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Solutions to Exercise 5C Foundation questions 

1a 𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 

|𝑎̰| = 4 

|𝑏̰| = 6 

𝜃 = 45° 

 So 

𝑎̰ ∙ 𝑏̰ = 4 × 6 × cos 45° 

         = 24 ×
√2

2
 

         = 12√2 

 

1b 𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 

|𝑎̰| = 5 

|𝑏̰| = 8 

𝜃 = 120° 

 So 

𝑎̰ ∙ 𝑏̰ = 5 × 8 × cos 120° 

         = 40 × −
1

2
 

         = −20 

 

2a 𝑎̰ = 3𝑖̰ − 𝑗̰ + 5𝑘̰ 

𝑏̰ = 2𝑖̰ + 6𝑗̰ + 𝑘̰ 

𝑎̰ ∙ 𝑏̰ = (3 × 2) + (−1 × 6) + (5 × 1) 

         = 6 − 6 + 5 

         = 5 
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2b 𝑎̰ = [

𝑥1

𝑦1

𝑧1

] 

𝑏̰ = [

𝑥2

𝑦2

𝑧2

] 

𝑎̰ ∙ 𝑏̰ = (𝑥1 × 𝑥2) + (𝑦1 × 𝑦2) + (𝑧1 × 𝑧2) 

         = 𝑥1𝑥2 + 𝑦1𝑦2 + 𝑧1𝑧2 

 

2c 𝑎̰ = 𝑎1𝑖̰ + 𝑎2𝑗̰ + 𝑎3𝑘̰ 

𝑏̰ = 𝑏1𝑖̰ + 𝑏2𝑗̰ + 𝑏3𝑘̰ 

𝑎̰ ∙ 𝑏̰ = (𝑎1 × 𝑏1) + (𝑎2 × 𝑏2) + (𝑎3 × 𝑏3) 

         = 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3 

 

3 𝑎̰ = 𝑎1𝑖̰ + 𝑎2𝑗̰ + 𝑎3𝑘̰ 

|𝑎̰|2 = 𝑎1
2 + 𝑎2

2 + 𝑎3
2 

 For 𝑎̰ ∙ 𝑎̰ = |𝑎̰|2 

 LHS = 𝑎̰ ∙ 𝑎̰ 

         = 𝑎1
2 + 𝑎2

2 + 𝑎3
2 

         = |𝑎̰|2 

         = RHS 

 Thus 𝑎̰ ∙ 𝑎̰ = |𝑎̰|2 

 

 

4a 𝑎̰ = 2𝑖̰ − 7𝑗̰ + 3𝑘̰ 

𝑏̰ = −4𝑖̰ + 𝑗̰ + 5𝑘̰ 

 𝑎̰ ∙ 𝑏̰ = (2 × −4) + (−7 × 1) + (3 × 5) 

           = −8 − 7 + 15 

           = 0 
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4b As 𝑎̰ ∙ 𝑏̰ = 0 this means that the angle between 𝑎̰ and 𝑏̰ is 90°, as  

𝑎̰ ∙ 𝑏̰ = |𝑎̰||𝑏̰| cos 𝜃 and both |𝑎̰| and |𝑏̰| are non-zero. 

So we can conclude that 𝑎̰ and 𝑏̰ are perpendicular. 

 

5 𝑎̰ = [
13
23
7

] 

𝑏̰ = [
2
1

−7
] 

𝑐̰ = [
3

−2
1

] 

If 𝑎̰ ⊥ 𝑏̰ and 𝑎̰ ⊥ 𝑐̰, then 𝑎̰ ∙ 𝑏̰ = 𝑎̰ ∙ 𝑐̰ = 0 and vice versa. 

For 𝑎̰ ∙ 𝑏̰ = 0 

LHS = 𝑎̰ ∙ 𝑏̰ 

         = (13 × 2) + (23 × 1) + (7 × −7) 

         = 26 + 23 − 49 

         = 0 

         = RHS 

For 𝑎̰ ∙ 𝑐̰ = 0 

LHS = 𝑎̰ ∙ 𝑐̰ 

         = (13 × 3) + (23 × −2) + (7 × 1) 

         = 39 − 46 + 7 

         = 0 

         = RHS 

Thus 𝑎̰ is perpendicular to both 𝑏̰ and 𝑐̰ 
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6a 𝑎̰ = [
−3
9
6

] 

𝑎̰ ∙ 𝑎̰ = (−3 × −3) + (9 × 9) + (6 × 6) 

          = 9 + 81 + 36 

          = 126 

 

6b 𝑏̰ = [
8
4

−10
] 

2𝑏̰ ∙ 𝑏̰ = 2((8 × 8) + (4 × 4) + (−10 × −10)) 

            = 2(64 + 16 + 100) 

            = 2 × 180 

            = 360 

 

6c 𝑎̰ = [
−3
9
6

] 

𝑏̰ = [
8
4

−10
] 

𝑎̰ ∙ 𝑏̰ = (−3 × 8) + (9 × 4) + (6 × −10) 

          = −24 + 36 − 60 

          = −48 

 

6d 𝑎̰ = [
−3
9
6

] 

𝑏̰ = [
8
4

−10
] 

𝑎̰ ∙ (𝑎̰ + 𝑏̰) = [
−3
9
6

] ∙ ([
−3
9
6

] + [
8
4

−10
]) 
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                     = [
−3
9
6

] ∙ [
5

13
−4

] 

                     = (−3 × 5) + (9 × 13) + (6 × −4) 

                     = −15 + 117 − 24 

                     = 78 
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Solutions to Exercise 5C Development questions 

7a 𝑎̰ = [
1
2
2
] 

𝑏̰ = [
2
6

−3
] 

|𝑎̰|2 = 12 + 22 + 22 = 5 

|𝑎̰| = √9 = 3 

|𝑏̰|2 = 22 + 62 + (−3)2 = 49 

|𝑏̰| = √49 = 7 

𝑎̰ ⋅ 𝑏̰ = (1 × 2) + (2 × 6) + (2 × −3) 

          = 2 + 12 + −6 

          = 8 

 Substituting the associated values into the inequation: 

−21 ≤ 8 ≤ 21 

 So the Cauchy-Schwarz inequality, −|𝑎̰||𝑏̰| ≤ 𝑎̰ ⋅ 𝑏̰ ≤ |𝑎̰||𝑏̰| is satisfied. 

 

7b 𝑎̰ = −𝑖̰ + 3𝑗̰ 

𝑏̰ = −6𝑗 + 2𝑘̰ 

|𝑎̰|2 = 12 + 32 = 10 

|𝑎̰| = √10 

|𝑏̰|2 = (−6)2 + 22 = 40 

|𝑏̰| = √40 = 2√10 

|𝑎̰||𝑏̰| = 2√10 × √10 = 20 

𝑎̰ ⋅ 𝑏̰ = (−1 × 0) + (−6 × 3) + (0 × 2) 

          = −18 

 Substituting the associated values into the inequation: 

−20 ≤ −18 ≤ 20 

 So the Cauchy-Schwarz inequality, −|𝑎̰||𝑏̰| ≤ 𝑎̰ ⋅ 𝑏̰ ≤ |𝑎̰||𝑏̰| is satisfied. 
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8a 𝑎̰ = [
1
2
2
] 

𝑏̰ = [
2
6

−3
] 

|𝑎̰|2 = 12 + 22 + 22 = 9 

|𝑎̰| = √9 = 3 

|𝑏̰|2 = 22 + 62 + (−3)2 = 49 

|𝑏̰| = √49 = 7 

 |𝑎̰ + 𝑏̰|2 = (1 + 2)2 + (2 + 6)2 + (2 − 3)2 

                  = 9 + 64 + 1 

                 = 74 

|𝑎̰ + 𝑏̰| = √74 

||𝑎̰| − |𝑏̰|| ≤ |𝑎̰ + 𝑏̰| ≤ |𝑎̰| + |𝑏̰| 

Substituting we get: 

4 ≤ √74 ≤ 10 

So the triangle inequality holds. 

 

8b 𝑎̰ = −𝑖̰ + 3𝑗̰ 

𝑏̰ = −6𝑗 + 2𝑘̰ 

|𝑎̰| = √10 

|𝑏̰| = 2√10 

 |𝑎̰ + 𝑏̰|2 = (−1 + 0)2 + (3 − 6)2 + (0 + 2)2 

                  = 1 + 9 + 4 

                 = 14 

|𝑎̰ + 𝑏̰| = √14 

||𝑎̰| − |𝑏̰|| ≤ |𝑎̰ + 𝑏̰| ≤ |𝑎̰| + |𝑏̰| 

Substituting we get: 

|√10 − 2√10| ≤ √14 ≤ √10 + 2√10 
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√10 ≤ √14 ≤ 3√10 

So the triangle inequality holds. 

 

9 𝑎̰ = [
2
3
5
] 

𝑏̰ = [
4
1
3
] 

𝑐̰ = [
−2
9

−5
] 

𝑑̰ = [
−3
1
2

] 

𝐴𝐵⃗⃗⃗⃗  ⃗ = [
4 − 2
1 − 3
3 − 5

] = [
2

−2
−2

] 

𝐶𝐷⃗⃗⃗⃗  ⃗ = [
−3 − (−2)

1 − 9
2 − (−5)

] = [
−1
−8
7

] 

 𝐴𝐵⃗⃗⃗⃗  ⃗ ⋅ 𝐶𝐷⃗⃗⃗⃗  ⃗ = [
2

−2
−2

] ⋅ [
−1
−8
7

] 

                = −2 + 16 − 14 

                = 0 

So as 𝐴𝐵⃗⃗⃗⃗  ⃗ ⋅ 𝐶𝐷⃗⃗⃗⃗  ⃗ = 0, 𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐶𝐷⃗⃗⃗⃗  ⃗ are perpendicular. 

 

10a 𝑎̰ = [
2

−2
−5

] 

𝑏̰ = [
3
𝜆

−2
] 

𝑎̰ ∙ 𝑏̰ = [
3
𝜆

−2
] ∙ [

2
−2
−5

] 

          = (2 × 3) + (−2 × 𝜆) + (−5 × −2) 
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          = −2𝜆 + 16 

If 𝑎̰ and 𝑏̰ are perpendicular, then 𝑎̰ ∙ 𝑏̰ = 0 

So  

−2𝜆 + 16 = 0 

−2𝜆 = −16 

𝜆 = 8 

 

10b 𝑎̰ = [
−4

𝜆 + 3
2

] 

𝑏̰ = [
𝜆
5

−𝜆2
] 

𝑎̰ ∙ 𝑏̰ = [
−4

𝜆 + 3
2

] ∙ [
𝜆
5

−𝜆2
] 

          = (−4 × 𝜆) + ((𝜆 + 3) × 5) + (2 × −𝜆2) 

          = −2𝜆2 + 𝜆 + 15 

If 𝑎̰ and 𝑏̰ are perpendicular, then 𝑎̰ ∙ 𝑏̰ = 0 

So 

−2𝜆2 + 𝜆 + 15 = 0 

2𝜆2 − 𝜆 − 15 = 0 

(2𝜆 + 5)(𝜆 − 3) = 0 

𝜆 =  −
5

2
 or 𝜆 = 3  

 

11 Let 𝑎̰ = 𝑖̰ − 𝑗̰ + 2𝑘̰ and  𝑏̰ = 2𝑖̰ + 𝑗̰ − 3𝑘̰ 

 For a vector 𝑐̰ which is perpendicular to 𝑎̰ and 𝑏̰,  

𝑎̰ ∙ 𝑏̰ = 𝑏̰ ∙ 𝑐̰ = 𝑎̰ ∙ 𝑐̰ = 0 

 𝑐̰ = 𝜆1𝑖̰ + 𝜆2𝑗̰ + 𝜆3𝑘̰  

𝑏̰ ∙ 𝑐̰ = 2𝜆1 + 𝜆2 − 3𝜆3  

 𝑎̰ ∙ 𝑐̰ = 𝜆1 − 𝜆2 + 2𝜆3   
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 Rearranging 𝑏̰ ∙ 𝑐̰ and 𝑎̰ ∙ 𝑐̰ for 𝜆1: 

𝜆1 − 𝜆2 + 2𝜆3 = 0  

𝜆1 = 𝜆2 − 2𝜆3 

 2𝜆1 + 𝜆2 − 3𝜆3 = 0 

2𝜆1 = 3𝜆3 − 𝜆2 

 Equating 𝜆1: 

2(𝜆2 − 2𝜆3) = 3𝜆3 − 𝜆2 

3𝜆2 = 7𝜆3 = 𝜆1 

So a value for 𝑐̰ will be a linear combination of of 𝜆1(𝑖̰ + 7𝑗̰ + 3𝑘̰) where 𝜆1 ∈ 𝑅 

One such vector is 𝑖̰ + 7𝑗̰ + 3𝑘̰. 

 

12 𝑎̰ = [

𝑎1

𝑎2

𝑎3

] 

 𝑏̰ = [

𝑏1

𝑏2

𝑏3

] 

For 𝑎̰ ∙ (𝜆𝑏̰) = 𝜆(𝑎̰ ∙ 𝑏̰) 

 LHS = 𝑎̰ ∙ (𝜆𝑏̰) 

          = [

𝑎1

𝑎2

𝑎3

] ∙ (𝜆 [

𝑏1

𝑏2

𝑏3

]) 

          = 𝜆𝑎1𝑏1 + 𝜆𝑎2𝑏2 + 𝜆𝑎3𝑏3 

          = 𝜆(𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3) 

          = 𝜆(𝑎̰ ∙ 𝑏̰) 

          = RHS 

 So the equation is satisfied. 

 

13 𝑎̰ = 𝑎1𝑖̰ + 𝑎2𝑗̰ + 𝑎3𝑘̰ 

𝑏̰ = 𝑏1𝑖̰ + 𝑏2𝑗̰ + 𝑏3𝑘̰ 

𝑐̰ = 𝑐1𝑖̰ + 𝑐2𝑗̰ + 𝑐3𝑘̰ 
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𝑎̰ ∙ (𝑏̰ + 𝑐̰) = 𝑎̰ ∙ 𝑏̰ + 𝑎̰ ∙ 𝑐̰ 

 LHS = 𝑎̰ ∙ (𝑏̰ + 𝑐̰) 

          = (𝑎1𝑖̰ + 𝑎2𝑗̰ + 𝑎3𝑘̰) ∙ ((𝑏1 + 𝑐1)𝑖̰ + (𝑏2 + 𝑐2)𝑗̰ + (𝑏3 + 𝑐3)𝑘̰) 

          = (𝑎1𝑏1 + 𝑎1𝑐1 + 𝑎2𝑏2 + 𝑎2𝑐2 + 𝑎3𝑏3 + 𝑎3𝑐3) 

          = (𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3) + (𝑎1𝑐1 + 𝑎2𝑐2 + 𝑎3𝑐3) 

          = 𝑎̰ ∙ 𝑏̰ + 𝑎̰ ∙ 𝑐̰ 

          = RHS 

 So the equation is satisfied. 

 

14a A vector is a unit vector if its magnitude is equal to 1 

𝑢̰ =
1

√2
[
1
1
0
] 

|𝑢̰|2 =
1

2
(1 + 1) = 1 

|𝑢̰| = 1 

So 𝑢̰ is a unit vector. 

𝑣̰ =
1

√2
[
−1
1
0

] 

|𝑣̰|2 =
1

2
(1 + 1) = 1 

|𝑣̰| = 1 

So 𝑣̰ is a unit vector.  

𝑤̰ = [
0
0
1
] 

|𝑤̰|2 = 1 

|𝑤̰| = 1 

So 𝑤̰ is a unit vector.  

 𝑢̰ ∙ 𝑤̰ =
1

√2
(0 + 0 + 0) = 0  

 𝑢̰ ∙ 𝑣̰ =
1

2
(−1 + 1 + 0) = 0 
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 𝑣̰ ∙ 𝑤̰ =
1

√2
(0 + 0 + 0) = 0 

So 𝑢̰, 𝑣̰ and 𝑤̰ are perpendicular to each other. 

Thus 𝑢̰, 𝑣̰ and 𝑤̰ are orthonormal. 

 

14b A vector is a unit vector if its magnitude is equal to 1. 

𝑢̰ =
1

√2
[
1
0
1
] 

|𝑢̰|2 =
1

2
(1 + 1) = 1 

|𝑢̰| = 1 

So 𝑢̰ is a unit vector.  

𝑣̰ =
1

2√2
[

1

√6
−1

] 

|𝑣̰|2 =
1

8
(1 + 6 + 1) = 1 

|𝑣̰| = 1 

So 𝑣̰ is a unit vector.  

𝑤̰ =
1

2√2
[
−√3

√2

√3

] 

|𝑤̰|2 =
1

8
(3 + 2 + 3) = 1 

|𝑤̰| = 1 

So 𝑤̰ is a unit vector.  

 𝑢̰ ∙ 𝑤̰ =
1

4
(−√3 + 0 + √3) = 0  

 𝑢̰ ∙ 𝑣̰ =
1

4
(1 + 0 − 1) = 0 

 𝑣̰ ∙ 𝑤̰ =
1

8
(−√3 + √2√6 − √3) =

1

8
(−√3 + 2√3 − √3) = 0 

So 𝑢̰, 𝑣̰ and 𝑤̰ are perpendicular to each other. 

Thus 𝑢̰, 𝑣̰ and 𝑤̰ are orthonormal. 
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15a 𝑎̰ ∙ (𝑏̰ + 𝑐̰) = 𝑏̰ ∙ (𝑎̰ − 𝑐̰) 

Using the distributive law: 

𝑎̰ ∙ (𝑏̰ + 𝑐̰) = 𝑎̰ ∙ 𝑏̰ + 𝑎̰ ∙ 𝑐̰ 

𝑎̰ ∙ 𝑏̰ + 𝑎̰ ∙ 𝑐̰ = 𝑏̰ ∙ (𝑎̰ − 𝑐̰) 

𝑎̰ ∙ 𝑐̰ = 𝑏̰ ∙ (𝑎̰ − 𝑐̰) − 𝑎̰ ∙ 𝑏̰ 

 For 𝑐̰ ∙ (𝑎̰ + 𝑏̰) = 0  

LHS = 𝑐̰ ∙ (𝑎̰ + 𝑏̰) 

          = 𝑐̰ ∙ 𝑎̰ + 𝑐̰ ∙ 𝑏̰ 

          = 𝑏̰ ∙ (𝑎̰ − 𝑐̰) − 𝑎̰ ∙ 𝑏̰ + 𝑐̰ ∙ 𝑏̰ 

          = 𝑏̰ ∙ 𝑎̰ − 𝑏̰ ∙ 𝑐̰ − 𝑎̰ ∙ 𝑏̰ + 𝑐̰ ∙ 𝑏̰ 

          = 0 

         = RHS 

 So the equation is satisfied. 

 

15b (𝑎̰ ∙ 𝑏̰)𝑐̰ = (𝑏̰ ∙ 𝑐̰)𝑎̰ 

(𝑎̰ ∙ 𝑏̰)𝑐̰ = (𝑏̰ ∙ 𝑐̰)𝑎̰ 

 If 𝑎̰ is parallel to 𝑐̰: 

 𝑎̰ = 𝜆𝑐̰, where 𝜆𝜖ℝ 

 LHS = (𝑎̰ ∙ 𝑏̰)𝑐̰ 

         = (𝜆𝑐̰ ∙ 𝑏̰)𝑐̰ 

         = (𝑐̰ ∙ 𝑏̰)𝜆𝑐̰ 

         = (𝑐̰ ∙ 𝑏̰)𝑎̰ 

         = RHS 

So the equation is satisfied. 

If 𝑏̰ is perpendicular to 𝑎 and 𝑐̰:  

𝑏̰ ∙ 𝑐̰ = 𝑎̰ ∙ 𝑏̰ = 0 

 LHS = (𝑎̰ ∙ 𝑏̰)𝑐̰ 

         = (𝑏̰ ∙ 𝑐̰)𝑐̰ 

         = RHS 
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So the equation is satisfied. 

 

16a 𝑎̰ = [

𝑎1

𝑎2

𝑎3

] 

𝑏̰ = [

𝑏1

𝑏2

𝑏3

] 

If 𝑎̰ + 𝑏̰ and 𝑎̰ − 𝑏̰ are perpendicular then: 

(𝑎̰ + 𝑏̰) ∙ (𝑎̰ − 𝑏̰) = 0 

([

𝑎1 + 𝑏1

𝑎2 + 𝑏2

𝑎3 + 𝑏3

]) ∙ ([

𝑎1 − 𝑏1

𝑎2 − 𝑏2

𝑎3 − 𝑏3

]) = 0 

(𝑎1 + 𝑏1)(𝑎1 − 𝑏1) + (𝑎2 + 𝑏2)(𝑎2 − 𝑏2) + (𝑎3 + 𝑏3)(𝑎3 − 𝑏3) = 0 

(𝑎1
2 − 𝑏1

2) + (𝑎2
2 − 𝑏2

2) + (𝑎3
2 − 𝑏3

2) = 0 

 𝑎1
2 + 𝑎2

2 + 𝑎3
2 = 𝑏1

2 + 𝑏2
2 + 𝑏3

2 

 |𝑎̰|2 = |𝑏̰|2 

 Hence |𝑎̰| = |𝑏̰|. 

 

16b 𝑎̰ = [

𝑎1

𝑎2

𝑎3

] 

𝑏̰ = [

𝑏1

𝑏2

𝑏3

] 

|(𝑎̰ + 𝑏̰)| = |(𝑎̰ − 𝑏̰)| 

|[

𝑎1 + 𝑏1

𝑎2 + 𝑏2

𝑎3 + 𝑏3

]| = |[

𝑎1 − 𝑏1

𝑎2 − 𝑏2

𝑎3 − 𝑏3

]| 

√(𝑎1 + 𝑏1)2 + (𝑎2 + 𝑏2)2 + (𝑎3 + 𝑏3)2 =                 

= √(𝑎1 − 𝑏1)2 + (𝑎2 − 𝑏2)2 + (𝑎3 − 𝑏3)2 

 Raising both sides to the power of 2 gives: 

(𝑎1 + 𝑏1)
2 + (𝑎2 + 𝑏2)

2 + (𝑎3 + 𝑏3)
2 = (𝑎1 − 𝑏1)

2 + (𝑎2 − 𝑏2)
2 + (𝑎3 − 𝑏3)

2 

𝑎1
2 + 2𝑎1𝑏1 + 𝑏1

2 + 𝑎2
2 + 2𝑎2𝑏2 + 𝑏2

2 + 𝑎3
2 + 2𝑎3𝑏3 + 𝑏3

2 
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         = 𝑎1
2 − 2𝑎1𝑏1 + 𝑏1

2 + 𝑎2
2 − 2𝑎2𝑏2 + 𝑏2

2 + 𝑎3
2 − 2𝑎3𝑏3 + 𝑏3

2 

 4𝑎1𝑏1 + 4𝑎2𝑏2 + 4𝑎3𝑏3 = 0 

𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3 = 0 

For 𝑎̰ and 𝑏̰ to be perpendicular 𝑎̰ ∙ 𝑏̰ = 0 

LHS = 𝑎̰ ∙ 𝑏̰ 

         = 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3 

         = 0 

         = RHS 

 So the equation is satisfied. 

 

17 𝑎̰ = [

𝑎1

𝑎2

𝑎3

] 

𝑏̰ = [

𝑏1

𝑏2

𝑏3

] 

𝑏̰ = [

𝑏1

𝑏2

𝑏3

] 

Given: 

 𝐴𝐵⃗⃗⃗⃗  ⃗ ⊥  𝑂𝐶⃗⃗⃗⃗  ⃗ =>  𝐴𝐵⃗⃗⃗⃗  ⃗. 𝑂𝐶⃗⃗⃗⃗  ⃗ = 0 

 𝐵𝐶⃗⃗⃗⃗  ⃗ ⊥  𝑂𝐴⃗⃗ ⃗⃗  ⃗ =>  𝐵𝐶⃗⃗⃗⃗  ⃗. 𝑂𝐴⃗⃗ ⃗⃗  ⃗ = 0 

 (𝑏 − 𝑎). 𝑐 = 0   and    (𝑐 − 𝑏). 𝑎 = 0 

 𝑏𝑐 = 𝑐𝑎    and   𝑎𝑏 = 𝑐𝑎 

 𝑏𝑐 = 𝑎𝑏               (1) 

 𝐴𝐶⃗⃗⃗⃗  ⃗. 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = (𝑐 − 𝑎). 𝑏 

                = 𝑏𝑐 − 𝑏𝑎 

                = 𝑏𝑐 − 𝑏𝑐               from (1) 

                = 0 

 Hence, 𝐴𝐶⃗⃗⃗⃗  ⃗ ⊥  𝑂𝐵⃗⃗ ⃗⃗  ⃗. 
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18 |𝑎̰| = 2 

|𝑏̰| = 3 

𝑎̰ ∙ 𝑏̰ = 5 

|𝑎̰ + 𝑏̰|2 = |𝑎̰|2 + |𝑏̰|2 + 2𝑎̰ ∙ 𝑏̰ 

|𝑎̰ + 𝑏̰| = √|𝑎̰|2 + |𝑏̰|2 + 2𝑎̰ ∙ 𝑏̰ 

               = √22 + 32 + 2 × 5 

               = √23 

 

19 |𝑢̰| = 2√2 

|𝑣̰| = 2√3 

𝑢̰ ∙ 𝑣̰ = −4 

|𝑢̰ − 𝑣̰|2 = |𝑢̰|2 + |𝑣̰|2 − 2𝑢̰ ∙ 𝑣̰ 

|𝑢̰ − 𝑣̰| = √|𝑢̰|2 + |𝑣̰|2 − 2𝑢̰ ∙ 𝑣̰ 

               = √(2√2)
2
+ (2√3)

2
− (2 × −4) 

               = √8 + 12 + 8 

               = √28 

               = 2√7 

 

20 ||𝑎̰| − |𝑏̰|| ≤ |𝑎̰ + 𝑏̰| ≤ |𝑎̰| + |𝑏̰| 

Squaring the middle term gives: 

|𝑎̰ + 𝑏̰|2 = (𝑎̰ + 𝑏̰) ∙ (𝑎̰ + 𝑏̰) 

|𝑎̰ + 𝑏̰|2 = |𝑎̰|2 + 2|𝑎̰||𝑏̰| + |𝑏̰|2 

Rearranging for −2|𝑎̰||𝑏̰| gives: 

−2|𝑎̰||𝑏̰| = −|𝑎̰ + 𝑏̰|2 + |𝑎̰|2 + |𝑏̰|2 

We know from the Cauchy-Schwarz inequality that: 

−|𝑎̰||𝑏̰| ≤ 𝑎̰ ⋅ 𝑏̰ ≤ |𝑎̰||𝑏̰| 

So 
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−2|𝑎̰||𝑏̰| = −|𝑎̰ + 𝑏̰|2 + |𝑎̰|2 + |𝑏̰|2 

−|𝑎̰ + 𝑏̰|2 + |𝑎̰|2 + |𝑏̰|2 ≤ 2|𝑎̰||𝑏̰| 

|𝑎̰|2 − 2|𝑎̰||𝑏̰| + |𝑏̰|2 ≤ |𝑎̰ + 𝑏̰|2 

(|𝑎̰| − |𝑏̰|)2 ≤ |𝑎̰ + 𝑏̰|2 

Hence 

||𝑎̰| − |𝑏̰|| ≤ |𝑎̰ + 𝑏̰| 
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