Chapter 5 worked solutions — Vectors

Solutions to Exercise 5C Foundation questions

la  a-b=|allblcos®

la| =4
|b| =6
0 = 45°
So
a-b=4X6Xcos45°
V2
=24><7
= 12V2

b a-b=allblcosb

lal =5
b =

6 = 120°
So

a*b=5x%x8xcos120°
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Xy
2b a=|V1

Hey)
Il
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a-b=(x; Xx)+ 1 Xy,) + (21 X 2;)

= X1X3 T YV1Y2 t 212,

2c a=al+ay +azk
b = byl + by) + b3k
a b= (ay X by) + (az; X by) + (az X bs)
= a1b1 + a2b2 + a3b3
3 a=al+ay +azk
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—4) +(=7x1) +(3x5)
=—-8-7+15
=0
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4b As g - b = 0 this means that the angle between g and b is 90°, as
a-b = |a||b| cos 8 and both |a| and |b| are non-zero.

So we can conclude that g and b are perpendicular.

ey
Il
[u=y

1
Il

H I
N

= (13x2)+ (23 x 1) + (7 x =7)
=26+ 23— 49

=0

= RHS

Fora-¢c=0

LHS = g
=(13%x3)+(23x-2)+ (7 x 1)

=39-46+7

=0
= RHS

Thus g is perpendicular to both b and ¢
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-3
6a a=19
6

a-a=(—3%x-3)+(9%x9)+(6x6)

=9+81+36
=126
8
6b b=| 4
—-10
2b-b=2((8x8)+ (4x4)+ (—10 x —10))
= 2(64 + 16 + 100)
=2x180
= 360
—3
6¢ a=19
| 6
[ 8
b= 4
[—10
a-b=(-3%x8)+(9x%x4)+(6x-10)
= —24+436-60
= —48
—3
6d a=|9
| 6
[ 8
b= 4
[—10
-3 -3 8
a-(a+b)=1|9 '(9 +1| 4
6 6 —-10
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-3 5

6 —4
=(—3x%x5)+(9x%x13)+ (6 x—4)
=—-15+117 — 24

=178

© Cambridge University Press 2019 5



;(;i"@“! -

“CambridgeMATHS =

Chapter 5 worked solutions — Vectors

Solutions to Exercise 5C Development questions

[1
7a a=|2
(2
[ 2
b=]6
| —3
la|* =1 +22+2%=5
lal =v9 =3
|b|? =22+ 6%+ (—3)2 =49
|b] = V49 =7
=(1x2)+(2x6)+(2x-3)
=24+124+-6
=8

Substituting the associated values into the inequation:
—-21<8<21

So the Cauchy-Schwarz inequality, —|a||b| < a - b < |a||b| is satisfied.

7b a=-1+3]

b=—6j+2k
lg|? =12 +32 =10

lal =v10

Ib|? = (—6)% + 2% = 40
|b| = V40 = 2V10

lallbl = 210 x V10 = 20
a-b=(-1x0)+(—6x3)+(0x2)

= —18
Substituting the associated values into the inequation:
—-20<-18<120

So the Cauchy-Schwarz inequality, —|a||b| < a - b < |a||b| is satisfied.
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1
8a a=12
2
[ 2
b=]6
-3
la|? =12 +22+22=9
lal =v9 =3
|b|? =22 + 6%+ (—3)?2 =49
|b] = V49 =7

la+bl?=(1+2)>+2+6)*+(2-3)2
=9+64+1
=74
la + bl =74
|lal = |bI| < la + bl < |al + |b]
Substituting we get:
4 <74 <10

So the triangle inequality holds.

8b a=-1+3j

la+ B> =(-14+0)*+ (3 -6)*+ (0+ 2)?
=1+9+4
=14
la + bl =14
|lal = 11| < la + bl < |g| + |b]
Substituting we get:

VIO — 2vT0| < VId < V10 + 2V10
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V10 < V14 < 3V10

So the triangle inequality holds.

9
9 a=|3
5.
”n
b=1]1
3.
[—2
-[7]
[—5
[—3
1]
3—5

o [3E2)1 11
h=| 1-9 ]=—8‘
| 2—(-5) 7
. T27 [
AB-CD = |-2 -[—8
-2l L7
=-2+16-14
=0

SoasAB - CD = 0, 4B and CD are perpendicular.

10a

Q
I
I
)

b

ShiE

=2x%x3)+(-2%x1)+(-5x%x-2)

Il
~
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10b

11

= —-21+16

If @ and b are perpendicular, theng-b =0

So
—21+16=0
—24=-16
A=8
—4
a=|A+3
2
[ A
b=15
[—A?
-4 A
ab=|1+3|| 5 ]
2 —2?
=(—4x21)+((A+3)x5)+ (2 x—-1%)
=—-2%+1+15

If g and b are perpendicular, theng-b =0
So

—22*+A+15=0

222 —-1-15=0

(2A+5)41-3)=0

A= > A=3
_—Eor =

Leta=1—j+2kand b =21+ -3k

For a vector ¢ which is perpendicular to g and b,
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Rearranging b - ¢ and g - ¢ for A;:

AM—2A;,+243=0

A=A, — 223

2{+ 21, —=31;=0

24 =323 -1,

Equating A;:

20, =243) =323 — 4,

3, =723 =144

So a value for ¢ will be a linear combination of of 4, (g +7]+ 3];) where 4; €R

One such vectoris t + 7] + 3k.

12

Q
Il
Q

N

S
I
S

N

Forg- (Ab) = A(a-b)
LHS = g - (2b)

L Gl

= Aa;b; + da,b, + Adazb;
= A(a1b, + ayb, + azbs3)
=Aa-b)

= RHS

So the equation is satisfied.

13 a=a;l+ay +aszk
b

byt + by) + b3k

c=ct+ ¢y + 3k
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= (@t + ag) +azk) - ((by + c)i + (b + ¢3)) + (bs + c3)k)
= (a1by + ayc; + ayb, + ayc, + azbs + ascs)

= (albl + a2b2 + a3b3) + (a1C1 + a;C, + a3C3)

Il
'
l@‘

+a-c

Il
e
wn

H

So the equation is satisfied.

14a  Avector is a unit vector if its magnitude is equal to 1

1 [1
=l

1
ul2=>a+1) =1

lul =1

So u is a unit vector.

1'?
v=—
~ \/E 0

1
b=+ =1

lv| =1

So v is a unit vector.

of

So w is a unit vector.

=—(O+O+0)—O

1:

p=—(-1+1+0)=0

l:
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1
v-w-\/—z(0+0+0)—0

So u, v and w are perpendicular to each other.

Thus u, v and w are orthonormal.

14b  Avector is a unit vector if its magnitude is equal to 1.

1 1
=)

1
ul? =51 +1) =1
lul =1

So u is a unit vector.

1 [1

1
|y|2=§(1+6+1)=1

lv|=1

So v is a unit vector.

2l
w=——|+2
2\/2 73

1
|W|2=§(3+2+3)=1

lw| =1

So w is a unit vector.

y-w=%(—\/§+0+\/§)=0
uy=5(1+0-1)=0
vow==(—V3+V2V6 - V3) == (—V3+2V3 - V3) = 0

So u, v and w are perpendicular to each other.

Thus u, v and w are orthonormal.
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15a

15b

a-(b+o)=b-(@a-¢)
Using the distributive law:

(b+tc)=a-b+a-c

Q

ab+a-c=b-(a—¢)

So the equation is satisfied.

(a-b)
(a-b)

If g is parallel to c:

Sy
Q)
I

c)a

1@‘

(
(

Sy
Q)
Il

c)a

l@‘

a = Ac, where 1eR
LHS = (a - b)¢
= (A¢- b)c
= (¢ b)A¢
= (¢ ba
= RHS
So the equation is satisfied.

If b is perpendicular to a and c:

b-¢=a-b=0

LHS = (g b)¢
=(b- o)
= RHS
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So the equation is satisfied.

16a

Q
Il
Q

N

Sy
I
oa

N

If a + b and g — b are perpendicular then:

(@+b)-(@g—b)=0
a, + b,

a, — by
as + bs as; — b

(a; + by)(a; — by) + (ay + by)(a, — by) + (az + b3)(ag — b3) =0

(af —b7) +(aj —b3) + (a3 —b3) =0

a, + b,

a? + a3 + a3 = b? + bZ + b3
lal? = [b]?

Hence |g| = |b].

16b

Q
I
Q

N

Sy
Il
o2

N

|(a +b)| = |(a—b)|

a1 + bl a1 - bl
az + bz [az - bz]
a3 + b3 a3 - b3

V(ar +b1)? + (a + by)? + (a3 + by)? =
= (a; —b1)? + (a; — by)? + (a3 — b3)?
Raising both sides to the power of 2 gives:

(ay + by)? + (az + by)? + (az + b3)? = (a; — by)* + (a; — by)? + (az — b3)?

a? + 2a;by + b? + a3 + 2a,b, + b% + a3 + 2asb; + b?
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= a? — 2a;b; + b? + a3 — 2a,b, + b? + a3 — 2azb; + b3
4a,by + 4a,b, + 4azb; =0
a;by + ayb, + azb; =0
For g and b to be perpendicular g - b =
LHS=a-b
= a;b; + a;b, + azbs
=0
= RHS

So the equation is satisfied.

17

Q
Il
Q

N

Sy
Il
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N

Sy
Il
o2

N

Given:

AB 1L OC => AB.0OC =0

BC 1 OA=> BC.OA=0
(b—a).c=0 and (c—b).a=0
bc =ca and ab = ca

bc = ab (D

AC.0B = (c—a).b

= bc — ba
= bc — bc from (1)
=0

Hence, AC 1 OB.

© Cambridge University Press 2019 10



3 ;01.“@“",

CambridgeMATHS == &

18 |g|=2
|b| =
a'b=5
la +b|*> = lal® + |bI* + 2a- b
la+ bl =lal> + B> +2a-b

=y22+32+2x%5

19 |ul=2v2

lu —v|* = |ul* +|v|* - 2u-v

lu —v| = \/Iul2 +|v|?—-2u-v

= \/(2\/5)2 + (2x/§)2 — (2% —4)

—V8+12+8
= /28
=27
20 |lal—|bl| < lga+ bl < lal + |b

Squaring the middle term gives:

la+bl>=(a+b) (a+b)

la +bI? = |al* + 2|gllbl| + |bI?

Rearranging for —2|q||b| gives:

—2lallbl = —la + bI* + la|® + |b|?

We know from the Cauchy-Schwarz inequality that:
—lallbl < a- b < |a||b]

So
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—2lallbl = —lg + bI* + |g|* + |B|?
—la +bI* + lal* + |b|* < 2|al|b]
lal? = 2l|allb| + |b|* < |a + b|?
(lal = 1bD)?* < la + b|?

Hence

llal — 1bl| < la + bl
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(21) Given [b]= 12 |4
b 3
“*,E’, < $o },él | .'2] /
- So ﬁ% h‘f 2a _ @
& 7
Since a -l-b IS Pﬂ-f‘.lll/nﬁLJCM/(,N o a 3 No e that
- @ p— | ii—b

represent the
sides o-fa, 57/;10(_'

.;H«.
0'{ each f“ﬁlwf ﬁnﬂ(jczi

1‘**&»«3@5 OAP,0BP,0cCP.
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