 𝑏̰ = 2 − 1 + 1 

         = 2 

 𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 

cos 𝜃 =
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

           =
2

√3 × √6
 

           =
2

√18
 

           =
2

3√2
 

          =
√2

3
 

 

3 𝑎̰ = [
3
−2
−3
] 

|𝑎̰|2 = 32 + (−2)2 + (−3)2 

|𝑎̰|2 = 9 + 4 + 9 

|𝑎̰|2 = 22 

|𝑎̰| = √22 

𝑏̰ = [
−1
3
−4
]  

|𝑏̰|2 = (−1)2 + 32 + (−4)2 

|𝑏̰|2 = 1 + 9 + 16 

|𝑏̰|2 = 26 
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|𝑏̰| = √26 

𝑎̰ ∙ 𝑏̰ = (3 × −1) + (−2 × 3) + (−3 × −4) 

𝑎̰ ∙ 𝑏̰ = −3 − 6 + 12 

         = 3 

 𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 

cos 𝜃 =
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

So for  

cos 𝜃 =
3

2√143
 

LHS = cos 𝜃 

         =
3

√22 × √26
 

           =
3

2√143
 

           = RHS 

  

4a 𝑣1̰ = [
3
2
1
] 

|𝑣1̰|
2
= 32 + 22 + 12 

|𝑣1̰|
2
= 14 

|𝑣1̰| = √14 

𝑣2̰ = [
1
2
3
]  

|𝑣2̰|
2
= 12 + 22 + 32 

|𝑣2̰|
2
= 14 

|𝑣2̰| = √14 

𝑣1̰ ∙ 𝑣2̰ = (3 × 1) + (2 × 2) + (1 × 3) 

𝑣1̰ ∙ 𝑣2̰ = 3 + 4 + 3 
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         = 10 

 𝑣1̰ ∙ 𝑣2̰ = |𝑣1̰||𝑣2̰| cos 𝜃 

cos 𝜃 =
𝑣1̰ ∙ 𝑣2̰

|𝑣1̰||𝑣2̰|
 

cos 𝜃 =
10

√14 × √14
 

cos 𝜃 =
5

7
 

𝜃 = cos−1
5

7
 

𝜃 = 44.42… ° 

𝜃 ≑ 44° 

 

4b 𝑣1̰ = [
5
3
−1
] 

|𝑣1̰|
2
= 52 + 32 + (−1)2 

|𝑣1̰|
2
= 25 + 9 + 1 

|𝑣1̰|
2
= 35 

|𝑣1̰| = √35 

𝑣2̰ = [
−2
2
−6
]  

|𝑣2̰|
2
= (−2)2 + 22 + (−6)2 

|𝑣2̰|
2
= 4 + 4 + 36 

|𝑣2̰| = √44 

𝑣1̰ ∙ 𝑣2̰ = (5 × −2) + (3 × 2) + (−1 × −6) 

𝑣1̰ ∙ 𝑣2̰ = −10 + 6 + 6 

             = 2 

 𝑣1̰ ∙ 𝑣2̰ = |𝑣1̰||𝑣2̰| cos 𝜃 
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cos 𝜃 =
𝑣1̰ ∙ 𝑣2̰

|𝑣1̰||𝑣2̰|
 

cos 𝜃 =
2

√35 × √44
 

cos 𝜃 =
1

√35 × √11
 

𝜃 = cos−1
1

√385
 

𝜃 = 87.08… ° 

𝜃 ≑ 87° 

 

5 𝑎̰ = [
3
−2
5
] 

 𝑖̰̂ = [
1
0
0
] 

𝑗̰̂ = [
0
1
0
] 

𝑘̰̂ = [
0
0
1
] 

𝑝𝑟𝑜𝑗𝑖̰̂𝑎̰ = (
𝑎̰ ∙ 𝑖̰̂

𝑖̰̂ ∙ 𝑖̰̂
) 𝑖̰̂ 

So for 𝑝𝑟𝑜𝑗𝑖̰̂𝑎̰ = 3𝑖̰ 

 LHS = 𝑝𝑟𝑜𝑗𝑖̰̂𝑎̰ 

         =

(

  
 
[
3
−2
5
] ∙ [
1
0
0
]

[
1
0
0
] ∙ [
1
0
0
]
)

  
 
[
1
0
0
] 

        = 3𝑖̰ 

        = RHS 
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𝑝𝑟𝑜𝑗𝑗̰𝑎̰ = (
𝑎̰ ∙ 𝑗̰̂

𝑗̰̂ ∙ 𝑗̰̂
) 𝑗̰̂  

So for 𝑝𝑟𝑜𝑗𝑗̰̂𝑎̰ = −2𝑗̰ 

 LHS = 𝑝𝑟𝑜𝑗𝑗̰̂𝑎̰ 

         =

(

  
 
[
3
−2
5
] ∙ [
0
1
0
]

[
0
1
0
] ∙ [
0
1
0
]
)

  
 
[
0
1
0
] 

        = −2𝑗̰ 

        = RHS 

 

𝑝𝑟𝑜𝑗𝑘̰𝑎̰ = (
𝑎̰ ∙ 𝑘̰̂

𝑘̰̂ ∙ 𝑘̰̂
) 𝑘̰̂ 

So for 𝑝𝑟𝑜𝑗𝑘̰̂𝑎̰ = 5𝑘̰ 

 LHS = 𝑝𝑟𝑜𝑗𝑘̰̂𝑎̰ 

         =

(

  
 
[
3
−2
5
] ∙ [
0
0
1
]

[
0
0
1
] ∙ [
0
0
1
]
)

  
 
[
0
0
1
] 

        = 5𝑘̰ 

        = RHS 
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Solutions to Exercise 5D Development questions 

6a 𝑎̰ = 𝑖̰ + 𝑗̰ − 𝑘̰ 

𝑏̰ = 2𝑖̰ − 2𝑗̰ − 𝑘̰ 

𝑝𝑟𝑜𝑗𝑏̰𝑎̰ 

=
𝑏̰ ∙ 𝑎̰

𝑏̰ ∙ 𝑏̰
𝑏̰ 

=
2 − 2 + 1

4 + 4 + 1
𝑏̰ 

=
1

9
𝑏̰ 

=
2

9
𝑖̰ −

2

9
𝑗̰ −

1

9
𝑘̰ 

 

6b 𝑎 = [
3
2
2
] 

𝑏̰ = [
4
1

−1
] 

 𝑝𝑟𝑜𝑗𝑏̰𝑎̰ 

=
𝑏̰ ∙ 𝑎̰

𝑏̰ ∙ 𝑏̰
𝑏̰ 

=
12 + 2 − 2

16 + 1 + 1
𝑏̰ 

=
2

3
𝑏̰ 

=

[
 
 
 
 
 

8

3
2

3

−
2

3]
 
 
 
 
 

𝑘̰ 
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7a  𝑎 = 2𝑖̰ + 3𝑗̰ − 2𝑘̰ 

𝑏̰ = 4𝑖̰ − 2𝑗̰ + 5𝑘̰ 

|𝑝𝑟𝑜𝑗𝑏̰𝑎̰| = |𝑎̰| cos 𝜃 

cos 𝜃 =
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

|𝑝𝑟𝑜𝑗𝑏̰𝑎̰| =
𝑎̰ ∙ 𝑏̰

|𝑏̰|
 

|𝑏̰|2 = 16 + 4 + 25 = 45 

|𝑏̰| = √45 

       = 3√5 

 So 

|𝑝𝑟𝑜𝑗𝑏̰𝑎̰|  =
8 − 6 − 10

3√5
 

                   = −
8

3√5
 

So the length of projection is  
8

3√5
. 

 

7b 𝑎 = [
1
1
3
] 

𝑏̰ = [
8
4
1
] 

|𝑝𝑟𝑜𝑗𝑏̰𝑎̰| = |𝑎̰| cos 𝜃 

cos 𝜃 =
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

|𝑝𝑟𝑜𝑗𝑏̰𝑎̰| =
𝑎̰ ∙ 𝑏̰

|𝑏̰|
 

|𝑏̰|2 = 64 + 16 + 1 = 81 

|𝑏̰| = √81 

        = 9 
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 So 

|𝑝𝑟𝑜𝑗𝑏̰𝑎̰|  =
8 + 4 + 3

9
 

                  =
15

9
 

                  =
5

3
 

   

8a 𝐴 = (2, 7, −12) 

𝐵 = (−1, 5, −5) 

𝐶 = (4, 1, −4) 

𝐵𝐴⃗⃗⃗⃗  ⃗ = (2 − (−1))𝑖̰ + (7 − 5)𝑗̰ + (−12 − (−5))𝑘̰ 

       = 3𝑖̰ + 2𝑗̰ − 7𝑘̰ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = (4 − (−1))𝑖̰ + (1 − 5)𝑗̰ + (−4 − (−5))𝑘̰ 

       = 5𝑖̰ − 4𝑗̰ + 𝑘̰ 

 

8b 𝐵𝐴⃗⃗⃗⃗  ⃗ = 3𝑖̰ + 2𝑗̰ − 7𝑘̰ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = 5𝑖̰ − 4𝑗̰ + 𝑘̰ 

∠𝐴𝐵𝐶 = cos−1 (
𝐵𝐴⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐶⃗⃗⃗⃗  ⃗

|𝐵𝐴⃗⃗⃗⃗  ⃗||𝐵𝐶⃗⃗⃗⃗  ⃗|
)  

𝐵𝐴⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐶⃗⃗⃗⃗  ⃗ = 0 

So: 

∠𝐴𝐵𝐶 = cos−1 0  

             = 90° 

 

8c 𝐴𝐶⃗⃗⃗⃗  ⃗ = 𝐵𝐶⃗⃗⃗⃗  ⃗ − 𝐵𝐴⃗⃗⃗⃗  ⃗ 

       = 2𝑖̰ − 6𝑗̰ + 8𝑘̰ 

 |𝐵𝐴⃗⃗⃗⃗  ⃗| = √9 + 4 + 49 

           = √62 
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 |𝐵𝐶⃗⃗⃗⃗  ⃗| = √25 + 16 + 1 

           = √42 

 |𝐴𝐶⃗⃗⃗⃗  ⃗| = √4 + 36 + 64 

           = √104 

           = 2√26 

Pythagoras’ theorem: |𝐵𝐴⃗⃗⃗⃗  ⃗|
2
+ |𝐵𝐶⃗⃗⃗⃗  ⃗|

2
= |𝐴𝐶⃗⃗⃗⃗  ⃗|

2
 

LHS = |𝐵𝐴⃗⃗⃗⃗  ⃗|
2
+ |𝐵𝐶⃗⃗⃗⃗  ⃗|

2
 

         = (√62)
2
+ (√42)

2
 

         = 62 + 42 

         = 104 

         = |𝐴𝐶⃗⃗⃗⃗  ⃗|
2
 

         = RHS 

 So the equation is satisfied. 

 

9a 𝐴 = (3,−3, 1) 

𝐵 = (−2, 1, 2) 

𝐶 = (4, 0, −1) 

𝐴𝐵⃗⃗⃗⃗  ⃗ = [
−2 − 3

1 − (−3)
2 − 1

] 

       = [
−5
4
1

] 

𝐴𝐶⃗⃗⃗⃗  ⃗ = [
4 − 3

0 − (−3)
−1 − 1

] 

       = [
1
3

−2
] 
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9b 𝐵𝐴⃗⃗⃗⃗  ⃗ = [
−5
4
1

] 

𝐵𝐶⃗⃗⃗⃗  ⃗  = [
1
3

−2
] 

∠𝐴𝐵𝐶 = cos−1 (
𝐵𝐴⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐶⃗⃗⃗⃗  ⃗

|𝐵𝐴⃗⃗⃗⃗  ⃗||𝐵𝐶⃗⃗⃗⃗  ⃗|
 ) 

 So: 

∠𝐴𝐵𝐶 

= cos−1 (
−5 + 12 − 2

√25 + 16 + 1 × √1 + 9 + 4
)  

= cos−1 (
5

√42 × √14
) 

= cos−1 (
5

14√3
) 

= 78.100 … ° 

≑ 78° 

 

10 𝑃 = (−4,−1, 6) 

𝑄 = (−5, 3, 4) 

𝑅 = (−3, 4, −7) 

𝑄𝑃⃗⃗ ⃗⃗  ⃗ = 𝑖̰ − 4𝑗̰ + 2𝑘̰ 

𝑄𝑅⃗⃗ ⃗⃗  ⃗ = 2𝑖̰ + 𝑗̰ − 11𝑘̰ 

𝑄𝑃⃗⃗ ⃗⃗  ⃗ ∙ 𝑄𝑅⃗⃗ ⃗⃗  ⃗ = |𝑄𝑃⃗⃗ ⃗⃗  ⃗||𝑄𝑅⃗⃗ ⃗⃗  ⃗| cos 𝜃 

∠𝑃𝑄𝑅 = cos−1 (
𝑄𝑃⃗⃗⃗⃗  ⃗ ∙ 𝑄𝑅⃗⃗ ⃗⃗  ⃗

|𝑄𝑃⃗⃗ ⃗⃗  ⃗||𝑄𝑅⃗⃗ ⃗⃗  ⃗|
) 

𝑄𝑃⃗⃗ ⃗⃗  ⃗ ∙ 𝑄𝑅⃗⃗ ⃗⃗  ⃗ = 2 − 4 − 22 

   = −24 

|𝑄𝑃⃗⃗ ⃗⃗  ⃗|
2

= 12 + (−4)2 + (2)2 

            = 21 
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|𝑄𝑃⃗⃗ ⃗⃗  ⃗| = √21 

|𝑄𝑅⃗⃗ ⃗⃗  ⃗|
2

= 22 + 12 + (−11)2 

            = 126 

|𝑄𝑅⃗⃗ ⃗⃗  ⃗| = √126 

          = 3√14 

So 

∠𝑃𝑄𝑅 = cos−1 (
𝑄𝑃⃗⃗⃗⃗  ⃗ ∙ 𝑄𝑅⃗⃗ ⃗⃗  ⃗

|𝑄𝑃⃗⃗ ⃗⃗  ⃗||𝑄𝑅⃗⃗ ⃗⃗  ⃗|
) 

             = cos−1 (
−24

√21 × 3√14
) 

             = cos−1 (
−24

21√6
) 

             = cos−1 (
−8

7√6
) 

             = 117.811 … ° 

            ≑ 117°49′ 

 

11a 𝐴 = (1, 0, −1) 

𝐵 = (1, 1, 1) 

𝐶 = (0, 1, −1) 

𝐶𝐵⃗⃗⃗⃗  ⃗ = 𝑖̰ + 2𝑘̰ 

𝐶𝐴⃗⃗⃗⃗  ⃗ = 𝑖̰ − 𝑗̰ 

𝐶𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐶𝐴⃗⃗⃗⃗  ⃗ = 1 + 0 + 0 = 1 

|𝐶𝐵⃗⃗⃗⃗  ⃗|
2

= 12 + 02 + 22 = 5 

|𝐶𝐵⃗⃗⃗⃗  ⃗| = √5 

|𝐶𝐴⃗⃗⃗⃗  ⃗|
2

= 12 + (−1)2 + 02 = 2 

|𝐶𝐴⃗⃗⃗⃗  ⃗| = √2 
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cos ∠𝐴𝐶𝐵 =
𝐶𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐶𝐴⃗⃗⃗⃗  ⃗

|𝐶𝐵⃗⃗⃗⃗  ⃗||𝐶𝐴⃗⃗⃗⃗  ⃗|
 

                    =
1

√5 × √2
 

                    =
1

√10
 

 

11b  

Area =
1

2
𝑎𝑏 cos 𝐶 

For Δ𝐴𝐵𝐶, 

Area =
1

2
|𝐶𝐴⃗⃗⃗⃗  ⃗||𝐶𝐵⃗⃗⃗⃗  ⃗| cos ∠𝐴𝐶𝐵 

Since cos ∠𝐴𝐶𝐵 =
1

√10
, |𝐶𝐵⃗⃗⃗⃗  ⃗| = √5 and |𝐶𝐴⃗⃗⃗⃗  ⃗| = √2 

Area =
1

2
× √2 × √5 ×

1

√10
 

          =
1

2
  square unit 

 

12a 𝑃 = (−4, 3, −1) 

𝐴 = (3, 2, 1) 

𝐵 = (0,−4, 1) 

𝐴𝑃⃗⃗⃗⃗  ⃗ = [
−4 − 3
3 − 2

−1 − 1
] 

       = [
−7
1

−2
] 

𝐴𝐵⃗⃗⃗⃗  ⃗ = [
0 − 3

−4 − 2
1 − 1

] 

       = [
−3
−6
0

] 
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12b 𝐴𝑃⃗⃗⃗⃗  ⃗ = 𝑝̰ 

       = [
−7
1

−2
] 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏̰ 

       = [
−3
−6
0

] 

𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ =
𝑏̰ ⋅ 𝑝̰

𝑏̰ ⋅ 𝑏̰
𝑏̰ 

  =
(−3 × −7) + (−6 × 1) + (0 × −2)

(−3 × −3) + (−6 × −6) + (0 × 0)
× [

−3
−6
0

] 

  =
21 − 6

9 + 36
× [

−3
−6
0

] 

  =
15

45
× [

−3
−6
0

] 

  =
1

3
× [

−3
−6
0

] 

  = [
−1
−2
0

] 

 

12c 𝑑 = |𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ − 𝑝̰| 

𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ = [
−1
−2
0

] 

𝑝̰ = [
−7
1

−2
] 

𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ − 𝑝̰ = [
−1
−2
0

] − [
−7
1

−2
] 

          = [
6

−3
2

]  
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𝑑2 = 62 + (−3)2 + 22  

      = 36 + 9 + 4 

      = 49 

𝑑 = 7 units 

 

13a 𝑃 = (3,−2, 1) 

 𝐴 = (1,−11,−4) 

 𝐵 = (9, 3, 8) 

𝐴𝑃⃗⃗⃗⃗  ⃗ = 𝑝̰ 

       = [

3 − 1
−2 − (−11)
1 − (−4)

] 

       = [
2
9
5
] 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏̰ 

       = [

9 − 1
3 − (−11)
8 − (−4)

] 

       = [
8
14
12

] 

𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ =
𝑏̰ ⋅ 𝑝̰

𝑏̰ ⋅ 𝑏̰
𝑏̰ 

                =
(8 × 2) + (14 × 9) + (12 × 5)

(8 × 8) + (14 × 14) + (12 × 12)
× [

8
14
12

] 

  =
16 + 126 + 60

64 + 196 + 144
× [

8
14
12

] 

  =
202

404
× 2 [

4
7
6
] 

  = [
4
7
6
] 
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 𝑑 = |𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ − 𝑝̰| 

𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ − 𝑝̰ = [
4
7
6
] − [

2
9
5
] 

          = [
2

−2
1

]  

𝑑2 = (22 + (−1)2 + 12)  

      = 9 

𝑑 = 3 units 

  

13b 𝑃 = (0, 0, 3) 

 𝐴 = (1, 2, 1) 

 𝐵 = (4, 0, 0) 

𝐴𝑃⃗⃗⃗⃗  ⃗ = 𝑝̰ 

       = [
0 − 1
0 − 2
3 − 1

] 

       = [
−1
−2
2

] 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏̰ 

       = [
4 − 1
0 − 2
0 − 1

] 

       = [
3

−2
−1

] 

𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ =
𝑏̰ ⋅ 𝑝̰

𝑏̰ ⋅ 𝑏̰
𝑏̰ 

  =
(3 × −1) + (−2 × −2) + (−1 × 2)

(3 × 3) + (−2 × −2) + (−1 × −1)
× [

3
−2
−1

] 

  =
−3 + 4 − 2

9 + 4 + 1
× [

3
−2
−1

] 
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  = −
1

14
× [

3
−2
−1

] 

 𝑑 = |𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ − 𝑝̰| 

𝑝𝑟𝑜𝑗𝑏̰ 𝑝̰ − 𝑝̰ = −
1

14
× [

3
−2
−1

] − [
−1
−2
2

] 

          =
1

14
[

11
30

−27
] 

𝑑2 = (
1

14
)
2

(112 + 302 + (−27)2)  

      =
1

196
(121 + 900 + 729) 

      =
1750

196
 

      =
125

14
 

𝑑 = √
125

14
 

    =
5√70

14
 units 

 

14 𝐴𝐺⃗⃗⃗⃗  ⃗ = (0 − 𝑎)𝑖̰ + (𝑎 − 0)𝑗̰ + (𝑎 − 0)𝑘̰ 

       = −𝑎𝑖̰ + 𝑎𝑗̰ + 𝑎𝑘̰ 

𝐶𝐸⃗⃗⃗⃗  ⃗ = (𝑎 − 0)𝑖̰ + (0 − 𝑎)𝑗̰ + (𝑎 − 0)𝑘̰ 

       = 𝑎𝑖̰ − 𝑎𝑗̰ + 𝑎𝑘̰ 

To find the acute angle we use 𝐸𝐶⃗⃗⃗⃗  ⃗. 

𝐸𝐶⃗⃗⃗⃗  ⃗ = −𝐶𝐸⃗⃗⃗⃗  ⃗  

       = −𝑎𝑖̰ + 𝑎𝑗̰ − 𝑎𝑘̰ 

𝐴𝐺⃗⃗⃗⃗  ⃗ ∙ 𝐸𝐶⃗⃗⃗⃗  ⃗ = 𝑎2 + 𝑎2 − 𝑎2 

                = 𝑎2  
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|𝐴𝐺⃗⃗⃗⃗  ⃗|
2

= 𝑎2 + (−𝑎)2 + 𝑎2 

            = 3𝑎2 

|𝐴𝐺⃗⃗⃗⃗  ⃗| = √3𝑎2 

          = √3𝑎 

|𝐸𝐶⃗⃗⃗⃗  ⃗|
2

= (−𝑎)2 + 𝑎2 + (−𝑎)2 

            = 3𝑎2 

|𝐸𝐶⃗⃗⃗⃗  ⃗| = √3𝑎2 

          = √3𝑎 

cos 𝜃 =
𝐴𝐺⃗⃗⃗⃗  ⃗ ∙ 𝐸𝐶⃗⃗⃗⃗  ⃗

|𝐴𝐺⃗⃗⃗⃗  ⃗||𝐸𝐶⃗⃗⃗⃗  ⃗|
 

           =
𝑎2

√3𝑎 × √3𝑎
 

           =
𝑎2

3𝑎2
 

So  𝜃 = arccos (
1

3
) 

 

15 𝑂 = (0, 0, 0) 

𝐵 = (1, 2, 0) 

𝐷 = (0, 0, 3) 

𝐹 = (1, 2, 3) 

 For 𝑂𝐹⃗⃗⃗⃗  ⃗ and 𝐵𝐷⃗⃗⃗⃗⃗⃗ , 

𝑂𝐹⃗⃗⃗⃗  ⃗ = (1 − 0)𝑖̰ + (2 − 0)𝑗̰ + (3 − 0)𝑘̰ 

       = 𝑖̰ + 2𝑗̰ + 3𝑘̰ 

𝐵𝐷⃗⃗⃗⃗⃗⃗ = (0 − 1)𝑖̰ + (0 − 2)𝑗̰ + (3 − 0)𝑘̰ 

       = −𝑖̰ − 2𝑗̰ + 3𝑘̰ 

𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐷⃗⃗⃗⃗⃗⃗ = −1 − 4 + 9 

                = 4  
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|𝑂𝐹⃗⃗⃗⃗  ⃗|
2

= 12 + 22 + 32 

            = 14 

|𝑂𝐹⃗⃗⃗⃗  ⃗| = √14 

|𝐵𝐷⃗⃗⃗⃗⃗⃗ |
2

= (−1)2 + (−2)2 + 32 

            = 14 

|𝐵𝐷⃗⃗⃗⃗⃗⃗ | = √14 

cos 𝜃 =
𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐷⃗⃗⃗⃗⃗⃗ 

|𝑂𝐹⃗⃗⃗⃗  ⃗||𝐵𝐷⃗⃗⃗⃗⃗⃗ |
 

           =
4

√14 × √14
 

           =
2

7
 

For 𝑂𝐹⃗⃗⃗⃗  ⃗ and 𝐶𝐸⃗⃗⃗⃗  ⃗, 

𝑂𝐹⃗⃗⃗⃗  ⃗ = (1 − 0)𝑖̰ + (2 − 0)𝑗̰ + (3 − 0)𝑘̰ 

       = 𝑖̰ + 2𝑗̰ + 3𝑘̰ 

𝐶𝐸⃗⃗⃗⃗  ⃗ = (1 − 0)𝑖̰ + (0 − 2)𝑗̰ + (3 − 0)𝑘̰ 

       = 𝑖̰ − 2𝑗̰ + 3𝑘̰ 

𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝐶𝐸⃗⃗⃗⃗  ⃗ = 1 − 4 + 9 

                = 6  

|𝑂𝐹⃗⃗⃗⃗  ⃗|
2

= 12 + 22 + 32 

            = 14 

|𝑂𝐹⃗⃗⃗⃗  ⃗| = √14 

|𝐶𝐸⃗⃗⃗⃗  ⃗|
2

= (1)2 + (−2)2 + 32 

            = 14 

|𝐶𝐸⃗⃗⃗⃗  ⃗| = √14 

cos 𝜃 =
𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝐶𝐸⃗⃗⃗⃗  ⃗

|𝑂𝐹⃗⃗⃗⃗  ⃗||𝐶𝐸⃗⃗⃗⃗  ⃗|
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           =
6

√14 × √14
 

           =
3

7
 

For 𝑂𝐹⃗⃗⃗⃗  ⃗ and 𝐴𝐺⃗⃗⃗⃗  ⃗, 

𝑂𝐹⃗⃗⃗⃗  ⃗ = 𝑖̰ + 2𝑗̰ + 3𝑘̰ 

𝐴𝐺⃗⃗⃗⃗  ⃗ = (0 − 1)𝑖̰ + (2 − 0)𝑗̰ + (3 − 0)𝑘̰ 

       = −𝑖̰ + 2𝑗̰ + 3𝑘̰ 

𝑂𝐹⃗⃗⃗⃗  ⃗ ∙ 𝐴𝐺⃗⃗⃗⃗  ⃗ = −1 + 4 + 9 

                = 12  

|𝑂𝐹⃗⃗⃗⃗  ⃗| = √14 

|𝐴𝐺⃗⃗⃗⃗  ⃗|
2

= (−1)2 + 22 + 32 

            = 14 

|𝐴𝐺⃗⃗⃗⃗  ⃗| = √14 

cos 𝜃 =
𝑂𝐸⃗⃗⃗⃗  ⃗ ∙ 𝐴𝐷⃗⃗ ⃗⃗  ⃗

|𝑂𝐸⃗⃗ ⃗⃗  ⃗||𝐴𝐷⃗⃗ ⃗⃗  ⃗|
 

           =
8

√14 × √14
 

           =
6

7
 

 

16 Say  

 𝑎 = |𝐴𝐷| 

    = |𝐷𝐶| 

    = |𝐵𝐷| 

𝐴 = (0, 0, 𝑎) 

𝐵 = (0, 𝑎, 0) 

𝐶 = (𝑎, 0, 0) 

𝐷 = (0, 0, 0) 
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 𝑀 is the midpoint between 𝐵 and 𝐶. 

𝑀 = (
0 + 𝑎

2
,
𝑎 + 0

2
,
0 + 0

2
) 

     = (
𝑎

2
,
𝑎

2
, 0) 

So we want to find the angle made by 𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗   and 𝑀𝐴⃗⃗⃗⃗ ⃗⃗  . 

𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗  = (0 −
𝑎

2
) 𝑖̰ + (2 −

𝑎

2
) 𝑗̰ + (0 − 0)𝑘̰ 

        = −
𝑎

2
𝑖̰ −

𝑎

2
𝑗̰ 

𝑀𝐴⃗⃗⃗⃗ ⃗⃗  = (0, 0, 𝑎) − (
𝑎

2
,
𝑎

2
, 0) 

       = −
𝑎

2
𝑖̰ −

𝑎

2
𝑗̰ + 𝑎𝑘̰ 

𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝑀𝐴⃗⃗⃗⃗ ⃗⃗  = (−
𝑎

2
× −

𝑎

2
) + (−

𝑎

2
× −

𝑎

2
) + (𝑎 × 0) 

                  =
2𝑎2

4
 

                  =
𝑎2

2
 

|𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗  |
2

= (−
𝑎

2
)
2

+ (−
𝑎

2
)
2

 

            =
𝑎2

4
+

𝑎2

4
 

            =
𝑎2

2
 

|𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗  | =
𝑎

√2
 

|𝑀𝐴⃗⃗⃗⃗ ⃗⃗  |
2

= (−
𝑎

2
)
2

+ (−
𝑎

2
)
2

+ 𝑎2 

            =
3𝑎2

2
 

|𝑀𝐴⃗⃗⃗⃗ ⃗⃗  | = √
3

2
𝑎 
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cos ∠𝐴𝑀𝐷 =
𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗  ∙ 𝑀𝐴⃗⃗⃗⃗ ⃗⃗  

|𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗  ||𝑀𝐴⃗⃗⃗⃗ ⃗⃗  |
 

                      =
(
𝑎2

2 )

𝑎

√2
× √3

2𝑎

 

                      =
√2

2
× √

2

3
 

                     =
1

√3
 

∠𝐴𝑀𝐷 = cos−1
1

√3
 

 

17a 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = −5𝑖̰ + 22𝑗̰ + 5𝑘̰ 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑖̰ + 2𝑗̰ + 3𝑘̰ 

𝑂𝐶⃗⃗⃗⃗  ⃗ = 4𝑖̰ + 3𝑗̰ + 2𝑘̰ 

𝑂𝐷⃗⃗⃗⃗⃗⃗ = −𝑖̰ + 2𝑗̰ − 3𝑘̰ 

𝐵𝐴⃗⃗⃗⃗  ⃗ = (−5 − 1)𝑖̰ + (22 − 2)𝑗̰ + (5 − 3)𝑘̰ 

       = −6𝑖̰ + 20𝑗̰ + 2𝑘̰ 

𝐵𝐷⃗⃗⃗⃗⃗⃗ = (−1 − 1)𝑖̰ + (2 − 2)𝑗̰ + (−3 − 3)𝑘̰ 

       = −2𝑖̰ − 6𝑘̰ 

𝐵𝐴⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐷⃗⃗⃗⃗⃗⃗ = (−6 × −2) + (20 × 0) + (2 × −6) 

                = 12 + 0 − 12 

                 = 0 

cos ∠𝐶𝐵𝐷 =
𝐵𝐴⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐷⃗⃗⃗⃗⃗⃗ 

|𝐵𝐷⃗⃗⃗⃗⃗⃗ ||𝐵𝐴⃗⃗⃗⃗  ⃗|
 

 So 

∠𝐶𝐵𝐷 = cos−1 0 

∠𝐶𝐵𝐷 = 90° 
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17b 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = −5𝑖̰ + 22𝑗̰ + 5𝑘̰ 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑖̰ + 2𝑗̰ + 3𝑘̰ 

𝑂𝐶⃗⃗⃗⃗  ⃗ = 4𝑖̰ + 3𝑗̰ + 2𝑘̰ 

𝑂𝐷⃗⃗⃗⃗⃗⃗ = −𝑖̰ + 2𝑗̰ − 3𝑘̰ 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (1 − (−5))𝑖̰ + (2 − 22)𝑗̰ + (3 − 5)𝑘̰ 

       = 6𝑖̰ − 20𝑗̰ − 2𝑘̰ 

𝐵𝐶⃗⃗⃗⃗  ⃗ = (4 − 1)𝑖̰ + (3 − 2)𝑗̰ + (2 − 3)𝑘̰ 

       = 3𝑖̰ + 𝑗̰ − 𝑘̰ 

𝐵𝐷⃗⃗⃗⃗⃗⃗ = (−1 − 1)𝑖̰ + (2 − 2)𝑗̰ + (−3 − 3)𝑘̰ 

       = −2𝑖̰ − 6𝑘̰ 

For 𝐴𝐵⃗⃗⃗⃗  ⃗ to be perpendicular to 𝐵𝐶⃗⃗⃗⃗  ⃗ and 𝐵𝐷⃗⃗⃗⃗⃗⃗ , 

𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐶⃗⃗⃗⃗  ⃗ = 0 and 𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐷⃗⃗⃗⃗⃗⃗ = 0. 

𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐶⃗⃗⃗⃗  ⃗ = (6 × 3) + (−20 × 1) + (−2 × −1) 

                = 18 − 20 + 2 

                = 0 

 So 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐵𝐶⃗⃗⃗⃗  ⃗ are perpendicular. 

𝐴𝐵⃗⃗⃗⃗  ⃗ ∙ 𝐵𝐷⃗⃗⃗⃗⃗⃗ = (6 × −2) + (−20 × 0) + (−2 × −6) 

                 = −12 + 0 + 12 

                 = 0 

 So 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐵𝐷⃗⃗⃗⃗⃗⃗  are perpendicular. 

 

17c The volume of a tetrahedron is:  

𝑉 =
1

3
× 𝑋 × 𝑍 

𝑋 = Area of the base of the pyramid 

𝑍 = Height of the pyramid 

We know that 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐵𝐷⃗⃗⃗⃗⃗⃗  are perpendicular. 
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 So the lengths |𝐴𝐵⃗⃗⃗⃗  ⃗|, |𝐵𝐷⃗⃗⃗⃗⃗⃗ | and |𝐷𝐴⃗⃗ ⃗⃗  ⃗| form a right-angled triangle.    

𝐴𝐵⃗⃗⃗⃗  ⃗ = 6𝑖̰ − 20𝑗̰ − 2𝑘̰ 

|𝐴𝐵⃗⃗⃗⃗  ⃗|
2

= 62 + (−20)2 + (−2)2 

            = 36 + 400 + 4 

            = 440 

|𝐴𝐵⃗⃗⃗⃗  ⃗| = √440 

           = 2√110 

𝐵𝐷⃗⃗⃗⃗⃗⃗ = −2𝑖̰ − 6𝑘̰ 

|𝐵𝐷⃗⃗⃗⃗⃗⃗ |
2

= (−2)2 + (−6)2 

            = 40 

|𝐵𝐷⃗⃗⃗⃗⃗⃗ | = √40 

           = 2√10 

 So the area of the base will be 

𝑋 =
1

2
× 2√110 × 2√10 

    = 20√11 square units 

 Since ∠𝐶𝐵𝐷 = 90°, and Δ𝐴𝐵𝐷 is perpendicular to 𝐵𝐶⃗⃗⃗⃗  ⃗, the height 𝑍 will be  

|𝐵𝐶⃗⃗⃗⃗  ⃗|. 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑖̰ + 2𝑗̰ + 3𝑘̰ 

𝑂𝐶⃗⃗⃗⃗  ⃗ = 4𝑖̰ + 3𝑗̰ + 2𝑘̰ 

So 𝐵𝐶⃗⃗⃗⃗  ⃗ = 3𝑖̰ + 𝑗̰ − 𝑘̰ 

 |𝐵𝐶⃗⃗⃗⃗  ⃗|
2

= 32 + 12 + (−1)2 

            = 9 + 1 + 1 

            = 11 

|𝐵𝐶⃗⃗⃗⃗  ⃗| = 𝑍 = √11 

So the volume of the tetrahedron is 
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𝑉 =
1

3
× 𝑋 × 𝑍 

𝑉 =
1

3
× 20√11 × √11 

𝑉 =
20

3
× 11 

𝑉 =
220

3
  cubic units 

 

18a 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 2𝑖̰ + 𝑗̰ − 2𝑘̰ 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 6𝑖̰ − 3𝑗̰ + 2𝑘̰ 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 4𝑖̰ − 4𝑗̰ + 4𝑘̰ 

 We want to show that:  

𝑂𝑃⃗⃗ ⃗⃗  ⃗ = (2 + 4𝜆)𝑖̰ + (1 − 4𝜆)𝑗̰ + (4𝜆 − 2)𝑘̰ 

So: 

𝑂𝑃⃗⃗ ⃗⃗  ⃗ = 𝑂𝐴⃗⃗⃗⃗  ⃗ + 𝜆𝐴𝐵⃗⃗⃗⃗  ⃗ 

       = (2𝑖̰ + 𝑗̰ − 2𝑘̰) + 𝜆(4𝑖̰ − 4𝑗̰ + 4𝑘̰) 

       = (2 + 4𝜆)𝑖̰ + 𝑗̰ + (1 − 4𝜆)𝑗̰ + (4𝜆 − 2)𝑘̰ 

 

18b For 𝑂𝑃⃗⃗ ⃗⃗  ⃗ and 𝐴𝐵⃗⃗⃗⃗  ⃗ to be perpendicular:  

 𝑂𝑃⃗⃗ ⃗⃗  ⃗ ∙ 𝐴𝐵⃗⃗⃗⃗  ⃗ = 0 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 4𝑖̰ − 4𝑗̰ + 4𝑘̰ 

 𝑂𝑃⃗⃗ ⃗⃗  ⃗ = (2 + 4𝜆)𝑖̰ + (1 − 4𝜆)𝑗̰ + (4𝜆 − 2)𝑘̰ 

𝑂𝑃⃗⃗ ⃗⃗  ⃗ ∙ 𝐴𝐵⃗⃗⃗⃗  ⃗ = (2 + 4𝜆)𝑖̰ + (1 − 4𝜆)𝑗̰ + (4𝜆 − 2)𝑘̰ ∙ 4𝑖̰ − 4𝑗̰ + 4𝑘̰ 

0 = 4 × (2 + 4𝜆) + (−4) × (1 − 4𝜆) + 4 × (4𝜆 − 2) 

0 = 16𝜆 + 8 + 16𝜆 − 4 + 16𝜆 − 8 

0 = 48𝜆 − 4 

48𝜆 = 4 
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𝜆 =
1

12
  

 

18c ∠𝐴𝑂𝑃 = ∠𝐵𝑂𝑃 

 So 

cos−1 (
𝑂𝐴⃗⃗⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐴⃗⃗ ⃗⃗  ⃗||𝑂𝑃⃗⃗ ⃗⃗  ⃗|
) = cos−1 (

𝑂𝐵⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐵⃗⃗ ⃗⃗  ⃗||𝑂𝑃⃗⃗ ⃗⃗  ⃗|
) 

which becomes 

𝑂𝐴⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐴⃗⃗ ⃗⃗  ⃗|
=

𝑂𝐵⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐵⃗⃗ ⃗⃗  ⃗|
 

𝑂𝐴⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗ = (2𝑖̰ + 𝑗̰ − 2𝑘̰) ∙ ((2 + 4𝜆)𝑖̰ + (1 − 4𝜆)𝑗̰ + (4𝜆 − 2)𝑘̰) 

  = 2(2 + 4𝜆) + (1 − 4𝜆) − 2(4𝜆 − 2) 

  = 4 + 8𝜆 + 1 − 4𝜆 − 8𝜆 + 4 

  = −4𝜆 + 9 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗ = (6𝑖̰ − 3𝑗̰ + 2𝑘̰) ∙ ((2 + 4𝜆)𝑖̰ + (1 − 4𝜆)𝑗̰ + (4𝜆 − 2)𝑘̰) 

  = 6(2 + 4𝜆) − 3(1 − 4𝜆) + 2(4𝜆 − 2) 

  = 12 + 24𝜆 − 3 + 12𝜆 + 8𝜆 − 4 

  = 44𝜆 + 5 

|𝑂𝐴⃗⃗ ⃗⃗  ⃗|
2

= 22 + 12 + (−2)2 = 9 

|𝑂𝐴⃗⃗ ⃗⃗  ⃗| = 3 

|𝑂𝐵⃗⃗ ⃗⃗  ⃗|
2

= 62 + (−3)2 + 22 = 49 

|𝑂𝐵⃗⃗ ⃗⃗  ⃗| = 7 

𝑂𝐴⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐴⃗⃗ ⃗⃗  ⃗|
=

𝑂𝐵⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐵⃗⃗ ⃗⃗  ⃗|
 

Substituting gives: 

−4𝜆 + 9

3
=

44𝜆 + 5

7
 

−28𝜆 + 63 = 132𝜆 + 15 
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−160𝜆 = −48 

−160𝜆 = −48 

𝜆 =
3

10
 

 

19 For 𝜃 

𝜃 = cos−1
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
 

𝜃 = cos−1
4

21
 

So 

cos−1
𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
= cos−1

4

21
 

𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
=

4

21
 

𝑎̰ = [
6

−2
3

] 

𝑏̰ = [
−2
−4
𝜆

] 

𝑎̰ ∙ 𝑏̰ = [
−2
−4
𝜆

] ∙ [
6

−2
3

] 

         = (−12) + (8) + (3𝜆) 

         = 3𝜆 − 4 

|𝑎̰|2 = 62 + (−2)2 + 32 

        = 36 + 4 + 9 

        = 49 

|𝑎̰| = 7 

|𝑏̰|2 = (−2)2 + (−4)2 + 𝜆2 

        = 4 + 16 + 𝜆2 

        = 20 + 𝜆2 



 
Chapter 5 worked solutions – Vectors 
 

© Cambridge University Press 2019  22 
 

|𝑏̰| = √20 + 𝜆2 

So 

𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
=

4

21
 

Solve for 𝜆 

𝑎̰ ∙ 𝑏̰

|𝑎̰||𝑏̰|
=

4

21
 

|𝑏̰| =
21 × 𝑎̰ ∙ 𝑏̰

4 × |𝑎̰|
 

|𝑏̰| =
21 × (3𝜆 − 4)

4 × 7
 

|𝑏̰| =
3(3𝜆 − 4)

4
 

√20 + 𝜆2 =
9𝜆 − 12

4
 

√20 + 𝜆2 =
9

4
𝜆 − 3 

20 + 𝜆2 = (
9

4
𝜆 − 3)

2

 

20 + 𝜆2 =
81

16
𝜆2 −

54

4
𝜆 + 9 

0 =
81

16
𝜆2 − 𝜆2 −

54

4
𝜆 − 11 

0 =
65

16
𝜆2 −

54

4
𝜆 − 11 

0 =
65

16
𝜆2 −

27

2
𝜆 − 11 

0 = 65𝜆2 − 216𝜆 − 176 

0 = (65𝜆 + 44)(𝜆 − 4) 

𝜆 = −
44

65
 or 4 

Alternatively, using the quadratic formula: 

𝜆 =
216 ± √(−216)2 − 4 × 65 × −176

2 × 65
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𝜆 =
216 ± √92 416

130
 

𝜆 =
216 ± 304

130
 

𝜆 =
520

130
 or −

88

130
 

𝜆 = 4 or −
44

65
  

 

20a For 𝐴, 𝐵 and 𝑃 to be collinear, 𝑎̰, 𝑏̰ and 𝑝̰ all lie on one line. 

If 𝑎̰ 𝑏̰ and 𝑝̰ all lie on a straight line then 

𝐴𝐵⃗⃗⃗⃗  ⃗ + 𝐵𝑃⃗⃗⃗⃗  ⃗ = 𝐴𝑃⃗⃗⃗⃗  ⃗ 

So: 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑏̰ − 𝑎̰ 

𝐵𝑃⃗⃗⃗⃗  ⃗ = 𝑝̰ − 𝑏̰ 

𝐴𝑃⃗⃗⃗⃗  ⃗ = 𝑝̰ − 𝑎̰ 

LHS = 𝐴𝐵⃗⃗⃗⃗  ⃗ + 𝐵𝑃⃗⃗⃗⃗  ⃗ 

         = 𝑏̰ − 𝑎̰ + 𝑝̰ − 𝑏̰ 

         = 𝑝̰ − 𝑎̰ 

         = 𝐴𝑃⃗⃗⃗⃗  ⃗ 

         = RHS 

So 𝐴, 𝐵 and 𝑃 are collinear. 

 

20b 𝑎̰ = 𝑖̰ + 𝑗̰ 

𝑏̰ = 4𝑖̰ − 2𝑗̰ + 6𝑘̰ 

𝑝̰ = 𝜆𝑎̰ + (1 − 𝜆)𝑏̰ 

𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 𝑖̰ + 𝑗̰ 

𝑂𝑃⃗⃗ ⃗⃗  ⃗ = 𝜆𝑎̰ + (1 − 𝜆)𝑏̰ 
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𝑂𝑃⃗⃗⃗⃗  ⃗ = (𝑖̰ + 𝑗̰)𝜆 + (1 − 𝜆)(4𝑖̰ − 2𝑗̰ + 6𝑘̰) 

𝑂𝑃⃗⃗ ⃗⃗  ⃗ = 𝜆𝑖̰ + 𝜆𝑗̰ + 4𝑖̰ − 2𝑗̰ + 6𝑘̰ − 4𝜆𝑖̰ + 2𝜆𝑗̰ − 6𝜆𝑘̰ 

𝑂𝑃⃗⃗ ⃗⃗  ⃗ = (4 − 3𝜆)𝑖̰ + (3𝜆 − 2)𝑗̰ + 6(1 − 𝜆)𝑘̰ 

|𝑂𝐴⃗⃗ ⃗⃗  ⃗|
2

= 1 + 1 = 2 

|𝑂𝐴⃗⃗ ⃗⃗  ⃗| = √2 

|𝑂𝑃⃗⃗ ⃗⃗  ⃗|2 = (4 − 3𝜆)2 + (3𝜆 − 2)2 + 36(1 − 𝜆)2 

|𝑂𝑃⃗⃗ ⃗⃗  ⃗|2 = 16 − 24𝜆 + 9𝜆2 + 9𝜆2 − 12𝜆 + 4 + 36 − 72𝜆 + 36𝜆2 

|𝑂𝑃⃗⃗ ⃗⃗  ⃗|2 = 54𝜆2 − 108𝜆 + 56 

|𝑂𝑃⃗⃗ ⃗⃗  ⃗| = √2 × √(27𝜆2 − 54𝜆 + 28) 

𝑂𝐴⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗ = 4 − 3𝜆 + 3𝜆 − 2 

𝑂𝐴⃗⃗⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗ = 2 

cos−1 (
𝑂𝐴⃗⃗⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐴⃗⃗ ⃗⃗  ⃗||𝑂𝑃⃗⃗ ⃗⃗  ⃗|
) = 𝜃 

∠𝐴𝑂𝑃 = 60° 

𝑂𝐴⃗⃗ ⃗⃗  ⃗ ∙ 𝑂𝑃⃗⃗ ⃗⃗  ⃗

|𝑂𝐴⃗⃗ ⃗⃗  ⃗||𝑂𝑃⃗⃗ ⃗⃗  ⃗|
= cos 60° 

2

√2 × √2 × √(27𝜆2 − 54𝜆 + 28)
=

1

2
 

√(27𝜆2 − 54𝜆 + 28) = 2 

27𝜆2 − 54𝜆 + 28 = 4 

27𝜆2 − 54𝜆 + 24 = 0 

9𝜆2 − 18𝜆 + 8 = 0 

(3𝜆 − 2)(3𝜆 − 4) = 0 

𝜆 =
2

3
 or 𝜆 =

4

3
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